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Summary. — Perturbation series are obtained for the ground-state and 
energy of two- and three-dimensional lattices with an isotropic anti- 
ferromagnetic spin Hamiltonian for general spin S, and with cyclic 
boundary conditions. Only lattices divisible into two interpenetrating 
sublattices are considered. The off-diagonal part is treated as the per- 
turbation, and, by introducing spin creation and annihilation operators, 
the series is evaluated using a diagram technique. No approximations 
are made. The method can easily be adapted to the anisotropic case. 
The two degenerate unperturbed ground-states are the symmetric and 
antisymmetric combinations of the two oppositely oriented completely 
ordered states. Reasonably good convergence, up to fourth order at 
least, is obtained for each lattice considered for all S, and numeral cal- 
culations for the energy are made for S—+ and 1. The values are lower 
than those of previous treatments for all cases except the b.c.c. with S=}. 
The general convergence of the series has, however, been assumed, and 
the results, together with their implication of order in the ground-state, 
rest therefore upon this supposition. Special methods are developed in 
the diagram summation for treating (1) the double degeneracy of the 
unperturbed ground-state, and (2) the apparent N-body divergences 
in this system where the basic states cannot be represented as 
collections of «free particles», as in the boson or fermion case, and 
where the commutator of the annihilation and creation operators is not 
a c-number. These techniques may be useful for similar problems in 
other fields. 


57 — Il Nuovo Cimento. 
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1. — Introduction. 


The two main approaches to the problem of determining the ground-state 
of the two- and three-dimensional antiferromagnetic lattice are the variational 
calculations developed particularly by MARSHALL (1), and the spin-wave theory 
of ANDERSON, Kuso and others, which is summarized in an article by VAN KRA- 
NENDONK and VAN VLECK (?). 

The system considered is a regular crystal lattice of N atoms with a vector 
spin S,(S%, 8%, 82) of magnitude S'(S+1) associated (*) with each lattice 
site i, where the axes are oriented in the same way at each 7. Sî has the (28-1) 
eigenvalues —S... S, and a complete set of (28-+1)* orthonormal states define 
the representation in spin-space, each specified by a set of eigenvalues of the Sî, 
i=1,2...N. The isotropic exchange Hamiltonian 


(1) H= J SSeS; 
<i> 

is assumed, where the sum goes over all nearest-neighbour (n.n.) pairs, and 
where the exchange integral J is positive and has the same value for each pair. 
In addition, the treatments of the above authors are confined to those lattices 
that can be divided into two sublattices A and B, such that all the n.n. of A 
lie in B and vice versa, though this restriction is not essential for the spin- 
wave theory. 

Since, for a chosen ¢-axis, the total z-component of spin S*= >, 8? com- 
mutes with H, the ground-state of the system can be assumed to have S°= 0. 
Thus the separate #-components of spin of the two sublattices must be locked 
equal and opposite, and one important question, as yet solved only in the one- 
dimensional case, is whether the sublattice spin is greater than zero or not, 
i.e., whether the ground-state has some order or not. MARSHALL considers the 
case S=3, and, while not settling the question of order, comes to the con- 
clusion that the ground-state energy lies very close to that of disordered states. 
NAGAI (*), however, notes that with the ground-state obtained by this treat- 
ment, the proportion of anti-parallel pairs decreases with increasing co-ordi- 
nation number Z. This result, contrary to expectation, leads him to conclude 
that the disordering effect of the off-diagonal part of (1) is overestimated in 
Marshall’s method. 

In the spin-wave theory, which deals with general S, a transformation is 
made so that H is re-expressed in terms of normal co-ordinates which are 
linear combinations of the S,, representing Stationary « waves of spin » extended 


(1) W. MARSHALL: Proc. Roy. Soc. (London), A 232, 48 (1955) 

(?) J. van KRANENDONK and J. H. van VLECK: Rev. Mod. Phys., 30, 1 (1958). 
(*) Here and henceforth we put #—1. 

(4) I. 
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through the whole lattice. Certain terms which represent a) the dynamical 
interaction between the spin-waves, and b) the fact that the eigenvalues of 
the S° cannot be greater than S, are neglected, and the Hamiltonian then 
appears as a sum of independent harmonic oscillators. The zero-point energy 
of these oscillators is taken as a good approximation to the ground-state energy. 
This treatment, therefore, in neglecting these terms, implicitly makes the as- 
sumption that the ground-state is ordered, and in fact it can be demonstrated (?) 
that the spin-wave ground-state is about 93% completely ordered, i.e. the sub- 
lattice z-component of spin is 93% of its maximum value. MARSHALL has 
criticised the spin-wave procedure, and points out that for small S the dis- 
ordering effect of the neglected terms may well be large enough to invalidate 
the assumptions of order. 

In this paper the ground-state and its energy, for the case of general S, will 
be calculated by perturbation theory in the spin-representation in which (1) 
is defined, by regarding the off-diagonal part of H as a perturbation and 
considering one of the two ground-states of the diagonal part, i.e. a completely 
ordered state, as a first approximation. This approach, therefore, makes the 
assumption that the ground-state is ordered, as does the spin-wave theory, 
but it yields a perturbation series in which the effects a) and b) are included. 
The method is developed in Section 2-Section 5, and explicit calculations are 
made to fourth order in the energy series in Section 6. It is found that the 
convergence is reasonably good for the simple cubic (s.c.) and body-centred 
cubic (b.c.c.) lattices for all S. A discussion of all the results is given in Section 7. 

The use of perturbation theory for the antiferromagnetic system gives rise 
to an N-body problem precisely as in the case of a fermion system described 
in momentum space, as discussed by GOLDSTONE (5), where N here represents 
the number of spin-sites instead of the number of energy states within the 
Fermi shell. Creation and annihilation operators for the #-component of spin 
are constructed for each site 7, corresponding to the creation and annihilation 
operators of momentum, and with this formalism the perturbation series is 
summed using a diagram technique. There are, however, two important dif- 
ferences from the fermion case that are connected with each other but have 
to be taken into account separately: 


i) The ground-state of the diagonal part of (1) is doubly degenerate, 
i.e. the completely ordered state is degenerate with the state obtained from 
it by reversing completely the 2-component of spin at each site. The « vac- 
uum » state must therefore be defined as the symmetric or antisymmetric 
combination of these two states. There is no parallel to this in the fermion 
Hamiltonian discussed by GOLDSTONE. 


(5) J. GOLDSTONE: Proc. Roy. Soc. (London), A 239, 267 (1957). 
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ii) The value of the +-component of spin at a given site, which can take 
(28+1) possible values, is the parallel of the occupation number of an energy 
state in the fermion system which is allowed only 2 values. This difference 
is reflected by a difference between the two systems in the form of the com- 
mutation laws of creation and annihilation operators; in the former case the 
commutator of the spin operators is itself an operator, whereas in the latter 
case the anticommutator of the momentum operators is a e-number. In con- 
sequence the summation of the perturbation series is rather more complicated 
in the present case which entrains, in this respect, some problems more general 
than their counterparts that arise in dealing with either fermion or boson 


systems. 


2. — Formulation of the problem. 


We consider a three-dimensional lattice in the form of a cube of N = NS 
atoms, where N, is even, and of the type that is divisible into two sublattices. 
We assume cyclic boundary conditions, such that the atoms on any given 
face of the cube have as outside nearest neighbours the atoms on the opposite 
face. The two-dimensional lattice canbe included here by making obvious 
changes. 

The basic states of the system are defined in Section 1. We define creation 
and annihilation operators for each site i, ST and S; respectively, where 


0) 


(2) Si SE 187 and» STE NN 
so that the Hamiltonian (1) can be written 


(3) H=JY SS+ LT > (SiS; + STST). 


<ij> Cij) 


For convenience, we now rotate the spin axes at every point on one sub- 
lattice, say B, through an angle of 180° around the S*-axis. Thus 


SoS, S>S, SS for all j on B, 


and (3) becomes 


da H=—JY 885+44 > (S/S; + 8, 8;) 
cià) cij) 
(4b) = H, + di , 


where H, is the diagonal part of H and V the off-diagonal part. 


Strictly speaking, different symbols should be used in (4) for the spin- | 
vector components at all sites j on B after the rotation. But in (4), and hence- | 
| 
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forth, all operators and states will be defined with respect to the axes after 
rotation, so there is no confusion. 

Let |D,), n=1, 2,..., L=(28+1)” denote the orthonormal basic states, and 
let |®,> denote the state with S*——S, all 7, |®,> the state with S—S, 
all è. 

If 8 specifies the eigenvalue of S% in a state |@®,,>, then |@,,> will be said 
to have spin sj, = (s, +8) at 7. Writing |@,,> =|...s;...>, specifying only the 
spin at 7, the properties of S? and S7 are 


(5a) Seite Sel AE ALI pee) on 
(5b) SRG = tO) Seo RU DOM 


where s; can take values 0, 1, ..., 28. We say that S} and S; respectively create 
and destroy one spin at 7. In addition, the commutation rules in convenient 


form are 
(6a) iS DAI = 28,028 
(6b) 5,19: = (85 + d,)87 ; and SES = SACS: aa 0,5) È 


where 0,, is the Kronecker 6. 
The state |D,) has the properties: 


(Ta) S|D) =—S8|®), all à, 
(76) ST|®,> = 0, all à, 


and for any integer L> 0, 
(Te) (SD 0, all i, 


using (5a) for the last property. Every other state |®,> can be obtained from 
|®,> by applying the requisite creation operators and multiplying by a nor- 
malizing factor; thus the state |®,,> with spin s, at 7, etc., may be written 
Nn [[,(S7)*|@), where 4, is the normalizing factor. In addition, we define 
E, as the eigenvalue of H, for |®,>, and H,+H, ,., where r;=7", denotes 
the eigenvalue of H, for |@,,>. Sometimes the latter will be called the exci- 
tation energy of the state |®,,>. In particular we have 


(8a) [> =4, ITS)" |e, 
; i=1 

with 

(8b) N= (28) 11", 


890 Mo. BOON 


and 


(8¢) Has. 23,70. 


N 
1 i a n 7 RES 
Finally, it is convenient to introduce the operator R= [| X;, where, R°— J, 
i=1 


I being the identity operator, and (°) 
BS; Rie = S74 HAS R= Sy a alt, 


and 


Rise 2 eh (2S = By) rate all.¢. 


R is Hermitian, and has the properties 


(9a) Rds | 
(9b) LR, Ho] = 0 ’ LR, V] = 0 ’ | 
(9c) R | Oe | D, è 


We now wish to find the ground state of (4), assumed ordered, and its 
energy, by treating V as a perturbation on one of the ground states of H,. | 
From (4), (9b), and (9e), these are 


(10) |D.) = 274(|G, + |G) = 2-744 R)|®), 


with energy 


(11) Ey =—4NZJI8?, 


where Z is the number of n.n. of each lattice point. Assuming the convergence |! 


of the perturbation series, there will then be, corresponding to (10), two per- | 
L | 
jee : . ‘ 
turbed states |W.) = > 07 |D,) with energies E , = E,+ AE, respectively and, 
n=1 
subject to our assumptions, one will be the ground state of H. From (9b) 
the |,» have the same symmetry properties with respect to À as 


|D.), respectively. It is possible to conclude which has the lower energy || 


(°) R; does not correspond to a pure space rotation of the axes at 4, but it is 
introduced only for mathematical convenience and we are not interested in its phys-! 
ical interpretation. In matrix representation, Ri is a matrix with ones down the! 
skew-diagonal, and zeros elsewhere. 


| 
| 
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from a theorem of Marshall (1), which asserts that in the ground-state the 
coefficient of |®,,) is of the form C,,=(—1)"a,,, where a, is real and posi- 
tive, and where m Ni s;, the primed sum being over all spins of sublattice A 
for |®,,>. Thus the coefficients of |®,> and |D,) are a, and (—1)"*a, res- 
pectively, both always positive from our choice (7) of N. Therefore the sym- 
metric state |W,5 is the ground-state. However, it proves of interest to carry 
through the calculation for both states. 

The interaction through V between |®,> and |®,> will be negligibly small 
for large systems (§), and it would make no difference to the practical evaluation 
of the energy if |®,> were taken by itself, instead of the combinations (10), 
as a first approximation. However, it will be seen later that the more accu- 
rate choice (10) is necessary for the rigorous derivation of the perturbation 
series; moreover it avoids the necessity of introducing a « staggered » aniso- 
tropy energy, which varies from site to site in the lattice, in order to split 
the degeneracy of |®,> and |®,>, such as is used, e.g., in spin-wave theory (?). 

We shall apply the theorem of Gell-Mann and Low (?) to this system. The 
Hamiltonian (4) is replaced by the time-dependent form 


H'= H,+ V exp [at], a>, 


so that the perturbation is regarded as being gradually switched on from time 
—oo; the state of the system is postulated to tend to one or the other of 
exp [—iH,t]|®,.> as t — co. If at time # the state is |W%(t)>, then 


|W (t)> = exp[— d24]U%|D.) 


defines the operator U?, with the boundary condition U*,, —1. The time- 
dependent Schrôdinger equation to be solved is therefore 


(12) (H,+V exp [at]) exp [— iit] Uy|Oz> = i_, (exp [— Bot] UD); 


| 


in integral form (12) becomes 


t 


(13) U?|®,) = —i exp [— i(H,— E)t]| dt’ exp [i(H— E,)t’] exp [at'V U7 | Da). 


— © 


To) This would not always be true for a linear chain with cyclic boundary conditions. 
(8) P. ANDERSON: Phys. Rev., 86, 694 (1952). 
(9) M. GeLL-MANN and F. Low: Phys. Rev., 84, 350 (1951). 
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The well-known iterated solution of (13) is 


(14)  U*|D,)= > exp[nat][E,— H, + nia] !V[E,-H.+ (n — 1)ia]®* 
LV... [Ey — Hit VON 


where the term for n=0 is |®,>. 
The Gell-Mann-Low theorem then states that, for any finite #, 


| Da) 


i= ? = Bali 
(15) eo pal 


where a is a constant, and 


(16) AE — limi = In <®. | U2| Ds), 
a—>0 C 


provided the limits exit. The time dependence vanishes on taking the limit 


a 0. 
In the sequel it will be shown that (14) can be expressed in the form: 


(17) Ul) Oy = 240 +R) exp (U“(4) | Us CONTES 


where U%(+) and U®(+) are (in general) infinite series, the former being a 
e-number and the latter containing S+ operators, and that I 


(18a) <®, [exp [UF 


185 =1, 


(18b) <B,lexp[U#(+)]|@,> = 0. 


Substituting (17) into (15) and (16), and using (9a) and the hermiticity of Re 
we get | 


(19) |P) = 2a(I + R) lim exp[U*(+)]|®, 
x —>0 
and 
(20) AE, = ilim ni U:(+) 
0 ot È uc 


with the aid of (18). 

We shall prove that the limits in (19) and (20) exist. We shall also show 
that, for large systems, AZ, in (20) is proportional to N, and that the dif- 
ference between AH, and AF_ is negligible—both on the supposition, of course 
that the perturbation series converge. 


) 
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3. — Effect of double degeneracy. 


The individual terms of V in (4), i.e. the pairs of creation or destruction 
operators for spins on n.n. sites, we call interactions, and when we generate 
|D,) from |@,>, or vice-versa, by successive interactions (not necessarily all 
creations), we say we reverse the state. If now we substitute V from (4) 
into (14), and in each term operate out the H,’s in the denominator, we find 
that there is a factor 1/x, singular as x +0, at those positions in the term 
(if such exist) where the effect of the successive interactions is to generate either 
of the states |D,) or |@®,>. We can distinguish two processes in these terms. 
The first is the « vacuum-to-vacuum » process, which occurs in a term when- 
P,) or |®,> back to the same 


1/ 


ever successive interactions take us from either 
state, respectively, without passing through the other at any intermediate stage. 
The second is the «reversal » process, and we say that a single reversal occurs 
whenever successive interactions take us from |®,> to |®,», or vice versa, 
such that nowhere in between do they take us from |®,) to |@®,>, or vice versa, 
respectively. Going from right to left, each term passes through a definite 
number, say 7, of single reversals, where 7>0. Terms with 7 reversals for 
n> 0 are, from (8a) and the form of the interactions, at least of order 7SN 
where the order of a term is just the number of interactions in it. Therefore, 
of course, for large systems they are unimportant in the numerical evaluation 
of the perturbation series when the latter converge rapidly emough to be of 
use. We must deal with the singularities arising from these reversals, however, 
and we shall in this section put (14) in a form convenient for taking account 
of them explicitly. 

Since, from (9b) and (9c), À commutes with U*, we have, from (14) and (10) 


(21) UD >= 27 (I45R)U?|D). 


Writing now Z,=(E—H,+ ilx) for convenience, we define 


U(p, g) = exp[(p—gat]Z,VZ, ,V.. Z,,,V, with U(g,q) =I, 


so that 


(22) TEA ZIE (p, 0)|D,). 


We introduce the projection operator P for |®,): 


894 M. H. BOON 
using (9c) for the last equality. We further define 
(24) W(p, a) =exp[(p—q)at]Z,(PV)...Z,,,(PV), with W(g,9=1, 


(where only the combination PV appears), which is just U(p, 9) with |®,) 
projected out at every stage, and 

(25) T(p, 9) = exp [(p — q)at]Z,V[Z,_ (PV)... Z,s(PV)] 

(where only the combination PV appears inside the square bracket), repre- 


senting U(p, q) with |®,> projected out at every stage except the last. We 
note that the 7’s have the property 


(26) <@,|T(p, 918,» = 0 for (p —q)< SN, 


since it requires at least SN interactions to generate |®,> from |®,). 

We now wish to express (22) solely in terms of the W’s and Ts, which is 
most conveniently done in the following way. Consider U(p, q)|®). If (as 
we may from (23)), we make the replacement V=[P+R|®,><@,||V for every 
V in this quantity, we get, using (24), (25), and (26) the recurrence relation 


(274) U(p, g)|P.) = W(p, q)|®> 
for (p—q)< SN, and 


(27b) q)|D) = = W(p, q)| Pò + x U(p,1 )R|D,) <®,| T(r, q)| PD} = 


T=Q+SN 


Da W(p, q) | PD) + E DI U(p, r) | PD) {D, | Tr, q)| Da} 3 

r=Q+SN 
for (p—q)>SN, where the last equality follows because, from (9b) and (9c), 
Fk commutes with all U(p,r). Starting with q=0 and using (27) repeatedly 
we develop a series for U(p, 0)|®,> with » terms, where (7+1)SN >p > nSN, 
and which involves only W’s and 7°s. Substituting these series in (22) we get 


(28a) Ui |O.> = SE (I + À) S RY, |P} ’ 


n=0 


Y,= > W(p,0), 


p=0 


= > WD sr P,)|®p CO Toe Pra) Pv QUE CP, | TP; 0)|®,> 


(p) 


for 7 > 0. 
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Here (p) represents the set (Pisces Pos ce Py Pra); Which are summed from 
0. (PT SN); (p,-.+ SN); p, respectively, to co. Finally, using (9a) in 
(28a), we get 


Ms 


(29) UNOS = O47 sR) 


1 


(E 


0 


1 


The terms for a given 7 in (29) are all those with exactly 7 single reversals. 
For there are 7 segments of the form <®,|T{(p,, p,)|®,», r=1,..., 7, and 
the projection operators in (25) ensure that in each of them there is one single 
reversal. Likewise, the definition (24) ensures that there are no reversals in 
the segment W(p,.,,p,)[®,». (We note that in Y, each reversal has been 
expressed in such a way that we pass from |@®,> to | ®,> from right to left, and 
never vice versa). 

In addition we can see from (24) and (28b) that we have <@,| Y, |p =i) 
for all 7,—which proves (185) immediately though we return to this point in 
Section 5—and therefore the series in (29) has the important property that 
|D,) has been projected out. 


4. — Representation by diagrams. 


We now set out to calculate (29) with the aid of a diagram technique. 


Q 
We change the notation slightly in (29) by putting p, = DNS 01,307 el) 


. r=1 
in each term of Y, for all 7, and in addition writing (®,|T(p,,,, PL) = 
=(P,|T(n,)|D», e=1,....4, and W(p,.,, p,)|Pd = W(n,41)|P. Denoting 
the ordered set (m:,.….,n,, #41) by (n), we write (29) as 


(30) U*|G,> = 2-41 + R) > (+1)"d Y,(n)| Gp 
n=0 (n) 

with 

(31) Y,(n)|@> = Why) Pd II <@,|T(n,)| Da}, 


where in (30) the second sum goes over all possible sets (n) such that 
(32) n>NS, 0=1,...,7, and n,,,> 0. 


Eq. (31) is that term of Y,|®,> with 4 T-segments of orders n,, na, ..., n,, res- 
pectively, counting from right to left, and with a W-segment of order n,,,. 
We now fix our attention on (31), with a given set (n), and perform the fol- 
lowing steps I-III. 
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Step I. For every V in (31) we substitute the expression given in (4) 
and replace the H,’s in the denominator of each resulting term by the ap- 


propriate energy eigenvalues. Using the definition (24) we get 


(33a) War) | Did = À (47) K(X mts) | Pr 3 


An+1 


and using (25) we get 


(33b) <®B,|T(n,)| 8,» = > e(g KP, | K(x.) | Pv foro == 
7 


“@ 


where K(z,) is a product of n, interactions, the label y, distinguishing the 
different products occurring in the o-th equation (1°) (o=1,..., %,, N,1,) of the 
set (33), and where 


(34) e(x,) = (4J)eexp[n, at} TLL v+ n, Jia -E,(x)T® foro=1,...:7,7+}, 


with n=0. Here H,(y,) is the excitation energy after the »-th interaction 
in K(x | Pa) counting right to left. The A(y,) satisfy the conditions: 


a) In no K(y,) of (33a) or (335) can we find a position to the right of 
which the number of S- for any given site exceeds the number of S* for the 
same site. This is because it follows from (5) and (7b) that if any product 
violated this condition the term in (33) containing it would vanish. 


b) In no K(x,) of (33a) or (33b) can we find a position to the right of 
which the number of S* for any given site exceeds the number of S~ for the 
same site by more than 2S. Again, this is because, from (5) and (7c), if any 
product violated this condition the term in (33) containing it would vanish. 


c) In no K(x,,,) of (83a) can we find a position to the right of which the 
number of S* for each site à (£=1,..., N) exceeds the number of S- for the 
same site by exactly 28. This is ie. consequence of the placing of the pro- 
jection operators in W(n,,,)|P1}. 


d) In each K(y,) of (33b) there is one and only one position with the 
property described in c), and that is after the final interaction. This is the 
consequence, firstly of the <@,| on the left, and secondly of the placing of the 
projection operators, in the ¢<®,|T(n,)|®p, o=1,..., 7. 


In the o-th eq. (33) (0=1,...,7, n+1) there is one term in the sum over 


(*°) We drop the labels n, on the r.h.s. of eq. (33) for convenience since the 
set (n) is the same throughout steps I-III. 
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%, for each possible ordered product of n interactions satisfying the appropriate 
conditions above. Substituting (33) into (31) gives 


(35) (n)|D) = Xe) K (pur) II {D,|E(x)|Dd; 


(x) o=1 


where (y) denotes the ordered set (71, …, Y,, X,;1) and the sum goes over all 
), and where e(y) = IT. e) with o running from 1 to 7+1. We note 


— 


sets (y 
that e(y) has the following property from (8c) and condition d): 


(36) E, (4) = 0 for 0=1,...,, 


0 È 


since just for these values of » the state is reversed. 
Two examples of terms in (35) are: 
Example A. One of the terms of Y,(3)|®,> for a system with S>41 is 


(37) (37)? exp[3at][(Bia — E,.)(2ix — E...) (a — Hy) |-* 
: (SISSI) | By» 


We note that this term does not exist for S=4, because otherwise the ope- 
rator product would violate b) for the site 1. 

Example B. One of the terms of Y,(2, 2)|®,> for the simple system with 
N=4, S=4 (where the four sites, è, j, k, i are at the corners of a square) is 


(37)! exp [4at][4ic(3ia — B,,;) 2ia(ia — Bu): 
(S78; (S757) | Py <B, | (S7S87)(S; SZ) Pd. 


— 
ise) 
(A 

L 


We see that for this term (36) is true. 

Step II. In every term of (35) we use (6) to expand each Æ(y,), all 
©(1, ...,77+1), into a sum of new operator products, such that every new 
product has the S+ collected on the left and the ST (if any) on the right, with 
the S* in between. 

We now give a rule (11) for the expansion of the quantity KÆ(7,)|®,»> con- 
sequent upon the above expansion of A(y,). Let there be Mi(Xo) m;(X,) 0pe- 
rators S*, 8, respectively, (0=1,..., M) in K(y,), and for each è let us distin- 
guish the S> from one another Lo the notation S;, (t=1,..., m;(z,)). Let us 
pair off each S; (î=1,..., N; t=1,...,;(x,))) with an S* for the same site 
that lies to the right of it in K(y,), such that no S* belongs to more than one 
pair. We say that the partners in a given such pair are « contracted » with 


(11) This rule is similar to Wick’s theorem: G. C. Wick: Phys. Rev., 80, 268 (1950). 
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each other, and each distinct way of simultaneously contracting every S~ in 
the above manner we call an «arrangement». If follows from condition a) 
that there is at least one arrangement in K(z,). We distinguish the arrange- 
ments by the label y, and denote the y,-th arrangement of K(y,) by K(z,3 Yo) 
We prove in Appendix A that 


(394) K(y,)|®> = > E(goi 7) (Pd - 
Yo 


summed over all arrangements y,, where the term on the r.h.s. corresponding 
to K(X,5 Vo) 18 


Nm Lo) N | 
(396) ALAN AIN ES el 2S = ales AI EME (SI) | Db, 
i, t=1 i=1 


Here mixe) = Mi Xe) — M (Xo)s and in the first product there is one factor 
for each if ({=1,...,N; ¢=1,...,m;(y,)). The number ¢,,(y,; y,) is associated 
with the contracted pair S; and its partner in the arrangement y,, say Sj. 
It is equal to the number of S* lying to the right of S?, in K (x) that are, in 
Yo not contracted with an S; lying to the right of Sj, in K(y,). 

The conditions among a)-d) that are appropriate to K(y,) place restrictions. 
on m,(y,) and the ¢,,(7,3 7) in (390). The only one we need to quote here is 
that which follows from 4d): 


(40) mi(x,) = 28, all à, for every y, for 9=1,..., 7. 


Applying the rule (39), therefore, on performing step II, we get from (39a) 
that 


7 ” ai 
(41) = Y,(n)|® = YY e(ME(4057 a) | Od IT (O, |E45 7 Pd, 
o=l 


(L'OM CD) 


where (y) denotes the ordered set (7, ..., Yn) 741); and the second sum goes 
over all sets (y) for the respective (7); on next substituting (39b) we have 


Nm (x) N 


(42) Y,(m)|®> = (A) Xe) TI {28-04 VI} IT (Sty? |B), | 


(x),.(y) i el = 


where in the first product the index # now runs through all the segments and | 
n+1 


goes from 1 to m;(x)= DK so that ©, (x; 7) = C5 Yo) When it belongs 
per 
to the segment o. In (42) we have used (40) and the fact that 


<B,| IL (SP) 18 = (4%) from (8a). 
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We give two illustrations of the procedure in Step IT: 

Example A. There are two arrangements of the operator product in 
(37), so that from (39a) the application of Step II gives two terms of the form 
(41), of which one is 


(43) (34)? exp [3at][ (3200 — Ex )(2ix — E.) (ix — EB y,) 8 n )(STS +)(StS*) )|®>. 


where the arrangement is conveniently indicated by the dots, which pick out 
the contracted pairs. Passing to the form (42) on using (39b) we get 


(44) (37)? exp [3at][ (30a — H',) (200 — H,.,,) (toe — Bx) ]-* (28) [2( S— 1)] SSD 


Example B. The products in (38) have only one arrangement each, so 
that from (39a) the application of Step II yields the one term 


(45) (17) exp [dat] dia(3ix — H,,)2ia(ix — En): 


(SS; )(SES})|P.> CB, LS SNS SE) 1 D) = 


(46) = (M) 147 )+ exp [4at][4ta(3ia — E;,)21o(ix — Ex) 128)? 


Di 


using (395). (Though N,=1 and 28=1 here, we leave the symbols for 
clarity.) 

Step III. Each term (y), (y) of (42) can be represented by a diagram, 
constructed by referring to the form (41). For this purpose the A(y,;y,) are 
most conveniently written with the contracted pairs picked out as in exam- 
ples (43) and (45). We draw (7+1) sets of horizontal broken lines, one set 
above the other, with n, lines in the o-th set, counting from the lowest, and 
draw 7 horizontal full lines each separating a set from the one above. We 
mark a point on each broken line. Then the o-th set corresponds to the o-th 
segment in the term, and the n, points represent the interactions in K(7,; y,) 
where ascending order in the diagram corresponds to right-to-left order in 
the term. It is convenient to picture this order as measured in time, where 
the broken lines represent interaction times, and where successive interactions 
are separated by unit time with the first interaction at time 1. The full lines 
we call «reversal » lines since, as we see (by referring to (41)), they are drawn 
where the state has become completely reversed from |®,> to |®,>, starting 
again from |®,> immediately above. For each contracted pair in K(y,; yo); 
o=1,...,7, 74-1, we draw an «internal » line joining the interaction points of 
the two partners, and label it with the lattice site involved. For each un- 
contracted S*+ in K(x,;y) 0=1,---:7m we draw an appropriately labelled 
« bound » line from its interaction point to the reversal line immediately above, 


3467 


900 M. H. BOON 


and for each uncontracted St in K(Y,:15 Yn) We draw an appropriately la- 
belled «free » line from its interaction point leading vertically upwards out 
of the diagram. We note that free lines are drawn only from the top set. 
We refer to these three types of lines collectively as « interaction » lines, and 
call the interaction points « vertices ». Fig. 1 and 2 represent (44) and (46) 


Fig. 1. — Diagram representing (44), a Fig. 2. — Diagram representing (46), a 
term of Y,(3)|®,> where S= 3, con- term of Y,(2, 2)|D,) where N= 4, S=1, 
structed by referring to (43). constructed by referring to (45). 


respectively, constructed by referring to (43) and (45); in these figures the 
parts of the diagrams labelled A, B and C contain only free, internal, and 
bound lines respectively. 

We combine (y), (y) into the single label £, which runs over all terms of (42) 
and we write the term represented by the diagram D, as G(D.)|P,). (42) then 
becomes | 


(47) Y,(n) | PB,» = > G(D.) | Di). 


We can obviously carry through the same Steps I-III to expand every 
Y ,(n)|®,> (for =0, 1,..., co, and all (n) satisfying (32)) in the form (47). 
Substitution in (30) gives an expansion where each term is specified by three 
indices 7, (n), ¢, which we combine into the label £ running over all such sets 
of three; we have then 


(48) U<|b,)=2*%I +R) > (+1) ®4(D,)|S 


where 7(€) in the number of reversal lines in D,. 

We now give a prescription for obtaining the terms in (48) directly. There 
is one term È for each possible way of drawing a diagram D.. All possible 
diagrams are obtained firstly by all different ways of drawing (7-+1) sets of 
Mises Nyy 41 broken lines (with marked points) in accordance with (32), for 
each 7=0, 1, ..., co, in the manner described in Step III; secondly, for given 
n, (n), all possible ways of drawing in and labelling interaction lines under the 
following restrictions i)-iv) for each diagram. i 


i) There are two lines from each vertex, both leading either up or down, 


and having the labels of n.n. sites. 
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drawn to each reversal line as, e.g., in Fig. 2, where N=4, S—1, we Toe 
one bound line of each of the four labels. 


iii) There are not more than 2S free lines with the same label, nor are 


there 2SN free lines, i.e. 28 of each label 1,2,..., N. 


iv) There are nowhere more than 28 interaction lines with the same 
label crossing simultaneously between successive interaction times, and nowhere 
are there 2SN interaction lines, i.e. 28 of each label1, 2, ..., N crossing simul- 
taneously between successive interaction times. Thus, e.g., Fig. 1 would not 


be allowed when S=} since the lines à would violate the first part of the 
restriction. 


We «read off» G(D.) from D,. Let it have 7(&) reversal lines, and LA) 
broken lines in the o-th set. Then 


| (494) G(Da) = (N) "(GI)" exp [m(E)adt] (6) x(E) o(E) , 
| n+1 
with n(£) = > n,(é), and where 
y i LE 
(495) elé) = JT pia EE, 
(49c) x) = TT2LS —ex(s)], 
and 
(494) Gr II (SH, 


x 


In (498), £,(É) is the excitation energy between interaction times » and (»+1). 


BYE) =0 when v= yn n.(£) for 90 =1,...,7, (from (36)), and #,(&) is obtained 
from the free aes TEA out of the diagram; otherwise Æ,(£) is obtained 
“from the lines crossing between times v and (+1), e.g. E.(î) = EH», when & 

“refers to Fig. 1. Æ,(£) —0 if no lines cross between » and (+1). In (49c), 
there is one term in the product for each internal line à, where ¢ distinguishes 
the internal lines 7 from one another. c,,(£) equals the number of interaction 
lines of whatever type of the same label è that extend both below and above è 
in D, (following from the interpretation of (39b) in terms of diagrams) ; e.g. 

~¢,,(é) esi if È refers to Fig. 1 and i to the line < in B. Finally, in (49d), m,(&) 
is the number of free lines à in D.. 


Of the restrictions above, i) is because each interaction is either the cre- 


58 - Il Nuovo Cimento. 
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ation or destruction of a n.n. pair, and ii)-iv) are the consequence of condi- 
tions b)-d) on the interaction products. (We note that condition a) is satis- 

fied automatically by every term that appears in the sum (48).) Restriction ii) | 
simply ensures that the reversal line represents a point at which the state is 

completely reversed; iii) and iv) ensure both that this occurs nowhere else, 

as required, and that we never have more than 2S spins at any site. 


5. — Sum by diagrams. 


Any diagram is composed of one or more separate components that cannot 
themselves be divided into separate parts, such A and B in Fig. 1 or B and € 
in Fig. 2. A component is distinguished only by the pattern and labelling of 
its lines, and the relative order of its vertices but not their position in the 
diagram. We classify the components into three types. 

Type <&, with two free lines, and any (even) 
number of internal lines; e.g. (1?) Fig. 3, and A in 
Fig. 1. The order of components of this type is >1 
(where the order is the number of vertices). 

Hig. 3.12 Component of Type PB, with internal lines only; e.g. Fig. 4 and 
type . (does not appear B in Fig. 1, 2 and 5. The order of components of 
for system N=4, S=}). this type is even and >2. 

Type €, constructed of 2SN bound lines drawn 
to a reversal line, and with any (even) number of internal lines; e.g. © in 
Fig. 2 and 5 where 28N — 4. Components of this type are of even order > NS. 

We now wish to express (48) in terms of components and their combi 
nations. We denote any component of whatever type by F, and by G,(P) 


Sagl VED er Seti ea 
MY 
Fig. 4. - Component of type @ (does Fig. 5. — The only other non-missin 
not appear for system N=4, S—+). combination of the components in Fig. 2: 


the quantity in (48) represented by the diagram composed of only this singl 
component; the suffix signifies here and henceforth the number of component 
involved. Next we let G,(F,, F.,..., 4) be the sum of all the quantities 


(12) In Fig. 3 and all other diagrams it is implicitly assumed that lines joining à 
a vertex have labels belonging to n.n. sites. 
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in (48) represented by different diagrams composed of the specified set of com- 
ponents F,, F,,..., F,=(F),, where no two components are identical; the 
diagrams in this sum differ in the «combination » of the components, 7.e., in 
the order of the vertices of each component relative to the others. For instance, 
G(B, C) is a sum of two terms represented by Fig. 2 and 5 (where N — 4, 
S=+3). As a second example, G,(B, B') for B and B' in Fig. 6 is, when 
S>4, a sum of six terms, three of which are represented by the diagrams 
shown and the other three by Fig. 6 with B and B’ interchantged. We note 
here one point: in the group of diagrams composed of a given set (F),, some 
of the combinations of the components that it is possible to draw may be 
missing. In the first example above, all combinations of B and C are missing 
except the two illustrated. In the second example, on the other hand, there 
are no missing combinations; there would be, however, for S = 4, since 
Fig. 6(a) and 6(b) are absent in this case (because otherwise the lines 7 violate 
restriction iv) of Section 4). 


Fig. 6. — Three of the six combinations of the B and B’ shown, where S > 4: For S= 
(a) and (0) are missing. 


nie 


Where some of the components (/), are identical, we find it convenient 
to define G,(F,,..., F,) as if permuting identical components gave different 
diagrams, and to remember to divide by the appropriate factor to avoid 
counting the same term more than once. Thus, e.g. it in Fig. 6 we replace k 
with j so that 5’= 5, the contribution in (48) from the diagrams composed 
of the two B’s is 4G,(B, B). 

Noting that the number of reversal lines in a diagram is equal to the 
number of components of type €, and is therefore the same, say 7(F),, for 
each diagram composed of (#),, we now write (48) as 


(50) DOZER IENE F) | Od, 


u=0 Pr 
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with G,=J. Here the second sum means that each of the set (F), runs inde- 
pendently over all possible components, and the factorial is the ad factor 
ensuring that each term is counted once only. 

All components F appearing in (50) satisfy individually, of course, the 
restrictions i)-iv) of Section 4. It follows that all the combinations that it is 
possible to draw of any given set (F), also satisfy i) and ii); but, on the other 
hand, they do not necessarily satisfy iii) and iv). The combinations that are 
missing, therefore, are those violating either of these two restrictions. There 
are two cases. Firstly, if any one combination of a set (F), is missing be- 
cause it violates iii), then all diagrams composed of (F), are missing since they 
all have the same free lines. In this case G,(F,, ..., #,) =90 in (50), and we 
exclude such sets from further consideration until eq. (55). Secondly, there- 
fore, the combinations of any other set that are missing are those that vio- 
late iv); this is true e.g. for the diagrams ee of the B and C of Fig. 2 

Let us consider now any set (Æ), in (50) and apply prescription (49) to 
GF, Bra Each diagram D,, SORA of (F), has the same order, say n’, 
the same number of reversal lines, say 7’ and the same free lines so that o(€ ) 
is the same, say o’, for all &. Thus 


J)" exp[n'at]o! > e(É')x(£') 


(51) G (Fy, 
ta 


~ 
Es 
— 
— 
¢ 
33 
TRI 
— 
J 
3 
— 
nol 


summed over all D,. Consider next, for the same set (F),, the product 


L 4 
(52) TLA) = (NI AT exp [n'ato’ TI e(t)x(T 


using (49) for each G(F,). At this point it is convenient to define two com- 
ponents as «overlapping » if one involves lattice sites, either in common with, 
or n.n. to, any of those involved in the other, and we also say in this case that 
the lattice regions involved by the two components « overlap»; the B of © 
of Fig. 5 overlap, for example, as do also the B and B’ of Fig. 6. We shall 
now demonstrate that 


IT 
(53) CRE LEPRI A N PLE 


if, and only if, (1°), is a set of mutually non-overlapping components. For, 
firstly, if the (F), are non-overlapping, each. of the following, A)-C), holds 
in (51): 
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u 
A) x(&')=][][ x(t), all £. For, from (49c), x(é') can be interpreted as 
TT. 


a product of w factors; one factor for the group of lines belonging to F,, for 
each t=1,..., 4. Since by hypothesis F, has no label in common with any 
other component, the corresponding factor depends only on the disposition 
of the lines in F, (again from (49c)) and is hence x(t); the result is thus proved. 


B) There are no missing combinations in the sum over È. For, if there 
were, they would be excluded by restriction iv), as we have seen above. But 
iv) is a condition on the disposition of lines of the same label, and since no 
two components have a label in common, iv) exerts no restriction on their 
combinations; hence none are exciuded. 


C) For each &, the e(&’) (defined in (49b)) has the property that for 
L 

every v, E,(£')= > E,(E',T), where E,(É, 7) is the excitation energy found 
t=1 


separately from the group of lines of Æ, crossing between times » and (y+1) 
(if there are none such H,(é',t) =0). This is because, by hypothesis, these 
groups (t=1,..., 4) involve mutually non-overlapping lattice regions (2.6. fur- 
ther apart than n.n.) and in this case (from the form of H,) the total excitation 
energy is always just the sum of the excitation energies in the separate regions. 


Thus 


7) 


(54) D'e(E')x(€) = IT «(7) > e(é) 


E Ses E 


iG 
= Il #(T)E(T) , 


where the first step follows from A) and the second, following from B) and C), 
uses the important equality proved by GOLDSTONE (*18). Hence when the 
(F), are non-overlapping (51) and (52) are equal and (53) is true. Secondly, 
on the other hand, if some of (F), overlap, one or more of A)-C) do not hold. 
For let, e.g. F, and F, overlap, and consider any one of those combinations 
where there are line(s) of #', and line(s) of F, bearing labels either in common, 
or that refer to n.n., crossing simultaneously between two consecutive times, 
say v and (y+1). Hither this combination is missing, or (again from the form 


u 
of Ho) E,(é') # YE,(é',t), where &' refers to the diagram in question, since 
T=1 


here the groups for t=1 and 2 are overlapping. Thus either B) or C) does 
not hold; this is sufficient to render (54) invalid, and hence (53) is not true. 


(13) In the system studied by GoLpsrone, the parallels to A)-C) are always 
automatically true. 
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For an example, suppose (F), is just the B and B' of Fig. 6, and consider 
Fig. 6(a) or 6(b). If S=3} they are missing. Otherwise letting £' refer to either 
diagram and 7= 1, 2 to B, B', respectively, we have, using (490), that E,(£)= 
=E,,,, and we have also BE’, 1) +E,(é', 2)= H,+H,,; these expressions are 
not equal as may easily be verified. 

Quite generally we can say that when the (F), overlap, then certainly B) 
and/or 0) will not hold; this suffices to render (54) invalid and so (53) does 
not hold. 

We can picture the components as « disturbances » in the lattice due to 
the perturbation in the regions corresponding to the lattice sites involved, 
which «interfere » with one another when the regions overlap in a way that 
leads to the violation of (53). To account for overlap we replace (53) by the 
following equations (14): 


(55a) G(F) = AP), all F, 
(55b) Gi By By) = AE) A ELU, all pairs F,, Fs, 


(55c) GP, F., Fs) = AP) AP) AF) + AF) Ace, F3) + 


+ A,(F,) A(Ps, FP) + AP) AP #2) + As(P,, Fs, Fs), all Fi, Fo, Fs, 


m 


(554) GET EIA Et > ean all (F,), 


where there is one term in the sum of (55) for each partition of w, and for 
each different way of distributing the # among the groups of My, -..3 Um for a 
given partition (we remember here the convention that identical Æ are 
treated as distinct from one another). There is one equation in (55) for each 
possible set (7), for each x =1,..., co, and we now include the sets for which 
all combinations are missing; as @,(F,, ..., F,)—0 for these we put zero on 
the l.h.s. These equations hold with or without overlap, and the equation 
fon, (M) sdetines, “yi, UE): 


‘ 


(1) These equations for the components are similar in form to Ursell’s cluster 
equations for the imperfect gas potential as presented e.g. in Ter HAAR: Hlements of 


Statistical Mechanics (New York, 1954), chap. 8; here, overlapping components replace 
interacting particles. 
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We shall prove that the A’s have the property 
(56) RCE een) 0 


if at least one of (F), does not overlap any of the others. This is obvious for 
A,(F,, F,) in (555), for, if F, and F, do not overlap, (53) holds and G,(F,, F.)= 
= G,(F,) G,(f.) = A,(F,) A,(F,) so that A,(F,, F.)= 0. The proof for AH sey) 
now follows by induction. Supposing that (56) holds for all A,(F,,..., F,), 
T<p, we can show that A4,(F,,..., F,)=0 if the (F), can be divided into 
two (non-null) subsets (F, ..., F,) and (F,,,,.--, F,) such that no member of 
one subset overlaps any member of the other. For, consider all those (non- 
missing) diagrams composed of two fixed combinations F, of (Fy, ..., #,) and 
F, of (Fi: F,), respectively; we regard F, and 7, as «compound » com- 
ponents so that these diagrams differ from one another only in the combination 
of 7; and 7,. By hypothesis 7; and 7, do not overlap so that the sum of 


the terms represented by these diagrams is &(7, F,) =@(7) G,_(F,) 
from (53). Thus 
BOD) ae CES FES) = Da GF) @,_(F,) = 
B y 
ARI GERS CEE 


where in the double sum # and y go over all 7; and 7,; è.e. over all (non- 
missing) combinations of (F,,...,#) and (F#,,,,...,F,) respectively. Consequently, 
expressing both sides of (57) in terms of the A’s from (55), and remembering 
that all those terms on the Lh.s. that contain A’s involving components 
from both subsets are zero, by hypothesis, with the exception of 4,,(F,, ..., F1), 
we are left, on cancellation, with the equation A,(F,,…, Y,)=0. Hence (56) 
is proved. 

Substituting eqs. (55) into (50) we get, on rearranging terms, and writing 
Ai tor A .(F,,.,.F,) and », for n(F),, 


(58) Di DOZZA I 


| 


+ R)exp [> (wu!) > (+1)%A,]|P>. 


u=1 (Pu 


From eqs. (55), and the prescription (49), we see that A,(F,,..., F,) has the 
same product of S+ operators, if any, as @,(F,, ..., F,) (namely the o’ of (51)). 
This product is «read off » from the free lines in the diagrams composed of 
(F),, and these lines all belong to components of type .7. If, therefore, (F), 
contains no components of type 7, then A,(P,,..., ,) is just a c-number. 


LU 
We will denote such à set by Wal and à set with at least one component of 


” 


7 
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type VY we denote by (Eye defining 4,(F,, ..., F,), A,(Fi, -+, #,) and N, 48 
accordingly, we write (58) as 


(59) . U7|\®,> = 2° +4( + R) exp [> ( > (+1) A}: 
ery 
"exp [> (4 zie -1)4,] ID , 
u=1 2% 


where the first exponential is a number. Eq. (17) is therefore proved with 


(60) U(+) = Yu) dS (414A), 
u=1 (Cap 

and 

(61) U:+)| Pd) = X (4 ZX (41 wA, |) . 
u=1 (F),, 


We can now prove (18a) and (18b). Consider (61). Firstly, since by de- 
finition every term on the r.h.s. of (61) contains S+ operators, we have 
CPU (+)|P,> =0, de. <D, |exp[U*{+)]| DD =1. et it follows 
from restriction iii) on the diagrams that ‘D,|G,(P,,- Di 0, alll a 
all w. Since this applies in particular, of course, to all P ls so U:(+)|D,) 

(via (55)) and so <®,| exp [UP(+)] |®)>=0. Eqs. (18) are thus both ee 

Substitution of (60) and (61) into (19) and (20) gives us the required per- 
turbation series for |) and AZ, , and we need to show that the limits exist. 
It can in fact be proved that 


(62a) lim ABs, snap a Dr MR Py NS 
X—>0 fa) 

and 

(62b) lim A°(P, E) SATIN FP) 
+0 


exist, and that the Xi, 8 are real. We give the proof in Appendix B. (The time 
dependence vanishes on taking the limit since, by definition of the 4,8 through 


(55) and (49), the time only occurs in the form of powers of exp [at]. ii Eqs. (19) 
and (20) become, from (60)-(62): 


u=1 
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(63) I> = 2 al + R) exp[Y (af S (Lyra BD , 
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(64) AB, =—S (uly (+ DA. 


Here, from (56) via (62), the 1,S have the property 
(65) À, (Fi, «3 F,) = 0 


if at least one of (F), does not overlap any of the others. 


We have seen that components of type @ are of order > NS, so that those — 


G,, and hence, via (55) and (62), those 2, which involve such components 


give terms of order NS or greater in the series (63) and (64). Thus, assuming 


the convergence of the series to be rapid enough, we can ignore such terms 
when N is large. This implies that for the energy shift in particular 


(66) AB, & AE & — > (u!)-2 > 1, 
u=1 


BN 


since only components of type Z are now involved. The primes on the sums 


indicate that we include only the terms up to order, say, n< N, i.e. each 


term of (66) involves few components (<n/2 since each component is at least 
of second order) each of low order (<n). It now follows from (65) that the 
r.h.s. of (66) is O(N), since the number of mutually overlapping sets (5), 
is O(N) for each u=1,..., n/2. For we can pick one component of order <n, 
say B,, in O(N) ways, and for each B, the number of ways in which we can 
pick u<n/2 components B,, ..., B,, each of order <n, that overlap B, and 
one another, is O(1). We can visualize this result roughly by imagining the 
set of mutually overlapping B’s as representing a disturbance in the lattice 


in a region of a volume < the volume of the lattice; the number of such re- 


gions we can choose, differing by lattice translations, is O(N), whereas the 
number of different disturbances we can represent in this region is O(1). 

A similar argument can be applied to the perturbed state |,» in (63), 
to show that 


(67) |P.) & 2ta(I + R)exp [Y (uly YAS), 


u=1 (7)! 


lt 


(where the primes on the sums indicate that we include only terms of low 
order so that no components of type @ are involved), and that the number 
of terms appearing in the exponent is O(N). The constant a is adjusted so 
that the state is normalized. 
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6. — Caleulation of ground state energy. 


Eqs. (63) and (64) give the exact solutions for |,» and AH. To do the 
calculations to a given order, we draw all possible diagrams up to that order, 
use the prescription (49), evaluate the À, from (55) and then the /,’s from (56). 
We show in passing that for the very simplest 
system (15), where N=2, S=3, we get the cor- 
rect answers. For here there is only one com- 


Fig. 7. — The only component ponent possible, say OC’, depicted in Fig. 7, and 
for the system N=2, S=4. it is of type €. Now there is just one distinct 

diagram of n-th order (for any n=1,... co), 
composed of 0’ repeated n times, but since our convention is that we get dif- 
ferent: diagrams by permuting identical components, we have n! terms in 
G,(0", 0", ..-,C'). From (49), then 


(68) G,(C", ..., 0) = n! (47) exp [nat] [] (mia), 
mi 
where 1, =1 for this system. It is simple to prove from (55) that (68) gives 
A,(C') = 4d exp [at] (tx), 


(69) 
AMOR CO Lor = 28 


There are no , SI besides A,(C’), therefore, and this can be written A;(0'), 
with the prime, since there is no component of type . involved. From (62), 
eq. (69) yields 


(70) AO) ATP adi CR ON) EE 0 for n>2, 


In - . o p lod 7 
and there are no ,. From this latter fact, and from (7 0), we get, respectively, 
that (63) and (64) are, in this case, 


(71) [> = 2%a(I-+ R)|®,), 
and 
(72) AB,=+4J, 


where in (72) we have used the fact that 7'(0')=1. For this sytem &,=4J/4, 
so we get the well-known result H,, E_=3J/4, —(J/4), respectively, where 
E:=E+AE.. 


(5) We have hitherto excluded the case of a linear chain, of which N+ 2 is an 
example. The whole analysis, however, goes through for this case, although as will 
be pointed out later, the series (63) and (64) do not converge for long chains. 


3478 


| 
| 


A DIAGRAM TECHNIQUE FOR THE ANTIFERROMAGNETIC GROUND-STATE 911 


We now consider only systems where N is large, and calculate the energy 
shift to fourth order for the simple plane, s.c., and b.c.c. lattices. From (66), 
then, putting AE = AH, AE_, and writing AH, to denote AF to fourth 
order, we have the following expressions in which the first term contains the 
second-order contribution and the rest are of fourth order (no odd-order terms 
appear in (66) since all components of type Z are of even order): 


| ANDRE D A B;;) I, J > A\( Bint) + O[S A(B:5x) > > A (B:5vs) +> A) Bis ]t 
Kij) (jk) <ijk> Sit) ii) 


(73) 
I ii ! I ! 
| == > A( Bis; By) H+ Si A,(Bi5, B; ) "ta > A,(Bi;, Bix) == o1 > A( Bis; 8,)| C 


(ijk1) <ijkl> Ciik) ENT? 


Here, in the sums, <27> goes over all n.n. pairs, <ijk> over all trios where 
<ij> and <ik> are n.n. pairs, (ijkl) over all closed chains of four sites where 
<i>, <jk>, <kb, <u> are n.n., and <ijkly over all open chains of four with è 
and / at the ends. The B,, have the shape of the B or B’ illustrated in Fig. 6, 
and the B,,,, B,,,,, etc., are of the shape shown in Fig. 4 (where by shape 
we mean the disposition of lines and vertices independently of the labels); 
the suffices indicate the labelling of the lines from left to right in the drawing, 
we 2nd B,,,, would be obtained from it by relabelling the 
lines k, 7 with è, k, respectively. O=0, 1 if S=4, >4, respectively; in the 


e.g. Fig. 4 shows B ne 
former case the components inside the square brackets in (73) do not exist, 
as they would violate restriction iv) of Section 4. 
For 2(B) any term in the first five sums in (73) we have = 
= —ilim(0/0t)G,(B) from (62a) and (55a), and for AB, B') any term 
a—0 
in the last five sums in (73) we have AB, B') =—-1 lim (0/0t)[G,(B, B') — 


a—0 
— G,(B)G,(B')]. Using the prescription (49) for the G’s we calculate the 
A's directly. In each sum of (73), every term has the same numerical (16) 
value, and after some tedious algebra we get the following expressions for the 
second-order and fourth-order contributions to AH,, E, and £,, respectively: 


(74a) a= JO es » 


Bea }Jdi S42 454) — OT did.[ 4842; 569+ US) rs (SDS 
4J di d,8%(1 + 28 — 28Z) | _ 
MZ al ik) 


8 


—.J-di dS 42 654) — 2J di ds S42 65541) — 
(740) 


Y 


1J di d,8:(28 + 282 + 28Z — 48?Z — 1) a 
p > 2! 
1J(Z — 1): 


(16) This would not be so if the exchange integral J were different for different 
n.n. pairs. 


= 
+ 
Le 


+, Co à ‘al at M ni ke L Ww SX vo a or i (i he te" 
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where the upper line in the curly brackets is for S>4, the lower for S=}, 
dr = (28Z — Ine ; ih = (SZ — Lai 4 phy == (4SZ — 3) + Here EZIO) 
Zions = Ranzi Fare ODE! Res ATE respectively the number of pairs <ij», trios 

<ijk>, groups of four (ijkl) and groups of four <ijkl> in the lattice. The results 

for S>} and S=} have to be stated separately in the last two terms be- 

cause, in the latter case we find in the calculation of the appropriate 1 a 

that some combinations of the components are missing. 

The 250 Zam Zann Zinn have the respective values 1NZ X[1, 3,4, 7] 

for the simple plane lattice, NZ x[1, 5, 1, 21] for the s.c. and 3NZ X[1, 7, 2, 20] 

for the b.c.c., where Z has the appropriate value in each case; namely Z=4, 6, 3 

for the simple plane, s.c. and b.c.c. lattices respectively. The numerical results 

for the three lattices are set out in Table I for S=3 and Table II for S=1. 


and where 


TABLE I. — Values of en=(--2Emn/NZJ), where Em is the m-th order contribution to the 
energy, for lattices Z=4, 6,8, and S=}. Here e=e+e+8&. 
Z € | GA | &4 € 
| | i ‘ 
4 0.2500 | 0.0833 0.0247 0.3580 
6 0.2500 0.0500 | 0.008 6 0.308 6 
8 02500, RE EU dose 00022 0.2879 


. TABLE II. — Values of e 
energy, es ae Z=4, 6, 


m— FAN 


—2E,JNZJ), where E,, is the m-th order contribution to the 


8, and Choi 


Here e=&+&+€&.- 


Z | €) Gi £o €a é 
| | | 
4 | 1.0000 | 0.1428 0.0002 1.1430 
6 | 1.0000 0.0909 0.000 6 1.091 5 
8 | 1.0000 0.0667 0.000 4 1.067 1 
TaBLe III. — Comparison of the values of (—2E/NZJ) obtained by different methods 
for Si À. 
Z ANDERSON Run fila DAVIS | This result 
— — | — — Ste | | = — 
Qc © € | 
4 0.329 0.323; | 0.328 0 | 0.3320 | 0.358 0 
6 0.299, — 0.3008". | 026919003086 
8 a .284, 0.2893 | 0.2870 | 0.2879 
The first three columns in each table give respectively the values of 


— 2E/NZI)= %, 


— (2H,/NZJ)=e,, and — (2H,/NZJ) =e, where E, is obtai- 
ned from (11). The last column gives — (22/NZJ) )=e, where E = E,+E,+E 


a 


In Table III the values for ¢ obtained here are compared with those obtained | 
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by ANDERSON (1), KuBO (38), MARSHALL (1) and Davis (21) for the case S=}. 
The first of these used the spin-wave theory, the next two used variational 
methods, and the last (see concluding remarks) a perturbation method. 
We can see from Tables I and II that the convergence (as expressed by 
H,/E,) is better for S=1 than for S=3; in fact we find that for all higher values 
of S it remains considerably better than in the latter case, even though it 
‘appears to fluctuate with S. We consider what happens as S + oo. If we 
go back to series AF of (66) we can show that as S — co each 1 u>2, > a 
constant, whereas each À +S a constant. The former, therefore, decrease in 
relative value and can be neglected in our calculations; this is to be expected 
when we recall that they arise from overlap which becomes less important 
(relatively) as S gets larger. We may now write AH & $ lim [> A(B)/S], 
$—® 
of which the first terms are S lim [(Z, + £,)/S], and are duci directly 


So 3 
from (74). We do not give them here; it suffices to say that for the lattice 
Z = 4, where the convergence is the slowest, we get E,/E, & =. This is good, 
but not to good as for S=1 for this lattice (see Table II). Probably the 
ratio passes through a minimum for some intermediate value of S. (We 
must remember in all this, of course, that as S + co, H, goes as S? and 
swamps the energy shift AZ; if we neglect the latter we get E+ 4, for a « clas- 
sical » antiferromagnet. We choose, here, however, to measure energy from 
the level E.) 


7. — Concluding remarks. 


We can see from Table III that for S — + this fourth-order perturbation 
caleulation gives lower values for the energy than previous methods, with the 
exception of Marshall’s result (1) for Z=8. Also from Tables I and II and 
the last paragaph of Section 6, we can conclude that the convergence up to 
E, is reasonably good in all cases except possibly for Z=4, S= 3, where 
E,/E, = +. We may remark that in no case is the result below the lower bound 
E—=—iNZJ(1+1/ZS8) given by ANDERSON (*). The convergence improves as 
Z increases, as we expect, since the spins «lock » more firmly, On the other 
hand we find that if we carry through the calculation for the linear chain, 
where Z=2 (which gives us eq. (74) with ¢,,,.,=0), then—except in special 


(27) P. ANDERSON: Phys. Rev., 86, 694 (1952). 

(18) R. KuBo: Rev. Mod. Phys., 25, 344 (1953). 

(19) MarsHaLL used the Bethe-Peierls method with his variational approach and 
so his result is not an upper bound. 
“ (29) P. ANDERSON: Phys. Rev., 88, 1260 (1951). 
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cases such as for N —2 in Section 5 where the number of terms in the exact 
perturbation series (64) is finite—the method breaks down for small S: for 
example for S=3 we have H,=NJ/4 and E,=5NJ/16. Again, this is not 
surprising since the disordering effect of the off-diagonal terms in H are greater 
in this case than elsewhere. This leads in fact to the crucial question as to 
whether this disordering effect becomes important in terms above fourth-order 
for the lattices with Z>4. It is certainly possible that the decrease in the 
individual value of higher-order terms is outweighed by their rapidly increasing 
number, so that the series eventually diverges after passing through a minimum. 
The more closely packed the lattice though, the higher is the order at which 
such a «catastrophe » would occur and indeed the greater is the likelihood 
that it does not occur at all. The question is, however, unresolved; until it 
is answered we cannot know whether our calculation gives the ground-state, 
though we can say that it gives a state at a «local » energy minimum, stable 
against small perturbations. If the series does converge then this implies, of 
course, that there is order in the ground-state and we can calculate the values 
of the long- and short-range order for the |¥,> we have obtained. But be- 
cause any conclusion about the order in this context rests on the convergence 
assumption, it would not seem to be very profitable to go through with the 
determination of these quantities here. 

The method used in this paper can be adapted in a straightforward way 
to several cases where the Hamiltonian differs slightly from (1). As a first ex- 
ample, we can consider a lattice where H is anisotropic: H = J > S58Sî+ 

“i> 
+3 > (87874 S'S"), with O<v<1. We need only to introduce a factor »” 
ij) 
in the n-th order terms in the perturbation series, thus e.g. in Tables I and Il 
we have to multiply the second and third columns by »? and v* respectively. 
For any v<1, the convergence will evidently be improved, and indeed for » 
small enough the series for the linear chain will converge. Secondly, in the 
case where the exchange integral is not the same for each n.n. pair so that J 
must be written J,;;, say, for <ij), the formulae are applicable up to and 
including (73) for AH,. After that the difference lies only in the numerical 
evaluation of the terms. The method is also adaptable in principle to any 
other case where H can be split into two parts, a diagonal part H, with the 
doubly-degenerate ground-state 254 D> + |@,>), and an off-diagonal part V 
such that [R, H)])=[R,V]=0. Eqs. (63)-(66) for the perturbation series ar 
still formally valid; the difference lies only in the structure of the component 
—while the division into types still holds good. One example is a Hamil 
tonian including next n.n. ferromagnetic interaction. (Of course if the grount 
state of Hy is non-degenerate, the method is easily reformulated in a simple 
way; the results are again given formally by (63) and (64) with R=0 ane 
where there are no components of type €. Eq. (66) remains valid as it is. 


| 
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Very recently, a paper by DAVIS (2!) has appeared which also attacks the 
same antiferromagnetic ground-state problem. Davis’ method differs, however 
in that the Hamiltonian is cast into such a form that the Goldstone forma- 
lism can be applied directly. This leads in addition to a slightly different di- 
vision into perturbed and unperturbed parts, where the degeneracy of the 
unperturbed ground-state disappears, though the unperturbed energy remains 
unchanged. The writer feels, however, that the method presented in this 
paper is of value, both for comparison with Davis’ results and for the in- 
trinsic interest of the procedure. In particular, the techniques for dealing with 
the double degeneracy of the unperturbed ground-state, and for dealing with 
the N-body divergences in this case where, as opposed to comparable boson 
or fermion systems, the separate components in a diagram overlap, may be 
useful for tackling similar problems in other fields. 


The writer would like to express his gratitude to Professor R. E. PEIERLS 
for suggesting this problem, and for his encouragement, and would also like 
to thank the Battelle Memorial Institute, Geneva, for enabling him to com- 
plete the work. He is grateful to his colleagues for interesting discussions on 
the topic. 


APPENDIX A 


We show that if A is any one of the operator products A(y,) defined in 
Sec. 4, with m+ operators S}, m; operators ST, (i = 1,... N), then 


S59 


(A-1) K|®,) = > K(y)|®,), 
z 
where 
Nam} N 
(A-2) K(y)|P) = IT(208— c(y)]} II (SH®|Pd, 
i,t=1 i=1 


with m,—=m}—m;. The e-number ¢;,(y) is associated with S7 and its con- 


tracted partner S} in the arrangement y, and is equal to the number of ST 


(21) H. L. Davis: Phys. Rev., 120, 789 (1960). 
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to the right of S} that are, in », not contracted with an S7 lying to the right 


OLS ino A. 


We write 
- N 
: (A-3) K|®, = II Æ;1®.), 
à coi À 


where on the r.h.s. the operators have been rearranged so that A, contains 


- all those with the label à in the same relative order as in K; this process is 


easily done since from (6a) operators referring to different sites commute. 


. : We consider now X,|®,), and label the S7 and Sf as SZ, t=1,..., m7, and 
~~ St,r=1,..., mt, counting t and r from the right. Let us suppose that there 


tr) i) 


are p of St to the right of SZ (p >1 from condition (a) of Sec. 4 on K|D,}}) 
so that 


a” E] Da) — K89%- 851), 


where A, is the part of A, to the left of Sz. We now use eq. (64) p times 


A to the right, getting 


D 
x EX PRI MESE ul o + 9 02) Q+ Cy x 
(A DI) ISG | D, -_ KG; DI S i(p+1) ce AS att) (— 283) Sia Soc Si 1 Fin 


dl 
rl C pe 
| a GIS Ae \ 
de K Sy QUE SESal Pp ’ 


where Sj, = 1, and also we put 8%,» =, where it occurs in the summation. 
The last term in (A-5) is zero by (7b). Next, using (6b) repeatedly in each of 


_ the remaining terms to filter the Sj to the right we have 


BS. Ni 4 Si; 7 = x 3 
ASE (A-6) K; D; 7e K; > Sit» OR) Sato Sie—» Sig [— 2(87 a ce 1)]|D,) ST 


Pp 
a 
= ‘ DAN = = e a + dt Q+ | \ 
K; mets q+ 1) Sitotn FOR Siew ita) RO Sip | Pa) ’ 
q= 


‘ from (7a). We note that the q-th term in (A-6) is just that where Sz is 


contracted with Si; it contains the factor 2[8 — (g— 1)] where (q—1) is 
the number of ST lying to the right of Si (none of which, obviously, are 
contracted with an S; to the right of Sal 

We now repeat the procedure for each Su, t—2,..., mi, successively in 
each term of (A-6); there will always be some S+ lying to the right from con- 
dition a) of Sec. 4. In this way, we see that at each stage the only Si to 
the right of the considered S7 are those not contracted at the previous stages 
4.6: not cont ‘acted with an S; to the right of the one considered. Finally, 
therefore, K,;| D, elk expanded into a sum, one term for each way of con- 
tracting all the S7; using y, to distinguish among those, we have 


mi 
(A-7) K:18,9 = > TT 218 — 0, (y)]}(8)=|D), 


Vi t= 1 
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where m,— mf — mj, the excess of S7 over 87 left after the S7 have been 
exhausted, and €,,(y;) is the number of SŸ to the right of S}, the contracted 
partner of S in y,, that are not contracted with an S; to the right of Sq. 

From (A-3) and (A-7), the proof of (A-1) and (A-2) follows immediately. 


APPENDIX B 


We prove that 


0 LA y 
Sens api A ‘0039 Tn , 
and 
(B-2) dires Uy) in Ait, nee), 


exist, and that the 4,°s are real. 
We note first that any (??) set (F),, of either sort (F), or (F),, we have, 
expressing the À, in terms of the G,’s, the inverse of eq. (49): 


ER 3) AGL... P= > 6, 40) With Da, 
rer 


HT Hg °°° © Um ? 
Pm 


where there is one term in the sum over P,, for each partition of uw, and for 
each different way of distributing the F among the subsets w,,..., un Of a 
given partition (identical F being regarded as distinct). m stands for the number 
of subsets in the partition. 

We next consider G,(F,,..., F,), writting it G, for short, which is by defi- 
nition the sum of contributions from each non-missing diagram composed 
of (F),. Let D, be any combination of (F), that it is possible to draw, mis- 
sing or not, and let G,|, denote the contribution to G, from D,; if D, violates 
restrictions iii) or iv) of Sec. 4 (i.e. previously called missing) then we put 
G,|:=0, otherwise it is written down from prescription (49). We have 
therefore 


(B-4) Au = > de, 


£ 


where the sum over € here and henceforth, unless otherwise stated, goes over 
all possible (2%) combinations of (F), that can be drawn. For example there 


(22) We remember that we do not here exclude sets for which all combinations 
| are missing and where Gr ira, F,)=0. 
(28) In the case where (F), includes some components of type @, therefore, in 


many combinations (previously missing) there will be components that have vertices 


59 - Il Nuovo Cimento. 
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are 6 possible combinations of the B and B' of Fig. 6; here 


where, labelling Figs. 6 (a), (b), (¢) by C=1, 2,3, respectively, we have 


| G,(B, B')| = J* exp [4at]8*(S — 1): 


(B-5a) -[4ia(3ia = F;,)(2ix aS E ;2;r) (ix = E;;)]7* ‘ for S = 3 , 
| — for “S33 
| G,(B, B’)|, = J4 exp [4at]S*[4ix(3ia — E,x)(2ix— Ea,p)(ia— DE 

(B-5b) | for. 8 See 
| = 0, for Sh 


(B-5c) G,(B, B')|; = J* exp [dat] S*[4ia(3ia — Late BY, tor alles: 


We now take any one of the expressions G,, ... Gum Of the r.h.s. of (B-3) 
where (F), is divided into m subsets with w, in G,, and define Gy... Gy,|e 
as to be inferred from D, in a way similar to G, |: but differing from the latter 
in that the F’s of each subsed are to be treated as non-overlapping 
the #°s soft all. the others. Thus, for instance, G, + Gal 18 not 
necessarily zero when G,|: is, since in the former any label à appearing in 
an F of one subset is treated as referring to a different site than an è in any 
other, so that the consequences of restriction iii) and iv) may be different. 
The value of G,,...G,,\: (when non-zero) is written down according to 
prescription (49), with the modifications following the assumption of non- 
overlapping subsets. We find that G,,... G,, |: can differ from G,l; in one 
or more of three respects: (1) the latter may vanish while the former does 
not, (II) in the factor «(¢) (refer to (49)), and (III) in the factor x(¢). The e(¢) 
may differ because, (refer to (49b)) for some », the #,(¢) may be obtained from 
lines that include those from components of different subsets, involving over- 
lapping lattice regions in the latter case, but treated by definition as non- 
overlapping in the former so that the excitation energy in these regions is 
treated as additive. The x(£) may differ because (refer to (49c)) in com- 
puting, say, ¢;,(¢) for the line à we ignore all lines of the same label belonging 
to components not in the same subset. As an example of the above definition, 


both above and below reversal lines e.g. the combination of B and O of Fig. 5 where 
B has one vertex below C and one above. In such a combination the excitation energy 
between the interactions just above and below the reversal line is no longer zero 
and is «read off» from the interaction lines crossing the reversal line. 


3486 


A DIAGRAM TECHNIQUE FOR THE ANTIFERROMAGNETIC GROUND-STATE 919 
we have, for B and B' of Fig. 6: 


(B-6a) G,(B)G,(B')|, = Ji exp [dat] S4[4ix(3ix — E;,)(2ix— E,;,— E)(ia= E,,)| 1 


7 


(B-6b) G,(B)G,(B')|,=J' exp |[40t]S4[4ia(3ia— E,3)(2ix — E,;- En)(ia—E;;)T 1 


? 


(B-6c) G,(B)G,(B’)|, = J* exp [4at] S4[4ia(3ice—H;,,) 2ix(ix— H,;)|-, 


valid for all S. Here B and B' are in different subsets so that the à in B 
is treated as referring to a different site than 7 in B’. This has the conse- 
quence, on comparing (B-5) with (B-6), that the terms for $= 1, 2 differ in 
respect (I) for S = + (since they no longer vanish) and in respect (II) for all S 
(as H2,, is everywhere replaced by E,;; +4), and that the term for ê — 1 
differs in respect (III) (as S replaces (S — 1), i.e. the value of ¢ for the line à 
of B changes from 1 to 0). We note that the term for ¢=3 is unchanged; 
we shall return to this point soon. 
We can now show that 
te 


(B-7) Cha, Ging = Z Gin ve Cn Ue 


Consider for a moment those diagrams composed of m fixed combinations 
F,,7=1,...,m, of the m subsets; in these we regard the Z,, as « compound » 
components so that they differ only in the combinations of the 7,. The sum- 
mation in (B-7) can be performed in two stages: firstly the sum over all these 
diagrams for a fixed set 7,, and secondly the sum over all sets (F),,. The 
first stage yields 4, (A)@u,(F2) --- Gun(Fm) 28 follows from (53) since the F, 
are treated as a mutually non-overlapping set of components, and in the 
second, for each r we sum G,,(7,) over all combinations of the 7-th subset 
(including overlap here); hence the result follows directly. As an example 
of (B-7) 


G,(B)G,(B') > G,(B)G(B)|¢, 


1 


as may easily be verified. 
We define for each È 


(B-8) A, Ff, ...F,)\e= > (= 1)"4n — 1)! 4, Gugle; 


Pm 


and it follows immediately from (B-3), (B-7) and (B-8) that 


(B-9) DR] 
Again, as example, A,(B, B’)|; = G(B, B’)|;— G,(B)G;(B')|:, all 6, and 


A,(B, B') = SAAB, Be. 


1 
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It is convenient at this point to define two parts of a diagram as « discon- 
nected » if they are separated either by a space where no lines cross, or by a 
reversal line, e.g. B and B' are disconnected in Fig. 6c), and likewise B and © 
in Fig. 5. We shall prove in the last paragraph that 


(B-10) AEs; fio 93 


if D, contains any disconnected parts. We assume this for the moment, but 
note the close parallel with (56); we may imagine that parts of a diagram that 
are disconnected represent disturbances in the lattice that do not «interfere » 
with one another in time — since one has ceased before another begins — just 
as spatially distant disturbances do not « interfere » with each other. In our 
example, we can easily see that A,(B, B’)|,=0, since it is the difference 
between (B-5c) and (B-6c) which have the same value — this latter is intui- 
tively clear in this simple case, since it can make no difference, where B and B’ 
are disconnected, whether we treat them as overlapping or not. 
From (B-8), (B-9) and (B-10), therefore, 


(B-11) A (Boas Ea) ye ee Ge Geshe 


ie DA 


where the prime indicates that the second sum goes over only those È with 
no disconnected parts. Now, take the case where (/), is a set of the sort (F)'. 
For each G,,... G,,,|g in (B-11), we see from the modified prescription (49) 
that, since D} has no disconnected parts, no energy in the denominator 
of G(Ë) is zero except the last (the last is so because no lines lead out of 
the diagram). If n is the order of D;, therefore, E,=0 and 


exp [nat] 1 


As AEN rate ee e a), 


nix 


where exp [at|/nia is a factor common to each term in (B-11), and lim /(«) exists, 
a0 


and is real since the imaginary quantities of the form ipa in the denominator 
vanish on taking the limit. Thus, using (B-1), 


CFE, Bg = im ie) 


x—>0 


exists. In the other case, where (/), is a set of the sort (F,)", we see again 
from the modified prescriptions that in each Rea of (B-11) there 
is no zero-energy denominator including the last (since here there are 
ae, ae ae out of the diagram). It follows directly therefore that 
L f eee AXIS 5 a } a ÿ 1 | 
lim u(F:,.…, F,) exists and hence, from (B-2), so does Aes coco The 
result is proved. | 
It remains to show that (B-10) is true. Consider the r.h.s. of (B-8) for 
È POT Di in which the (/), form two groups disconnected from one another 
ane Hy, and Fyii,...,H,, of v>0 and (u—v)=T>0 members, respec- 
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tively. Then each expression G,,... G,_|: can be rewritten 
(GG) dI (GG) | tto 


where G@,, has been split into the product G,G,, such that G, and G,, contain 
those F in G,, belonging to the first and second groups respectively; if G,, 
contains no F of the first group, G,,=/, and likewise for the second group. 
The second expression differs formally from the first in that within each of 
the m subsets we treat the members of the two groups as non-overlapping. 
But because of the separation of the two groups in D; the algebraic value is 
the same whether we treat them as overlapping or not, i.e. the two expressions 
can differ in none of the respects (1)-(IIT) given above. We quote again the 
example G,(B, B’)|; = G,(B)G,(B’)|; for Fig. 6(c) where B and LB’ are the 
two disconnected «groups ». Rewriting the r.h.s. of (B-8), then, in the above 
manner and putting G,, or G, equal to J where appropriate, as already indi- 
cated, the sum can be rewritten in the form 


Yo 
LAINE 


(Ro RTC AN GENI 


| D 1 


(B-12) A 


Lu 


D D 2 

with Y vr, =», > t,= t, and where the G, contain only F’s of the first group, 
r=1 sel 

and the G, only those of the second. There is one term in (B-12) for each way 


of simultaneously partitioning v and 7, and for each different way of distri- 
buting the F,,..., F, among the p subsets »v,, ...,7,, and the F,,,,..., 7, among 
the 9g subsets 7,,...,7,, of the given partitions, respectively. The coefficient 
p(p, 9) of G,,... @,,|¢ in (B-12) is the sum of the coefficients of all those terms 
in (B-8) that reduce to this quantity on rewriting and has the value 


D (— 1)?te-*1(p + q —t—1)! 
= y == Iq! ta 17, 
(B-13) d(p, 4) DID, ip—= t)!(q —"#)! 


’ 


where we have assumed p< q without loss of generality. In this sum 
the term t=0 is the coefficient of G,,...G,,|¢ itself in (B-8) (which is 
of course unchanged on rewriting); the term for general ¢ is the number 
p'a!lt!(p — q)!(d— t)!]"® of different terms in (B-8) that have just ¢ of the G,, 
containing members of both groups, and that reduce to G,,, ..., G,,, multiplied 
by their common coefficient (— 1)?-***(p —q—t—1)! Every coefficient 
in (B-12), therefore, is of the form (B-13), where 0<p<g. Now if we 
consider the expression (1 — æ)?(1— x) ?—1 (for 0<x< 1), and expand 
the two brackets on the |.h.s. separately in powers of x, we find that for 
0< p< q the coefficient of x, is just d(p,q) apart from a non-zero factor; 
d(p,q) is thus evidently zero. Hence /,(F,,..., F,)|; = 0 whenever D, has 
two disconnected parts. Thus also A,(f,,..., f,)|;-=0 when D, has two or 
more disconnected parts, since the latter is merely a special case of the former. 
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Ottengo serie di perturbazioni per lo stato e l’energia fondamentali dei reticoli 
bi- e tridimensionali con un Hamiltoniano isotropo dello spin antiferromagnetico per 
lo spin generale S e con condizioni limiti cicliche. Considero solo reticoli divisibili in 
due sottoreticoli compenetrantisi. La parte fuori la diagonale è trattata come pertur- 
bazione, e, introducendo operatori di creazione e di annientamento di spin, la serie 
è valutata usando una tecnica a diagrammi. Non faccio approssimazioni. Il metodo 
si può facilmente adottare al caso anisotropo. I due stati fondamentali degenerati non 
perturbati sono le combinazioni simmetriche ed antisimmetriche dei due stati comple- 
tamente ordinati orientati in direzioni opposte. Ottengo una convergenza ragione- 
volmente buona, almeno sino al quarto ordine, per ogni reticolo considerato in tutti 
gli S, ed eseguo calcoli numerici dell'energia per S=} 0 1. I valori sono inferiori a 
quelli dei trattamenti precedenti in tutti i casi eccetto il b.c.c. con S=1. Tuttavia 
ho presupposto la convergenza generale della serie, ed i risultati, con le loro impli- 
cazioni di ordine nello stato fondamentale, si basano quindi su questa supposizione. 
Sviluppo metodi speciali nella somma dei diagrammi per trattare: (1) la doppia dege- 
nerazione dello stato fondamentale imperturbato, e (2) le apparenti divergenze ad N corpi 
in questo sistema in cui gli stati basilari non possono essere rappresentanti come riunioni 
di « particelle libere », come nel caso del bosone o del fermione, od in cui il commu- 
tatore degli operatori di annientamento e di creazione non è un numero ec. Queste 
tecniche possono essere utili per problemi analoghi in altri campi. 


(*) Traduzione a cura della Redazione. 
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Diurnal Variation and Forbush Decrease (*). 


D. CATTANI (*), M. GALLI and P. RANDI 


Istituto di Fisica dell Universita - Bologna 


(ricevuto il 15 Maggio 1961) 


Summary. — In this work we discuss the depressions often preceding 
the most important Forbush decreases by less than 24h, and certain 
features of a Forbush decrease such as the rarity of onsets during morning 
hours, the greater amplitude when they happen during the evening as well 
as the small increases that sometimes happen during the main decrease. 
We bring forward the fact that the Forbush decrease is always asso- 
ciated to a train of diurnal variations and vice-versa a train of diurnal 
variations often contains a more or less evident Forbush type decrease. 
Through an analysis of the energy dependence of the above pre-decreases, 
and of a separation of local variations from world-wide variations in 
a Forbush decrease, we show that the forementioned characteristics 
associated with a decrease, are simply due to the superposition of diurnal 
variations to the world-wide Forbush decrease. The train of diurnal 
variations, with the Forbush effect removed, has a variable length that 
apparently does not exceed about ten days; it is reinforced and is anti- 
cipated in phase during a period of two or three days containing the 
onset of the Forbush storm. 


1. — Introduction. 


Some time ago (1), we pointed out that at the Cosmic Ray Stations located 
at the middle latitudes, diurnal varions (DV) and Forbush Decreases (FD) 
are always associated and that a Cosmic Ray Storm (CRS), that is a group 


(*) This work has been supported in part by the Italian National Research 
‘Council (CNR). 

(**) Presently associated with the NASA, Goddard Institute for Space Studies, 
New York, N. Y. under a NAS-NRC Post Doctoral Research Associateship. 

(1) Paper presented at the Moscow Cosmic Ray Conference (July 6-11, 1959). 
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of strong fluctuations of the cosmic ray intensity, with a period not greater 
than a day, may be interpreted as an anisotropy more or less persistent of the 
cosmic ray intensity in the space around the Earth. 

We also pointed out that the apparent lack of onsets of Forbush decreases 
during the night and morning hours, which has been noted by other authors (?), 
has to be interpreted as a superposition of the Forbush decrease and the diurnal 
fluctuation. 

Many authors have observed several types of variation associated with 
a FD as: 


a) a reinforced diurnal oscillation (#4); 
b) a preliminary depression (?); 


c) a world-wide increase in the intensity associated with an increase in 
the earth’s magnetic field following a sudden storm commencement 
(SSC) (5); 


d) a preliminary world-wide increase (6-7). 


They have also observed (?) that the onset of a FD is not simultaneous at 
all stations but it has the tendency to anticipate in those regions, outside of 
the earth’s magnetic field, pointing in directions between 4 and 10h. 

We believe that variations of type a) and b) belong to the same event and 
that the event that looks more or less as a long train of DV, is associated with 
the presence on the sun of a very active region. 


2. — Some typical examples of CRS. 


Trains of DV of this type may begin several days before or immediately 
before the FD. 

In both cases they show to be reinforced at least during the first and the 
second day of the FD. 

One can also observe trains of DV not associated with a FD or associated 
with a scarcely observable FD. 


(2) A. G. Fenton, K. G. McCracken; D. C. Rose and B. G. WiLson: Can. Journ 
Phys., 37, 970 (1959). 

(3) Y. Smxrpo and S. Yosnrpa: Rep. Ion. Res. Japan, 4, 37 (1950). 

(*) B. ErLior and D. W. N° Dorsrar: Journ. Atmos. Terr. Phys., 1, 205 (1951). 

(MERONI NAGASHIMA, S. YOSHIDA and M. Wapa: Proc. of the Moscow 
Cosmic Ray Conference, vol. 4 (Moscow, 1960), p. 208. 

() L. I. Dorman: Proc. of the Moscow Cosmic Ray Conference, vol. 4 (Moscow, 
1960), p. 134. 

(7) V. SARABHAI and R. PALMEIRA: Nature, 184, 1204 (1959). 
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As an example we represent in Fig. 1a), 1b), 2a), 2b), some cosmic ray storms. 
In these figures a couple of straight lines inclined toward the right are limiting 


ol] 


Fig. 1. — Cosmic ray storms during three earth revolutions. a) October 20-21-22, 1957 

b) March 25-26-27-28, 1957. Stations, I: Leeds + Herstmonceux. 2: Ottawa + 

+ Mt. Washington. 3: Lincoln. 4: Mt. Wellington. 5: Yakutsk. 6: Alma Ata. 

7: Uppsala + Géttingen. 8: Ottawa. 9: Hobart. 10: Moscow. 11: Weissenau. 
8, 9, 10, 11: are meson recordings, the others, neutron recordings. 
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portions of the intensity curve corresponding to the same universal time, 
whereas à couple of vertical straight lines are limiting portions of the inten- 
sity curves recorded between two successive passages of the asymptotic di- 


| 28 | 8 lu 6 7 | 8 ] L TT © | 2 z|Uu 
ce June 


ANAL 


ii ee i 


Fig. 2. — Cosmic ray storms during three earth revolutions. a) June 27-28-29, 1958 
b) June 19-20-21, 1958. 1: Leeds + Herstmonceux. 2: Mt. Washington. 3: one Mt. 
4: Mt. Wellington. 5: Alma Ata. 6: Zugspitze. All neutron recordings. | 
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rections through the same meridian plane of the earth: we have represented 
the data of the British stations according to local time; we have then changed 
(an hour at most) the local time of the other stations at a different latitude 
in such a way that particles arriving to the British stations at a certain local 
time, and particles arriving to the other station at the corresponding cor- 
rected local time, have started from the same geographic longitude at infinity. 
In order to do this we have used the results on the asymptotic directions pub- 
lished by BRUNBERG (8). 

Vertical displacements are proportional to the asymptotic longitude of the 
Stations taken into consideration. 

In the same figures we have represented four typical CRS recorded at 
middle latitudes, in such a way as to follow the perturbation during three 
terrestrial revolutions. 

In Fig. la) we have represented the CRS of October 21, 1957. 

We can see there that besides the FD whose onset can be associated with 
the SSC of 2241 UT of October 21, we can also observe anisotropies along 
two directions, persistent for at least two terrestrial revolutions. 

In Fig. 1b) we have represented the CRS of March 25, 1958 which shows 
a FD that can be associated with the SSC of 1540 UT superimposed to a 
strong DV persisting for at least four diurnal revolutions. 

In the CRS of June 26, 27, 28, 1958 represented in Fig. 2 a), the FD which 
can be associated with the SSC of 1828 UT is scarcely observable, whereas 
in Fig. 2 b), in which we have represented the CRS of June 19, 20, 21, 1958, 
no sign of a depression can be seen. 

A preliminary depression prior to FD during morning hours can be easily 
seen in curves marked 1, 2, 3, 4, 5 of Fig. 1 a); a similar pre-decrease can be 
observed in curves marked 8, 3, 9, 6, 10, 11, of Fig. 1 b). 

In Fig. 1 b), where curves marked 8, 9, 10, 11 are meson recordings on an 
intensity scale doubled with respect to that one of the neutrons, we can also 
clearly see that, whereas the amplitude of the DV’s is about the same either 
for mesons as for neutrons, the amplitudes of the FD’s for neutrons is a 
little bit more than for mesons. 

We can also clearly see in the same Fig. 1 that FD onsets have a ten- 
dency not to occur early in the morning. 


3. — Energy dependence of pre-decrease, FD, DV. 


At this point it seemed convenient to us to use the data at our disposal 
to do a more systematic study. 


(8) E. À. BrunBERG: Tellus, 8, 215 (1956). 
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In order to do that we have considered all FD’s associated to a SSC of 
the period August 1957-October 1958, for which neutron intensity, recorded 
with a standard pile at middle latitudes, within 12 hours immediately fol- 
lowing the SSC, reaches a depression of at least 5% 

We have found 10 of such CRS (see Table I for the specification of CRS 
and stations from which data are taken); regarding each SSC we have then 
chosen recordings of six stations in such a way that each of them receives the 


ea ly 


Date | Cosmic ray stations | 
: | 
1) August 3, 1957 Alma Ata, Berkeley, Churchill, Leeds, 
2) August 29, 1957 Macquarie Island, Mt. Wellington, Moscow, | 
3) October 21, 1957 Ottawa, Rome, Sulfur Mountain, Uppsala, | 
4) November 26, 1957 Ushuaia, Weissenau, Yakutsk. 
5) February 11, 1958 
6) March 25, 1958 | 
7) July 21, 1958 | 
8) August 17, 1958 | 
9) August 24, 1958 
10) September 15, 1958 | 


SSC in one of the following four hour groups: 0-4; 4-8; 8-12; 12-16; 16-20; 
20-24; in which we have divided the local day. We have taken the SSC as a 
temporal reference to use for a FD because it is reasonable to suppose that 
the solar cloud causing the SSC is in some way connected with the FD me- 
chanism. 

In order to test if the preliminary depressions are of the same nature of 
a FD we proceeded in the following way: 


1) We subtracted the average value between the nearest maximum to 
the SSC and the maximum value reached 24-26 hours at most before the SSC, 
from the minimum value reached 12-14 hours at most before the SSC; we 
divided the difference by the average value of the intensity of a given com- 
ponent and called it amplitude of the preliminary decrease. 


2) For each of the ten storms we then calculated the ratio between the 
amplitude of the preliminary decreases as recorded by a neutron standard 
counter and those recorded by a meson standard counter in a same station, 
using data of the stations of Weissenau, Ottawa, Hobart. | 

The following value was obtained: 


percentage neutron preliminary decre se 
= 1°30 


pere entage meson preliminary ie ease PAU 
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3) Next we considered the differences between a maximum percentage 
value immediately near to the SSC and the minimum percentage value reached 
not later then twelve hours after the same SSC. This value has been called 
amplitude of the FD. 


4) Then we proceeded as in 2) and we obtained the following value: 


neutron percentage depression — 08 + 0.10 
SS === = — = da Ul © . 

meson percentage depression 

So we can conclude that the energy dependence of preliminary decreases is 

different from the one of the FD. 


In order to see also if preliminary decreases have the same energy depen- 
dence as the DV, we have considered the trains of the DV’s of the period 
August 1957-June 1958 (see Table II) recorded by the stations of Hobart, 
Sulfur Mountain, Zugspitze; with the condition that the amplitude were greater 
than 1.8% for neutrons and greater than 1.2% for mesons. We determined 
then the amplitude of the DV’s and proceeded in the same way as in 2), we 
obtained: 


percentage amplitude of a diurnal wave for neutrons ; 
=== i x == 10:02 


percentage amplitude of a diurnal wave for mesons 


PAPE 
Date | Cosmic ray stations 

1) August 5, 9, 10, 11, 13, 14, 1957 Hobart, Sulfur Mountain, 
2) September 6, 1957 | . Zugspitze. 
3) 0 to pers 0 MIO 1957 
4) December 1, 2, 3, 4, 1957 
5) March 26, 27, 28, 29, 30, 1958 | 
6) May 21, 22, 23, 24, 25, 26, 1958 | 
June 671708, -0,2202210227228220/M1058 


This value, which is very near to the value 1.33 + 0.10 that had been 
found for preliminary decreases, together with certain small increases during 
the main phase of a FD (as we can see in curves marked 5, 6, 9, 10, of 
Fig. 1 b)) strongly indicates that those preliminary decreases are only the diurnal 
fluctuation superimposed to a FD. 


4. — Separation of DV from FD in a CRS. 


We then tried to separate the diurnal oscillation from the FD which we 
suppose superimposed in the same cosmic ray storm. 


7 
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First of all we observe that if we take the average of analogous recordings 
of one or more storms superimposing their SSC, when these recordings have 
been obtained on the same earth parallel, we will obtain an average recording 
(world-wide recording) consisting in the average istantaneous intensity value, 
independent of the possible arrival directions of the particles on the earth sur- 


face around that parallel. When we take the 
differences between individual recordings or the 
average recording of a certain portion of a pa- 
rallel, and the world-wide recording letting al- 
ways the SSC’s to coincide, we obtain the re- 
cording (residual oscillation) of the DV of that 
individual station or group of stations of a 
same portion of a parallel. Then if we take the 
average of the residual oscillations of each of 
the stations uniformly distributed over a pa- 
rallel, taking care that the data of local noon 
of each station will be superimposed, we obtain 
an average behaviour of the diurnal oscillations 
separated from the FD. 

When using neutron data of the ten storms 
mentioned above, and proceed as explained be- 
fore, we obtain the curves of Fig. 3; the curve 
a) represents the average world-wide behaviour, 
curves b) and c) represent, respectively, the 
average behaviour and the average diurnal 
oscillation of those groups of stations for which 
the SSC happens in the following hourly in- 
tervals: 0-4; 4-8: 8-12; 12-16; 16-20; 20-24. 

The curve d) which has been obtained taking 
the average of the curves c) and following the 
local day, represents the DV averaged at all 
groups of stations, grouped according local time, 
as explained before. 


Fig. 3. — Separation of cosmic ray storms into world- 
wide and local parts: a) Mean worldwide behaviour 
of a FD. b) Mean behaviour of a CR storm with a 
ED when SSC “occurs tatli(0 24), des) EE) 
(12-16), (16--2C), (20-24) h LT. c) Diurnal fluctu- 
ation superimposed to a FD when SSC oceurs at 
same hours as in b). d) Mean diurnal fluctuation 
that has been separated from the mean world-wide 
behaviour of a FD. 
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Since the curves b) of Fig. 3 show a persistent DV with an amplitude which 
does not vary very much during the eleven days around the SSC, we wanted 
to see if by chance this is mainly due to only a few of the ten storms consi- 
dered, whereas the majority of them has a different behaviour. 

We have then divided the ten storms into two groups putting storms 
number 1, 3, 5, 7, 9, of Table I in the first group and in the other the re- 
maining ones. So we have obtained curves a) and b) of Fig. 4. 


2%o | 


—| 


eel -4 Sab] SSE RO ans | Days 


Fig. 4. — Trains of diurnal oscillations, separated from the mean worldwide behaviour 
of a FD. 


Taking advantage of other data at our disposal we have found seven more 
storms (see Table III) which we have added to the first group of ten already 
considered: so we have obtained the curve c) of Fig. 4. 

From an inspection of the five storms of the second group which give 
curve b) of Fig. 4, we have been able to conclude that the regular oscillation 
of the curve a) of Fig. 4 is mainly due to the storm of November 26, 1957, 
which shows a long train of oscillations preceeding the SSC, and to those of 
March 25, 1958 and August 24, 1958 which show a long train of DV after 


the SSC. 
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Aves) JOB, 


Dia te | Cosmic ray stations 

1) September 29, 1957 Alma Ata, Berkeley, Churchill, Leeds, 
2) dll E 1958 Macquarie Island, Mt. Wellington, Moscow, 
3) October 22, 1958 Ottawa, Rome, Sulfur Mountain, Uppsala, 
4) May 11; 1959 Ushuaia, Weissenau, Yakutsk. 

DU VINS 1959 

6) July 15, 1959 

7) Ale ze, 1959 


5. — Discussion of the results. 


1) From a comparison between curves b) of Fig. 3 we see that, on the 
average, the preliminary decrease which when taken individually, sometimes 
has a considerable amplitude, now has clearly become a DV superimposed to 
the FD; we have to note that its average amplitude is considerably smaller 
with respect to the amplitude we observe sometime in singular cases. This 
fact may be interpreted keeping in mind their strong variability. As we have 
already shown by means of energy dependence, it is out of doubt that pre- 
decreases are of the same nature as the diurnal oscillations. 


2) Looking at the curves b) of Fig. 3 we see that SSC’s are apparently 
simultaneous with FD onsets only when these happen between 8h and 20h 
local time, in the other cases FD onsets appear to precede SSC’s. The cur- 
ves b) support also what found by FENTON et al. (?) that is the depression reaches 
always its maximum at stations with telescopes pointing in asymptotic directions 
around 90° west of the sun-earth line corresponding to the period about 0h-6h 
local time, and that the same depression is smaller for those telescopes that 
at the same UT are receiving from about the opposite directions. 


3) From the results exposed in Fig. 3 and 4 it appears also that the 
amplitude of the diurnal oscillation is enhanced corresponding to the local 
day in which the SSC happens, as it has been already asserted by several 
authors. There is some indication that the diurnal amplitude is reinforced 
even sometime before the SSC and certainly it remains still reinforced for some 
more days after the SSC; the phase seems to anticipate for a few days after 
the SSC, as it has already been noticed by others (?). 


4) There are some indications that on the average the FD onset is ini- 
tially gradual and that it precedes the SSC of about 8 hours (see also in Fig. 5 


(9) A. G. SANDSTRÔM: Tellus, 7, 204 (1955). 
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the curve a) of Fig. 3 in bihourly scale). If for a FD onset we take the be- 
ginning of the steepest portion of the curve, then it is impossible to decide the 
priority order between SSC and FD. 


Ce ae ee mares | 


Fig. 5. - Mean world-wide behaviour of a FD separated from local variations. 


The small increase immediately before the FD onset studied by Dorman 
seems not to have a systematic character unless the time distance before the 
SSC is very variable so that the average amplitude becomes very small. 

On the basis of what is known, it is difficult to give a consistent inter- 
pretation of the origin of the trains of diurnal oscillations whether they are 
associated to FD’s or not. 

Following an idea of ELLIOT (1) one might suppose the existence of a ring 
current reinforced by plasma emitted by an active region of the sun; of course in 
this case there should be an increased magnetic field at the earth that would give 
a greater solar cut-off that would be the cause of a DV that sometime should be 
much greater than the one calculated by ELLIOT. Actually it has been found 
an interplanetary field (1!) that might be due to Elliot’s current system; but 
if that is the cause of our DV trains we should discard the idea that such cur- 
rents are due to the regular magnetic field found by BABCOCK (1?) at the polar 
regions of the sun. In fact Babcock’s polar magnetic field has been found 
to be very variable in sign and intensity and even to reverse its directions (12:15) 


H. ELLict: Phil. Mag., 54, 601 (196 ). 

P. J. COLEMAN jr., L. Davis and C. P. SonetT: Phys. Rev. Lett., 5, 43 (1960). 
H. D. BaBcocK: Ap. Journ., 130, 364 (1959). 

M. WaLDMEIER: Zeit. f. Ap., 49, 176 (1960). 
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during a solar cycle; as a consequence DV’s should be variable in amplitude 
and phase and have also a phase reversal, however during a period ot obser- 
vation of the cosmic ray intensity greater than a solar cycle such a variability 
of the DV has not been found (1). But if we can explain a train of DV’s with 
a mechanism located near the sun or in the interplanetary space it remains 
to explain why the DV increases after the SSC (phenomenon located near the 
earth). 

To solve this ambiguity we have to suppose there are at least two causes 
of the DV; we can suppose the second one geocentric and perhaps it can be 
a result of the configuration of the magnetosphere under the pressure of à 
solar plasma cloud. 


We are very grateful to Mrs. M. FILIPPETTI FERRARI for her help in the 
calculations. 

We wish also to express our deep thanks to the persons in charge of the 
above mentioned laboratories whose cosmic ray data we have made use of. 
We wish also to thank the Japan National Committee for IGY for their 
«CR Intensity During IGY » part I, II, III, we have widely made use of for 
drawing those data. 


(14) V. SARABHAI, V. D. Desar and D. VENKATESAN: Phys. Rev., 99, 1490 (1955). 


RIASSUNTO 


In questo lavoro si prendono in considerazione le depressioni che spesso precedono 
di meno di 24 ore i più importanti abbassamenti di Forbush, e certi aspetti di una 
tempesta di Forbush come la rarità degli inizi durante le ore del mattino, una sua 
maggiore ampiezza quando questi capitano durante la sera come pure certi fievoli 
aumenti che certe volte capitano durante la fase di diminuzione. Facciamo notare che 
una diminuzione di Forbush è sempre associata ad un treno di variazioni diurne e che 
viceversa un treno di variazioni diurne spesso contiene una diminuzione di Forbush 
più o meno evidente. Mediante un’analisi della dipendenza energetica dei suddetti 
preabbassamenti e la separazione delle variazioni locali dalle variazioni su scala mon- 
diale che compaiono in un abbassamento di Forbush, si mostra che le suddette carat- 
teristiche associate con un abbassamento, sono semplicemente dovute alla sovrap- 
posizione della variazione diurna alla diminuzione di Forbush su seal 


3 SR te ER 5 a mondiale. Il treno 
di variazioni diurne così separato dall’ 


ni ¢ abbassamento su scala mondiale, ha una lun- 
ghezza variabile che apparentemente non supera la decina di giorni; è 
anticipato di fase durante un periodo di due o tre 
di Forbush. 


rinforzato e 
giorni comprendente la tempesta 
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On the Exact Theory of the Slowing-Down of Neutrons 
in an Infinite Homogeneous Medium. 


V. C. BOFFI (*) 


John Jay Hopkins Laboratory for Pure and Applied Science, 
General Atomic Division, General Dynamics Corporation - San Diego, Cal. 


(ricevuto il 18 Maggio 1961) 


Summary. — The object of this paper is to study the stationary energy 
distribution of neutrons slowed down in an infinite homogeneous absorbing 
medium. In particular, by confining the discussion to the field of the 
real variable, the following two problems will be considered: 1) The 
existence, for any scattering and capture law, of a formally exact solution of 
the Boltzmann equation; 2) The asymptotic behavior of this solution. 
By assuming a constant scattering cross-section, some details are given 
for the three practical cases of slowing down: without capture, with constant 
capture and with 1/v-capture. For the last case, curves representing the 
exact solution evaluated numerically are shown. 


1. — Introduction. 


In the present paper, we shall discuss a new method for integrating the 
space-time independent Boltzmann equation governing the slowing-down of 
neutrons in an infinite homogeneous medium, in which the scattering and 
capture processes take place with any law of dependence on energy. 

From a certain point of view, we shall give a more complete and general 
application of the new variable, the « relative lethargy », which we introduced 
in a previous paper (1). 


(*) On leave of absence from Comitato Nazionale per l'Energia Nucleare, Laboratorio 
di Fisica Nucleare Applicata, Rome, Italy. 
(1) V. C. Borri: Ann. Phys., 9, 435 (1960). 


3503 


936 Vv. ©. BOFFI 


In particular, by confining ourselves to the field of this real variable and 
without making use of any transform, we shall consider the following two 


problems: 
1) The existence, for any scattering and capture law, of an exact solu- 
tion of the Boltzmann equation. 


2) The asymptotic behavior of this solution. 


Both these problems are formally solved in general in Sections 2 and 3 
respectively. Some details will be given, however, for the most practical cases 
with constant capture and with 1/v-capture, the scattering cross-section being 
constant. 

For the case of 1/v-capture, we numerically construct the exact solution 
and briefly discuss the corresponding curves in Appendix I (see Fig. 1). 


9. — The formally exact solution. 


21. The integral equations of the slowing down process in terms of the rela- 
tive lethargy. — Let us consider an infinite homogeneous medium in which 
neutrons are uniformly produced with energy Æ, at a constant rate. Let ®(£) 
be the non-virgin flux per unit energy at energy E and 


(1) F(Z) = [2,(£) + 2,(2)] ME), 


the total collision density per unit energy, where 2 (Z) and 2 (E) are the 
macroscopic scattering and absorption cross-sections, respectively. 

If a neutron collides only with point nuclei of mass number À which are 
free and at rest, the neutron balance equation can be written, in the space- 
time independent case, as (?) 


En 

h( Ey) 1 i al’ 

P E et La Sr] = y I ‘f e a . 
Ue een = nH") P(H') for aBy< E< By} 
E 
(2) 
E|a 

1 n n AE" 

d(H) = <a! h(E')F(E') a for f= ale. 


(2) S. Grassrone and M. C. EpLunD: The Elements of Nuclear Reactor Theory 
(New York, 1952). 


3504 


ON THE EXACT THEORY OF THE SLOWING-DOWN OF NEUTRONS ETC. 937 
where 


(3) R(E) 


is the probability of scattering and 


À — 1 
ie a Gaal | 


In the following, we shall assume that 
(5) Osa ele 


The two cases, «= 0 (hydrogen) and «=1 (ideal element of infinite mass), 
will be regarded as special cases and are discussed in Appendix IT by con- 
sidering both sides of eqs. (2) as continuous functions of «. 

Now multiply both sides of eqs. (2) by Æ and introduce the relative le- 
thargy (!) 


 _ nEJE 
(6) ASSEN 


This new variable takes the integer value n when £ is a"4, which is the 
energy of source neutrons which lose the maximum possible energy in suc- 
cessive collisions. 

If we also put 


(7) EP(E) = Ex F(x) = Na), 


eqs. (2) become 


È 0) È. 
N@)= sl art q | x°-vh(y)N(Y) dy for VTT 
0 
(8) 
N(x) = a ferma TON TL 
x—1 


where now N(x) is just the total collision density per unit relative lethargy and 
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is a quantity characteristic of the medium and satisfies the inequality 
(10) Lier 


when eq. (5) holds. 
Eqs. (8) are Volterra linear integral equations of the second kind, the 
second one being homogeneous and having both the limits variable. 


22. First form of the exact solution. — We shall now show that it is always 
possible to construct a formally exact solution of eqs. (8) by means of a 
step-by-step procedure, when (x) is any regular function of x. 

First of all, we have to deal with the analytical nature of the unknown 
function, N(x). 

Actually, as the physical process requires, the points of integer abscissa 
æ—1,2,3,... are points of discontinuity either for the function N(x) or for 
some of its derivatives. They belong to a denumerable set of measure zero 
(in the Lebesgue sense) so that the unknown function N(x) is an almost con- 
tinuous function. 

Therefore, if we call N,(x) the solution of the proposed equations in the 
interval (n, n+1), we can write the second of eqs. (8) as (1) 


(LD) ESN, (0) = af =") Nya ay + a fae My) Nady à (RELEASES 


x-1 n 


where the integral 
(12) RAGE fe) Nol) dy, 


æ—1 


represents the source term for the interval (n, n+1) and takes into account 
the rate at which neutrons are scattered from the interval (n—1, n). » 
Thus, the second of eqs. (8), which governs the slowing-down process for 
X>1, is actually an inhomogeneous Volterra linear integral equation of the 
second kind. Furthermore, the initial conditions are explicitly contained in 
this equation. 
In fact, we get from the first of eqs. (8) and from eq. (11) 


x 
MARIE pae? h(0) for ty => 
(13) fn 


Nin) N10) for eae. 


3506 


ON THE EXACT THEORY OF THE SLOWING-DOWN OF NEUTRONS, ETC. 939 


Eqs. (13) say that the unknown function N(x) has a single discontinuity 
of the first kind at the point x=1 and some of its derivatives will have dis- 
continuities of the first kind at the point x=1,2,3,... Thus, N(x) is a 
piecewise continuous function. 

By taking into account eq. (12). we may rewrite eq. (11) as 


x 


(14) N (#2) = S,(æ) + a Kw Y)N,(y) dy, 
where 
(15) K(x, y) = [x "h(y)] 


is the associated kernel. 
Eq. (14), which is valid for n=0,1,2,... with 


(16) Sla 


can be solved in two different ways. 
First, one observes that the kernel is, in general, of the form 


(17) K(x, y) = k(@)/ky) , 


so that eq. (14) can be reduced to a first-order linear differential equation with 
the initial conditions given by eqs. (13). 

We prefer, however, to solve eq. (14) by means of the classic method of 
the iterated kernels. 

If we introduce the resolvent kernel 


(18) — A(x, y; q) = > Q” Kmia(@, Y) 5 
m = 0 
where 
(19) Ktm 4) | K(a, +) Kn (2, y) de (m = 0,1,2...), 
v 
with 
(20) K,(", y) = K(x, y), 


then, as is well known from the theory of integral equations, the solution of 
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n 


dor =) 0 001 2 cer 
Eq. (21) thus yields, step-by-step, the formally exact solution of the slowing- 
down process for any regular function A(x) and for the actual initial conditions. 
The iterated kernels, given by eq. (19), are physically related with the 
spectrum of the neutrons which have suffered m= 0, 1, 2,... collisions. 
Whether it is possible to evaluate the solution of eq. (21) by simple qua- 
dratures will depend on the analytical form of h(x). 
For a constant macroscopic scattering cross-section, two Cases are of prac- 
tical interest: 


1) Slowing down with constant capture, 


1 
(22a) h(x) = const = A; — H{&, y; gh) = h exp (a —In 3) (x — n| è 


(When h=1, we have the particular case of slowing-down without capture.) 


2) Slowing down with 1/v-capture, 


nl. hya*!? ; Sie 
(2) = 1+ ha with Nig = 9); 
(22b) 
4 È 1 + hoa2\k 2 
— H(x,y;4) = K(x, y) — with u= ——. 
1 + ha? 157 


The first case does admit a solution, eq. (21), which can be evaluated by 
simple quadratures. For the case of 1/v-capture, the exact solution cannot 
be expressed analytically, but can be evaluated only numerically from eqs. (11) 
or (21) (see Fig. 1). 


2°3. Second form of the exact solution. — Eqs. (11) or (21) are very useful 
for the numerical evaluation of the exact solution. But, in order to study its 
asymptotic behavior, we need a different expression for the functions N,(x). 
First, for the interval (0, 1), we have by differentiating the first of eqs. (8) 


(23) A= ahi — Jn 2 N,(#) , 
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from which, in general, the solution in the interval (9,1) follows 


x 


h(0 
(24) N(x) = ol È RED ‘a fic au = — const H(x, 0; q). 


x 


0 


In the case with constant capture, eq. (24) becomes 


(om) 


and its behavior depends on the value of h(h21—«a). When h=1, N,(x) is 
always increasing with x and has neither maxima nor minima except for 


h 
(25a) Na) = joa XP 


Dico: 
In the case with 1/v-capture, eq. (24) reads as 


h(0) | a 
(rn dla 
E AR LO 


(255) No(æ) = 


Now this solution shows a maximum at the point of abscissa 


2 x 


(26) Lmax — In (1/2) In r(1 da, x) ? 


where we have written h,=1/r. The larger is 7, the more amplified will be 
the effect of absorption (see Fig. 1). The value of «,,,,, given by eq. (26), for 
any « decreases by increasing r; for any r, it increases by increasing «. 
When r= «/(1—«), the maximum is at x=0 and for r>a/(1—a) one has 
X...< 0. For deuterium, one obtains practically 0 <x,,,< 1. 


max 


Differentiating both the sides of eq. (11) with respect to x gives 


N,(0) — agh(w — 1)N,4(@ — 1). 


(27) SAGE DIO = ni 


The differentiation is permitted by the continuity and regularity of the 


functions N,(x). 
Dividing both the sides of eq. (27) by N(x) and using eq. (23), one obtains 
the dimensionless functional equation 


(28) P (a) =— A(z) P,4(2—1), 
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where 
N, i > = 
(29) JAA GA SS Fe with EUR) xl for % = 1,2, 432 
N,(x — 1 
(30) A(æ) = agh(x— 1) of i= qh(a — 1) exp|— q or i 
N,(#) J 
The explicit form of A(x) is 
t 
(31a) A(x) = const = 4 = qh exp [— gh] ety ;) 


in the case with constant capture, and 


[h(a — 1)]4 — 


h(a — 1)l# 1 1 
(315)  A(w) = q exp [— q]h(x | = | ~ Th, 


h(x) (x) | da 


= g exp [—q] 


x x/2 71 
lg ee (ane ) (0 < A(x) <q) 


ou2 + hat? al? + hyatl? 


in the case with 1/v-capture. Here h.(x) —1—h(x) is the absorption prob- 
ability. 
The solution of eq. (28) is explicitly 


(32) P,(æ) = Ca -[4W Pay —1) 49", (n = 0,1, 2,...), 


n 


where the integration constant 0, can be determined from the initial condi- 
tions. From eqs. (13) we have 


x h(0) 
Elea for AT: 
i Dara Me eer 


(33) 


= Pe (ni) Pin for MESSI 


By recurrence, we get from eq. (32) 


(34) PS (—1) Ona ey ey 
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where the function 


(35) J(e;nn-1,...,n-k+1)=J, (0) = 


ve Yn-1 Un —k+2—1 
= | A(Yn) dYn | ANY a OU cere | A(Yn-x+1) dYnxti 
n nel n—k+1 


represents the k-fold integral of the function A(x) with k=1,2,..., n (n>k) 
and the coefficients C,_, are given by the following recursion formula: 


n—k—1 


(36) Ones = SS (= oa (0 m, neue gu k) . 


m=0 
Some properties of J, ,,(a) are: 
Jon() > ni ; J_y,n(X) > 0 ; 
(37) eet) ai ei = Lao, e 


Jin) = AMA(n—-1)... Ah—k+1) for k=1,2,...,%; 
(0) = A(@)Jpa, na(@—1). 


For the coefficients C,= P,(n), we have 


nel n—2 
(38) (0 = (= E) mi DI = 1)" Sinjm+i(M) ’ 
m=0 m=0 
where 
x h(0) 
E SS 
(39) in 


We have now expressed the solution N(x) in terms of the solution N(æ) 
by means of 


(40) NRE Ni) (= 0 
Introducing the variable 


(41) 2=2—n, (n = 0, 1, 2, ...) 
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eq. (40) can be written as 
(42) N,(e) = Ne + n) Pal) 


with the identification 


(43) 


Thus, the functions P,(z) are all defined in the basic interval (0,1), and the 

solution N(x) =N,(x) for n<e<n+1 is obtained by transferring the function 

N,(e), given by eq. (42), to the (n+1)-th interval along the z-axis. 
Furthermore, by induction, one can derive the physically expected result 


(44a) 1 = Pe) PE) IA EEE 
from which it also follows that 
(44b) LO Oe Cae. 


In principle, this implies the existence of a decreasing function P(x) such 
that lim P,(x) = P(x) (see Section 8). 


no 


In the case of constant capture, the expressions of P,(æ) are 


n ZO k 
(45) P,,(@) = (2 1 yr CLS AE Car è 
k=0 k! 
with 
È n—1 Im n—k—-1 jm 
COESIONE 
mio Lhe m=0 mM : 


For h=1, one obtains the corresponding expressions for the case without 
capture. No explicit expressions are available for the case of 1/v-capture for 
the k-fold integrals J,,(æ), given by eq. (35), cannot be evaluated analytically. 


- 


3. — The asymptotic behavior of the exact solution. 


31. The case with constant capture. — To study the asymptotic behaviour 
of the solution, one usually starts from the physical circumstance that the 
capture occurs at low energies, 1.e., for large x, and then neglects the contri- 
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bution of the interval (0,1). Thus, the second of eqs. (8) is used for all the 
values of æ between 0 and co. No information is then left of the initial con- 
dition for the unknown function. Besides, if a continuous and regular solution 
N(x) of the second of eqs. (8) exists, one assumes that the actual solution takes 
everywhere the value of N(x). This implies: 


1) The elimination of the discontinuity at æ =1. 
2) The physical condition that N(x)=>0 for all a. 


The larger the value of x, the better is the approximation of assuming 
Na) = N(x). 

From a rigorous point of view, the problem of finding an asymptotic rep- 
resentation for the exact step-by-step solution consists of: 


1) Constructing the function 


(47) OF (a) = lim N,(@)- 


n—>@ 


By eq. (40) it is sufficient to study the limiting behavior of the P,(a)’s only. 


2) Showing that, if F(x) exists and is positive, or at least not identically 
zero, it satisfies the second of eqs. (8). The constant © in eq. (47) is then the 
constant which completely defines the asymptotic behavior of the exact so- 
lution. 


For the case with constant capture, this direct proof may be carried out 
in the following way. 
We observe that the P,(x)s are polynomials in (ec —n) and rewrite 


eq. (45) a 


n 


(48) = > (= 10% À = 
where 

n—k A lol m 
(49) C= > (me ky — exp [— qh] > (m +k +1)" 


m=0 m=) 


Let us indicate by CÈ, the value of 0°. for large n. 
From the theory of Lagrange inversion formula (*), we know that if 7 is 
a root of the trascendental equation 


(50) n= he", 


(8) E. T. WHiTTAKER and G. N. Warson: Modern Analysis (Cambridge, 1958). 
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then, for any finite k, 


c Ar Cxp En IN = Le. am exp [(k +1)n] 
(51) Diu e) agri ‘ac : >. (m + k +1) “SN pee : 


provided À <1/e as it is in the present case (see eq. (31a)). Then, for n > co 
eqs. (49) and (51) give 


- exp [ki 
(52) C2, = ae (1 — exp [— qh]-exp (rl) . 


Eq. (50) has the two roots 
(53) = gh ; Vo x'qh , 
where » is the real root of 


(54) 


which, for different purposes, we studied thoroughly in a previous paper (1). 
The root y,=qh gives C* =0. The other root gives 


55 PR RE 
(55) (DRE cr exp [a’qhk | 
so that 

1 — a 
56 eee CO) = OX — Veil. 
(56) (©) = [agg PI Mata] 


Substituting eq. (56) into the right-hand side of eq. (40) and using eq. (25a), 
we obtain 


al 
DI asy HAE DE — a) er 
(57) Maze) e) pie dan el. 


When A —1, then y —1 and eq. (57) becomes 


(53) N,,,(©) = consti=1/é, 
where 
(59) E=1— aq 


is the mean logarithmie energy loss per collision. 
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One easily verifies that eqs. (57) and (58) satisfy the second of eqs. (8) 
when h(x) = const = A. Thus, we have proved that lim N,(v) = N,,,(v) = Ma), 


î.e., the existence of the exact solution implies the existence of a positive 
solution of the second of eqs. (8), which represents the asymptotic behavior. 
We now rewrite eq. (40) for n > © ag 


(60) N (a) = No(x) P(a) , 


where P(x) satisfies 
(61) P'(œ) = — A(x) P(x — 1). 
Then P,.(x), eq. (56), is solution of this equation with A(x) = À and also 


(62) lim P,(a) = P.s5(@)= P(x). 


na>o 


A further consideration seems to be worthwhile at this point. One could 
also consider the sequence of the continuous functions, N,(x) (or PAGE) On 
the set of all the positive real numbers. This sequence may converge uni- 
formly to à certain function F(x) not identically zero, which is the case having 
physical interest. From the definition of uniform convergence of à sequence 
of continuous functions (4), we know that corresponding to each arbitrarily 
chosen positive number e, a number n° can be determined so that 


for every pair of integers n, m > n° and for any a. 


Then, if we specialize n>m> nî and m=n— 1, eq. (63) implies that from 
a certain n* on, we may write 


(64) Ne) INS Gc) 
so that 
(65) lim N,(x) = Fa). 


Then eq.” (11) reduces just to the homogeneous form given by the second of 


(*) E. W. Hopson: The Theory of Functions of a Real Variable, Vol II (Cam - 
bridge, 1926). 
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eqs. (8) and F(x) — N(x). But, even though one were able to prove eq. (63), 
it would not yet give information about the asymptotic behavior of the exact 


solution. 


32. The general case. — Let us now rewrite the second of eqs. (à) 


x 


(66) Nay=9 fa z-vh(y) N (4) dy- (ee Ie 


tL 


Since we know the values of the unknown function N(x) in the whole inter- 
val (0,1) from the first of eqs. (8), then, from the inhomogeneous form of 
eq. (11), we have seen that eq. (66) always admits a formally exact step-by- 
step solution. 

When one wants to extend the validity of eq. (66) up to 7= 0, this im- 
plies the study of the asymptotic behavior of the exact solution. This behavior 
is represented by the solution N(x) of eq. (66), as discussed in the preceding 
paragraph. 

In order to do this, when, in eq. (66), h(æ) is any regular function of #, 
we start from the expectation that the procedure followed in the case of con- 
stant capture is still valid. That is, we should prove that the asymptotic 
representation of the P,,(a)’s, given by eq. (34), is solution of eq. (61) so that 
the solution N(x) of eq. (66) is given by eq. (60). 

To evaluate P,,,(7), let us put 


(67) lim Jen(®) = Jr (E) = JT) - 


n—>oO 


If this limit exists for any % and is not identically zero, that is, if the 
sequence of the continuous functions J,,(æ) is, for any k, uniformly conver- 
gent, then, by eq. (64), the last of the properties of the J,,(æ)S in eq. (37) 
becomes, for n > ©, 


(68) Jie) = A(e)Ji(0—1). 
Then 
(69) Pio 1,0), with J(e)=1. 
k=0 


is easily verified to be a solution of eq. (61) for any regular A(x). 
From eq. (60) it follows that | 


(70) N@)= N;(@) y 1°), 
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where N,(x) is given by eq. (24). Thus, N(x) is expressed in series of the 
asymptotic values of the k-fold integrals J.,(2), eq. (35). 


We must now show that eq. (70) is a solution of eq. (66). From eq. (61) 
with P(a)=N(x)/N;(x), we obtain 


(71) N'(æ) + In = Vi) = qh(x)N(x) — agh(x — 1)N(x—1), 


which is easily seen to be satisfied by eq. (70). 
Multiplying both the sides of eq. (71) by x”, we get 


x 


n 2 a. = 
(72) jg NO) = Vient Not = af ay [MNM ay = 


ec 


d 
= TE x h(Y)N (y) dy, 


where V denotes the first receding difference, that is, 
(73) Vi(a)=fa)—f(a—1). 


Integrating both the sides of eq. (72) with respect to x between 0 and x, 
we have 


(14) W(x) =4 far oman Son ae + a {N — a fe aly Nay |, 


which would coincide with eq. (66) only if 


(75) N(0) = al (y) Nu) dy 


=1 


By substituting eq. (70) into eq. (74), remembering the general expression 
of N,(x), eq. (24), and A(x), eq. (30), and by iterated application of eq. (68), 
one may easily verify that both of eqs. (74) and (75) are satisfied so that 
eq. (70) is the general solution of eq. (66) for any regular function h(x), for 
which eq. (67) is satisfied. 

The explicit application of the method illustrated above depends, of course, 
on the knowledge of the J,,(æ)'s, eq. (35), whose analytical evaluation by 
simple quadrature depends on the form of A(x), î.e., on he). 


61 - 11 Nuovo Cimento. 
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We shall discuss this problem for the practical case of 1/v-capture in the | 


foliowing paragraph. 
Let us now make a last consideration. If we put in eq. (66) 


x 


(76) p(a) = 4 | a-“h(y) N(y) dy + ©, 
we get 
(77) N(a) = a Vy(x) . 


By differentiating with respect to # both the sides of eq. (76) and taking 
into account eq. (77), we obtain 


d 


vla) = Ma) Vow) 


_ with A(x) = qh(x). The solution of such a mixed equation is a classic problem 


of the calculus of finite differences. We notice that y(x) = const is always 

solution of eq. (78), but it yields for eq. (66) the trivial solution N(x) = 
Without entering into the discussion of eq. (78), we observe what follows. 
If y*(x) is a solution of eq. (78), also 


MES (79) (a) = (C — C*) + 0*y*(2) 


does. Now eq. (66) could be written as an inhomogeneous linear Volterra 
integral equation of the second kind, %.e., as 


(80) Na) = S(w) +9 | K(x, y)N(y) dy , 
where 
(81) S@)= a [C — y(x —1)] 


is à fictitious source which vanishes at æ—1, as expected. The kernel of 
eq. (80) is, of course, the same one appearing in the exact solution [see eq. (15)]. 
By means of eq. (70), we have y(x) from eq. (76) and S(x) from eq. (81). 
Then, eq. (80) represents the physical process for all the values of x between 
0 and °° and corresponds to eq. (14) for the case of n + co. For instance, in 
the case without capture, we get 


(82) | S(@) == O* (cay) 
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with C*—1/£(1— x) and the solution of eq. (80) is just N(x)=1/é, as al- 


ready seen in eq. (58). 


33. The case of 1/v-capture. — In the case of 1/v-capture, the probability 
of scattering h(x) is, remembering eq. (220), 


(83) Ae = ato 
r + exp [— ca] 
where 
A SES se 
(84) e =5 in oe TN = cr CN (206% 


Then A(x) is given by eq. (315) and it is not possible to evaluate the 
Jr n(æ)s by simple quadrature (*). 


One could solve the problem by the method proposed by SVARTHOLM (5), . 


which consists in taking the Mellin transform of both sides of eq. (66). 


This method is just available only for the v’-capture. It requires, in the pres- 


ent case, the change of variable z— 7 exp[cx] (the starting equation is then 
slightly different from Svartholm’s) and leads also to a series solution. 

We preferred, however, to construct the exact solution numerically from 
eq. (11) (see Appendix I) and to show the application of the method discussed 
in the preceding paragraph under the assumption that 


(85) h(x) = = exp [— ex]. 


The larger æ or r, the better is the approximation of replacing eq. (83) 
by eq. (85). 
Then we have from eq. (24) 


ee _gjreyens=] = CEB L= 200] 
En exp [— 2cx] exp [(— q/re)e~*] = TS 


(for large r), 


(86)  M(x) 


and from eq. (30) 
(87) A(x) =¢ exp [— ca] exp[— pe] = 
= E = exp [— pe] = Cexp[—ewx] (for large 7), 


(*) Note added in proof. - More recent investigations indicate that it may be pos- 


sible to do this evaluation by simple quadrature. 
(5) N. SvarrHoLM: Acta Polytechnica, No. 177 (1955). 
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where 
ae AT Da a 2 
! na i rai Ra ; Aa 
que q 
(88) na nà — fa) 
* - 1 = 
Vi = C/pe == 1 ila = 


We remark that p and ¢ depend on 7, ?.e., on the absorption, while /* is 


independent of 7. 
With A(x) given by eq. (37), we are now able to evaluate the J,,(æ)s. 
We list only the first two values, 


ei pied NE 


/ = Al 1 > i L pc\ p—cx] — - a AL pe ten] __ 
(89) IENE Pros exp [— p(1 + e°) e-] — exp [— p(14 e°) e ] 


= exp [— pene? ] (exp [— pe] — exp [— pe™]) |, 


ns 


which, for n + co, are easily proved to satisfy eq. (68). 
From eq. (89) we may write 
n k—1 
(90) P,{(x) = > 07 _F(kyexp [— pe” De] : 
m=0 m=0 


Furthermore, we get 


‘ œ jem (co) km 
(91) Cre = ER) Pa vio hs > Fam) A 


1 ? 
m=0 m =0 m. 
which, from a formula due to DARBOUX (5), can be written as 
yk 
(92) Oxy = exp [A*]G(4*), 


where G(A*) denotes an integral polynomial. 
Apart from this multiplicative constant (which is just the constant which 


(°) G. PoLya and G. Szecò: Aufgaben und Sehrsdtze aus der Analysis (Berlin, 1954). 
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completely defines the asymptotic behavior), we get from eq. (90) for n > co 


(93) P..(x)= P(x)=F(0)+F(1) exp [— pe ©] | F(2) exp[—p(1+ e)e *] +..= 


© k=1 
= > F(k) exp [— pe > eels 


k=0 m=0 
where the coefficients 


Kk 
(94) E(k) = (= 1) re with PI) 


VOI i 


È exp [me]) 


depend only on the mass number and are independent of r. 
Thus, the series on the right-hand side of eq. (93) is a series with alternating 
signs (see eq. (69)). The absolute ratio of two successive terms is 


F(k+1) | 
5 7 goeke p—cx] | 
(95) Fk) exp [— pe*° e] È 


so that its convergence depends, for any fixed #, on the value of p, 7.e., on 7. 
For a = co, we have 


co © il 
(96) Pe as e } 
(n pai | x f(m) eme 


Eq. (61) is now 
(97) P'(a) = —C exp[—cw]-exp [— pe] P@ — 1) 
and it is solved by the series, eq. (93), only if 


F(k +1) Aer CAE) 
(98) F(k) RI 1 — gerne ? 


which is just satisfied by the expression of F(k), given by eq. (94). 
Finally, from eq. (60), apart from the multiplicative constant Ox, eq. (92), 


it follows that 


(99)  N(«) = exp [— 2ca]-exp [(—g/re)e *]: DIO (+) exp [ per Dai 
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We shall now check that eq. (99) is solution of eq. (66). 

By substituting eq. (99) into eq. (74) and assuming that, term by term, 
differentiation and integration of the series in eq. (99) are permissible, then, 
after some calculations, one gets 


(100) N(x) = exp [— 2ex] exp [(— q/re)e~*] SF) exp [— pe > mie 


m=0 


— exp [— 2cx] Si C(k, m)F(k — 1) (exp [(— g/re)ekte-c] — exp [(— q/re)e*]) , 


k—1 


where 


(o) 7 es gi 2) m 1 @ 1 — qhl2\m 
Mn) 2 Fe 1ye-( og (k-1)/2 | TS > = a ee 


0 
But, from the well-known formula 


il 
(— ies a i uu : 
0 rete 


Me 


(102) 


m 


Il 


one verifies easily that, for any k, the coefficients C(k, m). eq. (101), are iden- 
tically zero so that eq. (99) represents the solution of eq. (66) when h(x) is 
given by eq. (85). 

By taking into account that for any n=0, 1, 2,..., eq. (66) can be writ- 
ten as 


® 


oka a4 tg = 
(103) Noa) = Na) = q | av. [h(y) N(y)]" dy 


da” 


&—1 


(one can verify this result by integrating by parts the right-hand side of 
eq. (103)) and from the form of eq. (99), one concludes that, for the given 
h(æ) and n=0, 1, 2,..., 


(104) CNP). = 9, 


= © 


2.e., the function N(a#) has an essential singularity at infinity. It behaves asymp- 
totically like exp [— 2cx], 4.e., in terms of the usual lethargy, like exp[— w]. 


This asymptotic behavior is thus independent of the magnitude of the 
absorption. 
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4. — Conclusions. 


Starting from eq. (11), we demonstrated in general the existence of a for- 
mally exact step-by-step solution for the space-time independent Boltzmann 
equation governing the neutron slowing-down. The solution N,(x) in the 
general interval (n, n+1) (n = 0, 1, 2,...) is given by eq. (21). 

By expressing N,(x), as in eq. (40), we also proved that the asymptotic 
representation, eq. (70), of the exact solution satisfies the source-free Boltz- 
mann equation, eq. (66), provided eq. (67) holds. 


The author wishes to express his gratitude to General Atomic, Division 
of General Dynamics Corporation, for the kind hospitality they extended to 
him while he was at their Laboratory on a N.A.T.O. Fellowship, and especially 
to Dr. L. W. NORDHEIM, Chairman of the Theoretical Physics Department. 

Particular thanks are due to Dr. D. E. PARKS for many useful discussions. 

The numerical calculations were also performed through the hospitality 
of General Atomic. 


APPENDIX I. 


For the case of 1/v-capture, Fig. 1 shows the logarithm of the total col- 
lision density, N(x), vs. the relative lethargy, x, for deuterium, beryllium 
and graphite and for different values of r. The curves were constructed by 
numerical integration of eq. (27). 

The parameter 7, which measures the degree of poisoning in order to amplify 
the effects of the absorption, is given by 


(A-I.1) r = 3, (0)/Z, = = 


by normalizing to 0,(0)/o, =1. When r — 0, we have the Placzek’s curves (7) 
for the case without capture. 
In the case of deuterium, for instance, it is possible to notice the agreement, 


(7) G. PLACZEK: Phys. Rev., 69, 423 (1946). 
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for large r, between the numerical calculations and the solution, eq. (99), when 
h(x) is given by the approximate expression, eq. (35). 


10 


10° 


N(x) 


107° 


107° 


10°‘ 
0 


10° 


T 


=" 
1 


Total collision density N(x) 


Fig. la), b), c).— The logarithm of the total 
collision density, N(x), vs. the relative 
lethargy, x, for A—2, 9, 12. 
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In the case of hydrogen, if we take the limit for x — 0 of both sides of 
eqs. (2), we get 


nea 
Fat) = "5" + [ago PAAB 


0 


ad’ “ee Nee TS dine 
Da OI - B< Ki; 
E 
(A-II.1) 
F,(#) = | h(E')F,(E") di 
E 


! 


for 15} == 10) x 


and it is easily seen that the second of these equations is obtained from the 
first one in the limit of E, > oo. 

When £, is finite, we have for the solution of the first of eqs. (A-II.1) in 
the case of 1/v-capture 


h 
(A-IT.2) F,;(#) = (! ve me) Lau A 
VE) (VE + hy)? 


while the solution of the second of eqs. (A-II.1) is 


(A-IT.3) a ee (yes ne ee 
nio (VE + ho)? 


When x= 1, by applying the Hospital’s rule, one gets from the second 
of eqs. (2), as physically expected, 


(A-IT.4) P(E)=0. 


RIASSUNTO () 


Scopo di questo articolo è di studiare la distribuzione stazionaria dell'energia dei 
neutroni rallentati in un mezzo assorbente omogeneo infinito. In particolare, confi- 
nando la discussione al campo della variabile reale, considererò i due problemi seguenti: 
1) l’esistenza, per ogni legge di scattering e di cattura, di una soluzione formalmente 
esatta dell'equazione di Boltzmann; 2) il comportamento asintotico di questa soluzione. 
Presupponendo la costanza della sezione d’urto per lo scattering, do alcuni dettagli 
in tre casi pratici di rallentamento: senza cattura, con cattura costante, con cattura 
secondo 1/v. Per quest’ultimo caso, do le curve che rappresentano la soluzione esatta 
valutata numericamente. 


(*) Traduzione a cura della Redazione. 
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A Model for Non-leptonic Weak Interactions. 


W. B. ZELENY 


The Daily Telegraph Theoretical Department, School of Physics (*), 
The University of Sydney - Sydney 


(ricevuto il 6 Giugno 1961) 


Summary. — The suggestion is made that the non-leptonic weak inter- 
action may be completely dissimilar to the leptonie weak interaction. 
On this assumption, a simple model for the non-leptonic weak interaction 
is given. The model is based on Pais’ idea of a « parity clash », and is 
constructed to give the |A7|=4+ rule and the observed asymmetry 
parameters in pionic hyperon decays. 


1. — Introduction. 


Recently a number of weak interaction models have been proposed which 


po; i contain the |AT|—4 selection rule for non-leptonic decays (13). In all of 
a ie these models, the absence of neutral leptonic currents in the interaction Hamil- 
oe tonian has necessitated an abandonment of the (overall current) x (overall cur- 
5» rent) or (overall current) x (intermediate boson) pictures of the weak inter- 
Si action in favor of a (leptonic interaction) +(non-leptonic interaction) structure. 
Da à Since the |AT|—+ rule has now become quite well established (4), it looks as 
LL: 

ty Der 

LE t (*) Also supported by the Nuclear Research Foundation within the University 
dr of Sydney. 

pe (1) S. TREIMAN: Nuovo Cimento, 15, 916 (1960). 

"A (2) A. PAIS: Nuovo Cimento, 18, 1003 (1960): ys 

os" (8) G. TAKEDA and M. Karo: Pr ! IRR sath LE a 

È TER n + Kato: Prog. Theor. Phys. (Kyoto), 21, 441 (1959); S. A. 
"! BLUDMAN: Phys. Rev., 115, 468 (1959); T. D. Lew and C. N. YANG: Phys. Rev., 119 


1410 (1960) ; W. B. ZELENY and A. 0. Barut: Phys. Rev., 121, 908 (1961); and others. 
(4) See, for example, R. DALITZ: Rev. Mod. Phys., 81, 823 (1959). 
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though this separation of the weak interaction Hamiltonian into leptonic and 
non-leptonic parts has become a necessity. 

If we are to accept this separation, the question arises as to whether or 
not it is any longer desirable to pattern the non-leptonic part of the interaction 
after the leptonic part. Indeed, the current x current and V-A aspects of the 
currently popular weak interaction models were originally devised solely on 
the basis of leptonic interactions, and have not proven particularly conven- 
ient for describing non-leptonic decays. The suggestion which we wish to 
make here, then, is that perhaps this break in the weak interaction should 
be made complete, and the non-leptonic part examined in its own light. We 
propose a simple model for non-leptonic weak interactions which reproduces 
the known features of pionic hyperon decays. The model is patterned after 
the recent ideas of PAIS (?), and, indeed, is a fairly natural realization of Pais’ 
«parity clash ». 


2. — The interaction structure. 


The outstanding features of non-leptonic decays which we wish to de- 
scribe are: 


I) the |AT|=4 rule; 


II) the asymmetry parameters x = 2 Re (S*P)/(|S|?+|P|?), where S and 
P are the S-wave and P-wave amplitudes, respectively, in the pionic modes 
of hyperon decay. 


The most striking aspects of II) are the large magnitudes of the asym- 
metry parameters for YX+ + p+7r7°, A-—>p+7-, and À =n+7 (we denote these 
asymmetry parameters by a, «x, and a, respectively) and the small mag- 
nitudes of the asymmetry parameters for 2+—n—+nt and Y-+n+7- (de- 
noted by «3 and «5, respectively) (5). Probably the most successful attempt 
thus far to incorporate both I) and II) into a weak interaction structure has 
been the recent work of PAIS (?), and we shall borrow heavily from this work. 
In particular, we shall make use of the notion of a globally symmetric weak 
interaction and a parity clash. 

The simplest of all possible non-leptonic weak interactions is the two-field 
interaction in which one particle is converted directly into another of different 
strangeness and isotopic spin. The most general such interaction (without 


(5) See, for example, B. Cork, L. KERTH, W. A. WENZEL, J. W. Cronin and 
R. L. CooL: Phys. Rev., 120, 1000 (1960). 
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derivatives) obeying |AS|=1 is 


= = = ee ENG an, Fr : 5\ 0 
+ 27 (4, + 1BY)E + (Ag+ iBsy®) E° + A(Ag+ Bey?) = 1+ 
+ Hermitian conjugate, 
H, = (Ont K+* + OK) + Hermitian conjugate , 
where the A,, B;, and €, are coupling constants. For CP invariance, we 
require the A,, B,, and C; to be real (5). In order to obtain I), we must choose 


the coupling constants so that Hy... transforms as an isotopic spinor. In doing 
this, we shall write H, in a globally symmetric manner. Using the notation 


À p x at Tuta VAR LE | 0 
nf) nf) sE E) 


we write 


| H,=[N,(f{+ igy®)N2 + N(ftigg)NJ+H.c., 


(1) 
| ly = h(v27+K+* — mAH) LHC, 


where, for simplicity, we have reduced the number of coupling constants to 
three. The results we shall obtain in this paper do not depend essentially on 
the local nature of our interaction Hamiltonian, and hence eq. (1) may be re- 


garded, if we like, as a phenomenological description of a more complicated, 
non-local interaction. 


For the strong interactions, we take 


Hy, = GNT ZE + NyAK+ Nyt. K + Ny AR) + Ee. , 


(5) We are using y5°t—y5*— — 4, 
Sie } } 
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where 
7 i 
Wil ica V4 (ai +m), AA MII) TUT 
V2 
pie % > (ARE =a È; 
VA (SL; 


= Tres n K° 
“fa (fo). ra Si 


3. — Hyperon decays. 


To the extent that global symmetry (7) holds for the strong z-baryon inter- 
actions, the lowest order diagrams for the known pionic modes of hyperon decay 
are shown in Fig. 1. It is immediately evident that in the global symmetry 
approximation, only H,, which is necessarily parity conserving (8), contributes 


i n TU 1 
TL° T° no 

rt p à xt Yo n a (ea 
Ti mt TA 


o sr A a 3° A = A 
SSD ET see 
TU, Ta me 


Fig. 1. — Lowest order diagrams for pionic hyperon decays. 


to Xy>n+7-. Thus, in this approximation, o >-n+xn is pure P-wave, 
and az ~ 0. Furthermore, to the extent that we also neglect final state inter- 
actions, only H, contributes to Z+—n+rt. Thus, in order to obtain as n 0 


2 


(7) More precisely, we are assuming G* symmetry, in the notation of reference (2). 
(8) We assume even K-x parity. 
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i he The decay + -n-+7+ then proceeds primarily via S-wave. 
FER An alternative description of the processes induced by H, and H, can be 
o «obtained through a diagonalization technique developed by CABIBBO and 
| Garro, FEINBERG, KABIR, and WEINBERG, and Oxuso (‘) Taking 
poi: H,,, = Nid," + m,)N + (0,B')(0"B) + B'oB, 
| HOME 
È, bi - where 
: sa N dA, mi, 
Ke 
N 2 = mM 
| Ne N, ? Bi VI n° ? = da ’ 
Na VG mi, 


we can diagonalize H,,,+H,+H, so that it does not connect different fields. 
Assuming f to be at most of order g?/m,, we then obtain new fields (denoted 
. by primes) given, to first order in the weak coupling, by 


PAC (3) VESTI 
where 
i — Àiy5 
hiy® il o 
Sx = : 
A 1 — diy 
hiy® 1 
LA Gp 
0 
eg Pete. 
0 Lan? 
pb 1 


A=g[2m,, B= V 2h (mi, — ms) . 
Placing eq. (3) in H, and Hx, we obtain, again to first order in the weak 


(*) N. CaBIBBO and R. Garro: Phys. Rev., 116, 1334 (1959); G. FEINBERG, P. KABIR 


nn WEINBERG: Phys. Rev. Lett., 3, 527 (1959); S. OkuBo: Nuovo Cimento, 16, 963 
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coupling, 


(4) H,=G_N'ypaN'n'+2%46G_(NaN,n + NaNn-H. e.) +H, 


HE GNy5T LE + N'y5A'K' - NyTEK + Ni A'K' + H.c.) — 
— BOUV2 NY nt — PE PLL 

() + VER yr + DINT — Vin y An" + 
+ VS LV! 4 EL 0 + VI EVI 0 — 


ELI Wd 150 An + ET 51 x + H. ec.) + He 


where Ko =/1(K°+K®%) and K"=V3(K°—K9). The interactions H, and 
H,, are of orders G_ and G,2, respectively, and do not involve the tm’ fields. 
Hence they do not contribute to pionic hyperon decays except at higher orders 
in GRANGE 

The interaction H+ H,+H,+H, has now been effectively transformed 
into the interactions (4) and (5). These give rise directly to pionic hyperon 
decays in the first order in the weak and strong couplings. Like the original 
interactions, they give |AT|=4 for these decays. Eq. (4) gives rise to S-wave 
decays and eq. (5) to P-wave decays. Furthermore, to order GA, eq. (4) con- 
tributes to all pionic hyperon decays except Ë-—n+7, and to order GED: 
eq. (5) contributes to all except Z+—n+rt, Thus, to these orders, the gross 
features of the observed parity properties of pionic hyperon decays follow 
immediately. 

The magnitudes of g and % can now be fitted to the experimental decay 
rates for S+—>n-+7+. Using the diagrams of Fig. 1, simple perturbation cal- 


culations indicate 


(Gog) 126-10" emi 


|GLh| © 11:10 em-* 


in natural units (c—#—1). Perturbation calculations also yield the decay 
rates, J’, and asymmetry parameters listed in Table I. These figures are, of 
course, only rough estimates, because of the use of perturbation theory. The 
rather close fit in decay rates is to be expected, since the differences in the 
experimental pionic hyperon decay rates are almost completely accounted for 
by the phase space factors and the |AT|=3 rule. 

Experimentally, the only asymmetry parameter whose sign has been ob- 
served is «x, and the situation here is still unsettled, recent work by BIRGE 
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Tage I. — Decay rates and asymmetry parameters for pionic hyperon decays. 


TRG ae Ome (87) Lee 3 WO (Se) OXtneo( @) | leo | 
A pt 2.4 2.42+ .25 (b) ate > 734.14 (¢) | 
=n 0° 2 1242 (D) = Te ESC602: 15 (eal 
SF +n4rt = 6.7 LI (e) 0 <.04+.11 (f) 
Spor 6.0 Co + .99¢ = 15-217) 
Y= nba = 5.8 le we (a) 0 | .14+.20 (9) 
| E-5>ÒA+r 2.8 7.81-+1.90 (h) — .92e | .69+.36 (i) 


(a) e is the sign of Grg/Ggh. Sor 

| (b) 1958 Annual International conference on High Energy Physics at CERN, edited by B. FER- 
RETTI (Geneva, 1958), pp. 270, 273. 

(c) 1958 Annual International Conference on High Energy Physics at CERN, edited by B. FER- 
RETTI (Geneva, 1958), pp. 267, 323. | | 

(d) 1958 Annual International Conference on High Energy Physics at CERN, edited by B. FER- | 
RETTI (Geneva, 1958), p. 271. 

| (e) 1958 Annual International Conference on High Energy Physics at CERN, edited by B. FERRETTI 

(Geneva, 1958), p. 271. The branching ratio I(Z++p +7n°)/T(Z*+ +n +nt)=1.00+ 0.09 is taken 

| from S. C. FREDEN, H. N. KoRMBLUM and R. S. WHITE: Nuovo Cimento, 16, 611 (1960). 

| (f) See reference (5). 

(g) See reference (5). This value is obtained on the assumption that |A7|= + holds for pionic 
Z-decays. | 

| (h) See reference (1°). 

| (i) See reference (1°). 


This value is based on the value |ax |=.95= .07. | 


and FowLER (1) being in conflict with earlier work by BOLDT et al. (1). In 
our model, the sign of a, is —e, where e is the sign of G_g/Gxh. Like Pais’ 
model (2), our model predicts that a{ and x, have opposite sign. The relative 
sign of the asymmetry parameters for A and &-decays is actually not deter- 
mined by this model. It can be made negative by changing the relative sign 
of the two terms in H,. This would bring it into agreement with the recent 
experimental evidence of FOWLER et al. (1°). 


4. — K-meson decays. 


Little information can be obtained from this model on non-leptonie K-meson 
decays, except that they obey |A7|=3 and can proceed via such diagrams 


(9) R. W. Birre and W. B. FowLER: Phys. Rev. Lett., 5, 254 (1960). 
IRE 


. Boot, H. S. BRIDGE, D. 0. CALDwELL and Y. PAL: Phys. Rev. Lett., 1, 
256 (1958). 


(12) W. B. FowLER, R. W. BIRGE, P. EBERHARD, R. ELY, M. L. Goop, W. M. POWELL 
and H. K. TicHo: Phys. Rev. Lett., 6, 134 (1961). 
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as those of Fig. 2. The decay K+—7t+ 7 is, of 
course, forbidden by the |A7|=4 rule. Therefore, 
there may be some additional baryon terms in Hu 
which are not isotopic spinors. If we assume, 
as suggested by TREIMAN (!) and PAIS (2), that 
there exists a connection between global symmetry 
and the |A7|=4 rule, then presumably these addi- 
tional terms are also not globally symmetric, and 
are coupled with a coupling constant of the order 
of + g, giving rise to the well-known violation of Fig. 2. — Possible diagrams 
the |AT |= rule. for non-leptonic K-decays. 


5. — Conclusion. 


Barring dynamical accidents, the most promising means of describing the 
|AT|=4 rule and the known asymmetry parameters of pionic hyperon decays 
seems to be through a globally symmetric weak interaction (*?) and a parity 
clash (2). The special advantage of the particular model of a parity clash de- 
scribed here is its simplicity. On the other hand, although our interaction 
is only phenomenological, it bears no similarity to the usual leptonic weak inter- 
action, which may be regarded by some as more than offsetting its advantages. 


RIASSUNTO (*) 


Faccio l’ipotesi che linterazione debole non leptonica possa essere del tutto dis- 
simile dalla interazione debole leptonica. Con questa ipotesi do un semplice modello 
della intergzione debole non leptonica. Il modello è basato sull’idea di Pais di un 
« conflitto di parità », ed è costruito in modo da dare la regola |AT |= + ed i parametri 
di asimmetria che si osservano nel decadimento pionico degli iperoni. 


(*) Traduzione a cura della Redazione. 
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S. MICHELETTI and M. PIGNANELLI 
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Istituto Nazionale di Fisica Nucleare - Sezione di Milano 


(ricevuto il 10 Giugno 1961) 


Summary. — Energy spectra of protons emitted in (n, p) reactions with 
14 MeV neutrons on 13 nuclides from 3!P to !9*Rh are presented. The 
presence of both evaporation and direct mechanisms is put in evidence. 
By comparing the forward with backward spectra an evaluation of 
direct effect cross-section is given. 


1. — Introduction. 


The problem of the mechanism of nuclear reactions at intermediate energies 
has aroused a great interest in the last few years: one of the more discussed 
points concerns the presence of two very different kinds of mechanisms acting 
in these reactions, namely, the statistical evaporation and the direct effect. 
Both of them have been shown to be active, but it is still a matter of research 


to establish how much of a particular reaction goes through each one of these 
mechanisms. 
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This problem is interesting in the case of n,p reactions. In a group of 
previous results (13), a few points have been established concerning the general 
behaviour of these reactions. 

The first point is that the energy distribution of protons emitted in the 
forward direction in respect to the incident neutron beam is often in dis- 
agreement with the one foreseen by the evaporation theory; the second point 
is that a contribution of deuterons from (n, d) reactions has been found, in many 
cases, of the same order of magnitude of the n, p reaction. The necessity of a 
technique capable of discriminating between particles of different masses was 
therefore important. 

After introducing this technique, the n, p reaction on rather light nuclei 
(24Mg, #25, ?8Sì) (45) has been studied in a number of cases. 

Through angular distribution measurements, it was possible to show the 
existence of both mechanisms of evaporation and direct effect, and, moreover, 
to establish some properties of the direct effect. This was found to behave 
as a stripping-like surface direct effect, and to correspond, at least qualita- 
tively, to the description given by BUTLER. 

In order to extend this study to heavier nuclei, we have studied the proton 
spectrum emitted in the forward direction by a group of nuclei. The proton 
spectra from the thirteen elements *4P, “Ca, ‘Sc, 51V, Cr, 55Mn, 5Fe, Fe, 
5eNi, Ni, 5°Co, Cu, Rh are presented in this paper. 

In these nuclei it was soon evident that the evaporated part was much 
more important than in the lighter ones. 

The properties of evaporation in n, p reactions at 14 MeV have been recently 
studied by FACCHINI et al. (5), in whose work there was found a general agreement 
between the evaporation theory and experimental energy spectra and cross- 
sections of protons emitted from n, p, and, due to that agreement, some 
fundamental characters of evaporation can be deduced, particularly the level 
density shapes. 

At the same time, a group of nuclei in the same mass range was studied 
by ALLAN (7), who obtained energy spectra of protons emitted in the backward 


(1) L. Cocci, U. FaccHINI, I. Iori, M. G. MARCAZZAN and A. M. Sona: Nuovo 
Cimento, 13, 730 (1959). 

(2) L. Cozrr, F. CvezBar, S. MicHELETTI and M. PIGNANELLI: Nuovo Cimento, 
13, 868 (1959). 

(3) L. Corri, S. MicHELETTI, M. PIGNANELLI and I. IorI: Nuovo Cimento, 20, 
94 (1961). 

(4) L. Corri, I. IorI, M. G. Marcazzan, F. MERZARI, A. M. Sona and P. G. Sona: 
Nuovo Cimento, 17, 634 (1960). 

(5) L. Cori, M. G. Marcazzan, F. MERZzARI, P. G. Sona and P. Tomas: Nuovo 
Cimento, 20, 928 (1961). 

(8) U FaccHINI, I. IorI and E. MENICHELLA: Nuovo Cimento, 16, 1109 (1960). 

{7) D. L. ALLAN: Nucl. Phys., 24, 274 (1961). 
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; direction. A good agreement with evaporation model was also found by ALLAN 
Ne for his own results. 

cali These facts allows us to use the hypothesis of the evaporation with some 
i confidence and to analyse the forward spectra in terms of evaporation model 
and to obtain form this analysis information on the direct effects. The analysis 
of our results, together with those mentioned above, can give a rather wide 
information on the mechanism of the proton emission with 14 MeV neutrons. 


2. — Experimental apparatus and results. 


The esperimental apparatus is the same as described in the previous papers. 
The 14 MeV neutrons are obtained from the d-+t reaction. The proton detector 
is a telescope of proportional and scintillation counters (5); mass discrimina- 
tion of the emitted particles is used, so that our results are not contaminated 

by deuterons from n, d reac- 
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3. — Discussion of results. 


An overall observation of the proton spectra puts in evidence two facts: 


1) The spectrum shape is generally smooth with predominance of low 
energy protons, as expected from an evaporation process. 


2) In a few cases some structures are shown (APR CA ESC SAV). waned 
give evidence of the presence of direct effect in the reaction. 


Therefore both mechanisms seem to be present. 

In order to determine the relative quantity of them, we will firstly analyse 
the spectra from the point of view of the statistical evaporation theory. 

Following the formula given by Weisskopf, the evaporation spectrum is 
given by 


(1) N(E) + eo ,o (Ex — €) è 

where 

E is the proton kinetic energy, 

rie is the maximum allowed proton kinetic energy, 


lo) is the inverse process cross-section, 
(Emax — €) is the residual nucleus level density. 


We shall put in the following da 
Emax — €= E, E being the residual log 2 4 
nucleus excitation energy. Rae PA re 


To gain information on nu- 
clear properties we must extract 
from the spectrum the function 
œ(Æ), residual nucleus level den- 
sity, that is, we must divide the 
spectrum by the quantity eo. 
We have taken o, from Weisskopf’s 
calculations assuming 7, =1.64?; 
it has been shown (6) that the 


Arbitrary units 


Fig. 14. — Forward proton spectra 
plotted as n(e)/ec, for the nuclei 31P, 
40Ca, 4Sc, 51V, 52Cr, 55Mn, Cu. Ordi- 
nates are given in arbitrary units. 
Maximum energy of protons from 
(n, np) reactions are indicated with 

an arrow. Proton energy c.m. 
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plotted the curves for various values of 
the scattering length, normalized to 
the same total area, at the incident 
energy of 624 MeV. Also shown are the 
curve obtained by the simple phase 
space, normalized to the same area as 
before. It is seen from the figure that 
it is impossible to observe experimentally 
that the maximum, in the « enhancing » 
S-wave case, does not correspond to the 
same produced mass, since the differences 
in the p, scale are too small to be appre- 
ciated. The form of the curve is however 
completely different. In this way one 
could discriminate the two possibilities. 
However we observe that: 


4.05 3 DI 5578 


AAA EME) 


L. SERTORIO 


peaks (forward and backward produc- 
tion) would mix their contributions in 
the ps, spectrum. 

Consequently better discrimination 
between the two possibilities could be 
obtained by a new experiment at 
743 MeV but at another laboratory angle 
of the recoiling *He, as pointed out in 
ABASHIAN, BOOTH and CROWE (°). 

For this aim we have done calcula- 
tions at 15° laboratory angle which seems 
interesting since, in such condition, in 
the range of the values of p, reasonable 
for the experimental analysis, the mo- 
mentum show both 
the peaks of the single particle. 


spectrum would 


501 495 488 476 4.61 442 4.181 


0 1 
1,02 1.04 1.08 1.12 


1.16 1.20 1.24 


P, (GeV/c) 


Fig. 3. 
energy. 


1) At that incident energy (624 MeV) 
the momentum spectrum ranges on 
values of p,; near to 1 GeV which makes 
the experiment very difficult (see ABa- 


SHIAN, BoorH and CROWE (°)). 


2) Assuming the width of the 
particle as given by ABASHIAN, Boon 


and Crowe (!) at 624 MeV the two 


(°) A. ABASHIAN, N. E. BoorH and K. M. 
CROWE: preprint May 1961. 


- Momentum spectrum of “He at 15° laboratory system and 743 MeV proton incident 
Curves normalized to equal area. 


Ordinate in arbitrary units. 


Fig. 3 shows the yield of the S-wave 
model with different scattering length, 
at 743 MeV and 15° laboratory angle. 

Observe that at this angle the 
variations of the cross-section due to 
different values of the scattering length 
are less relevant than at 12°. This 
fact should allow a clear cut distinction 
between this interpretation and the 
effects of the production of a particle 
of mass around 300 MeV which would 
give rise to peaks at the positions indi- 
cated in the Fig. 3 by the arrdws. 
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In conclusion the S-wave model 
contains a parameter (a) which could be 
determined by means of the best fit of 
the experimental data at a fixed energy 
(743 MeV) and a fixed angle (12°). 
Such a value for the same incident 
energy but at another angle allows to 
construct up theoretically a %He mo- 
mentum spectrum which, by comparison 
with the experimental one, should give 
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PRODUCTION IN p+d COLLISIONS LOUE Te 
an unambiguous answer on the validity 
of the proposed model. 


OK * 


I am deeply indebted to Dr. V. DE 
ALFARO for help and extremely useful 
discussions. 

I wish to thank warmly Prof. M. Cini 
for the useful discussions. 
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The analysis of FACCHINI and coworkers and of ALLAN show that in the 
backward region the direct effect (at least for big cross-sections) are practically 
unimportant. Moreover it has been shown (*) that the formula (2) is quite well 
approximated by an exponential law «= exp [E/0] over a range of values 
of E of few MeV. 

The set of 9 values obtained in some of our previous works (4) and in 
ALLAN’s can resonably represent the evaporation behaviour. 

The comparison treats two points: 


1) cross-section values in the low energy region; 
2) shape of the spectra. 


1) The cross-sections in the low energy region agree with Allan’s. 
values for backward spectra, the limit of exponential curves showing that 
direct effects are not important in this energy region and giving a quite good 
reliability to the experimental results. 


2) The comparison of shapes is simply obtained comparing the two 
sets of values: the temperatures calculated from backward results are always 
smaller than the ones obtained from our results. So it is evident that a com- 
ponent of protons at the highest energies is present in the forward spectra. 


It seems natural to assume that, in the spectra presented here, the structures 
and deviations from evaporation shape found at the highest proton energies 
must be attributed to the presence of direct effect. 

Therefore, following this line of thinking, we can assume that the direct 
effect present in the nuclei discussed here have similar properties to the one 
we have found in the three cases quoted above, that is, we expect an angular 
distribution as given by surface stripping-like interaction. 

This angular distribution cannot be foreseen exactly, because we can only 
guess which proton and neutron shell model orbits take part in the reaction, 
but we can at least assume that the effect will be predominantly in the for- 
ward hemisphere, since the contribution from high values of the transferred 
angular momenta is certainly small. 

In order to find the direct effect contribution in the proton spectra taken 
in forward direction, we must subtract the cross-section value for the backward 
emission from the forward one. 

But, the direct effect contribution being quite small compared to the 
main evaporated part of the proton spectrum, the results so obtained would 
have such a big error as to be practically without meaning. 


(4) L. Corti, U. FACCHINI, I. IorI, M. G. Marcazzan, A. M. Sona and M. PIGNA- 
NELLI: Nuovo Cimento, 7, 400 (1958); L. Corns, U. FACOBINI, I. Iort, M. G. Mar- 
CAZZAN and A. M. Sona: Nuovo Cimento, 18, 730 (1959). 
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Because of these absolute errors, we have decided to use only the shape of 
Allan’s spectra emitted in the backward direction: that is, we have normalized 
them to our spectra using as normalization criterion the equality of the cor- 
responding spectra in the proton energy range from 3 to 5 MeV, and then we 
have integrated the two spectra on the energy from 5 MeV to maximum proton 
energy. 

The difference between the two integrals gives the amount of direct effect 
in forward direction; the underlying hypothesis is that in the (3-5) MeV 
energy range there is no contribution from direct effect. The results of this 
calculation are shown in Table I, last column. 

Comparing these direct effect cross-section values with the one obtained 
in the case of Si, Mg and 8, we find that they are of the same order of 
magnitude. This can be an indication of the fact that in the mass range 
considered here the direct effect is more or less the same as for lighter masses. 


We cordially thank Dr. D. L. ALLAN for having kindly shown us his results 
before publication, Prof. U. FACCHINI for some useful discussions and F. CVELBAR 
for his participation in a part of the measurements. 


RIASSUNTO 


Sono presentati gli spettri di energia dei protoni emessi da 13 nuclei compresi 
tra il *1P e il 19*Rh. Viene mostrata l’esistenza dei due meccanismi di reazione: l’eva- 
porazione statistica e l’effetto diretto. Confrontando la forma degli spettri dei protoni 
emessi in avanti con quelli emessi all’indietro si ottiene una valutazione della sezione 
d’urto dell’effetto diretto. 
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+ The Electric Field in Single-Turn and Multi-Sector Coils. 


"AS, J. E. ALLEN and S. E. SEGRE 
Ri Mu ; SAT 
DAS Laboratorio Gas Ionizzati (EURATOM - C.N.E.N.) 
LR LIRE cjo Laboratori Nazionali di Frascati - Roma 
(EE 2 LEUR 
à Art: (ricevuto il 13 Giugno 1961) 
21 tie VE 
i è RI Summary. — Calculations are reported of the distribution of electric 
ne y field within long single-turn and multi-sector coils. Some of the calcu- 
vt he | lations refer to coils containing a cylindrical conductor, the latter repre- 
cpr Mud senting an idealized plasma. 
I 
LE 
"HS vi Max 
Di LATE Da 
LS 
‘RES 
| ere 1. — Introduction. 
ATA 
LA 
SARI) In the present paper calculations are presented which refer to the electric 


ae field configurations within long single-turn coils and also within multi-sector 
‘es coils (1). Such coils are used at present in plasma physics research, both in 
experimental work on the orthogonal (or theta) pinch, and also sometimes in 
UN vay” experiments with radio-frequency discharges. 
Li The first calculations refer to the electric field distributions which exist 
Ses 2 . in the absence of plasma, t.e. the distributions which exist before the electrical 
Fari Be breakdown of the gas. 
Va «RA Further calculations refer to a coil which contains a eylindrical conductor. 
n: | Two cases are considered, namely: the case of a rigid conductor and the case 
~~ of a conductor which is collapsing towards the axis. The first case may ap- 
| proximate to that existing in certain radio-frequency experiments while the 
is second represents an idealized orthogonal pinch experiment. 
SA ey It is assumed that the frequency is low enough for the displacement chien 
to be negligible. This assumption is valid if the radius of the coil is small com- 


wR « 
ix AL A . 
pared with the wavelength of the oscillation. 
uh 
er j 1 ; © a NE + 
JE (2) J. E. ALLEN and 8. E. SEGRE: Proceedings of the IV International Conference 
eee on Tonization Phenomena in Gases, Uppsala 1959 (Amsterdam, 19€(), p. 1073. 
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2. — The resolution of an electric field into «electrostatic » and «inductive » 
components. 


A vector field can always be uniquely resolved into two components 
one being irrotational (curl-free), and the other solenoidal (divergence-free), 
if the field vanishes at infinity. Thus an electric field can be split into two 
components 


(1) E=E,+ E,, 


where curl E,=0 and div E, — 0. 
The electric field must satisfy the Maxwell equation 


1 0H 
curl E = — - oe 5 
CO 


and therefore it may be written in the form 


1 aA 
(2) FT Dee 


c ot 


where @ is a scalar potential and A is a vector potential defined by the re- 
lation 
H'='Cur1 A" 


The vector potential is not completely defined by its curl but its divergence 
must also be specified. If div À is arbitrarily chosen to be zero, then the two 
components of eq. (1) can be identified with those of eq. (2). These two com- 
ponents may be referred to as the «electrostatic » field and the «induced » 
electric field respectively. 

The choice of div À — 0 is known as the Coulomb gauge because the scalar 
potential in eq. (2) is simply that corresponding to charges at rest, namely 
V2® = 4710, since div E= div E, = 4xo. Thus the use of the term «electro- 
static » field for E; is not without justification. 

The division of E into these components can be made whether the displa- 
cement current is negligible or not. When the latter is not negligible, however, 
a different gauge is sometimes more convenient. 

In some theories a uniform field exists at infinity; it is purely arbitrary 
whether this field is derived from a vector or from a scalar potential. 


63 - Il Nuovo Cimento. 
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3. — The electric field in a single-turn coil. 


Cylindrical co-ordinates, #, 6, e, will be used throughout the paper and it 
will always be assumed that o/oe=0. 

A single-turn coil is now considered in which: a) the length is large com- 
pared with the radius À so that the magnetic field is in the 2 direction and is 
constant in space, b) the width of the gap in the coil is very small compared with 
R, and c) the conductivity of the coil is 
so high that Z,(R) is vanishingly small. 

As the currents are purely azimuthal 
and independent of 0, A is in the 6 di- 
rection and so E, is also in this direc- 
tion. If a voltage V, is applied to the 
gap (*), (which is at r=R, 0=0, as 
shown in Fig. 1), then the components 
of the induced electric field E,, are 
given by 


conducting shell 


Gap 


Fig. 1. - Diagram of the single-turn coil. 

where r/R= p. The electrostatic field 
E, must satisfy the conditions that curl E,=0, divE,=0 for p<1 and 
E,,+ £,,=0 for p=1. These conditions are satisfied by the following field: 


LS (cos 0 — p) Vo sin 0 


= —— —— , be . 
ak (1 + p?— 2p cos 0) 3 awh (1 + p*— 2p cos 0) 


Al 
LOST, 


This is a Biot-Savart field whose axis is on the gap, and the equipotentials 
are planes passing through the gap. The surface charge density on the coil 
(where p=1) is proportional to E,,, i.e. to [ V./2xR] ctg 0/2. 

The field E, is conveniently represented by the complex function f(z, p) = 
= (V/xR)/(e — p) whose real and imaginary parts are respectively H,, and £,,, 
. . Z i 
if 2— exp[— 70]. 

The lines of force of the total field E are obtained by integrating the fol- 
lowing differential equation ; 


Ho db 


(3) = 
Hi, D ap : 


(*) The sign of V, is defined so that V, = —2R?H,/c. 
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Putting cos 0 = 


du x 
= PL — p?)(p — 24), 


Wii 


dpi 


and integration then gives the following equation for the lines of force 


= 1 à 
ULI = Da Î a hi ) (1 Ho): 


DI 
MR Si 


where x, the constant of inte- 
gration, is the value of u at p=1 
and is the parameter of the fa- 
mily of curves representing the 
lines of force (see Fig. 2). 

An electric field exists not only 
inside but also outside the single- 
turn coil described above, and it 
can easily be seen that, for the 
external field, E, is a Biot-Savart Fig. 2. — The lines of force of the electric field 


field of unit strength whose axis inside a single-turn coil. The numbers are the 
values of the fiux function in arbitrary units. 


Jax) 


is at p — 0, while E, results from 
the sum of two Biot-Savart fields, 
one of strength — 2 with its axis at p—0, and the other of strength +2 with 
its axis on the gap. A field of unit strength, in this context, has a circulation 
equal to Vi. 


4. — The electric field in a multisector coil with n gaps. 


The multisector coil (1) consists of a cylindrical conducting shell which is 
divided by a certain number (n) of gaps (parallel to the axis), so that there 
are n conducting sectors. A voltage V, is applied across each gap and the 
same assumptions are made as in the preceding paragraph with reference to 
the length and conductivity of the coil and to the width of the gaps. 

The problem is linear and therefore the contributions of each gap may 
simply be added in order to obtain the total field. The total induced electric 
field is therefore given by 


Bx=0, 


984 J. E. ALLEN and S. E. SEGRE 
The total electrostatic field may be obtained by the use of the function f(e, P) 
defined above. If the position of the k-th gap is at p=1, 0=a%, (k=1, 2, ... n), 
then its contribution to E, may be represented by 


ACTOR asa + à 
Î(2x, D) = th (27 — D) ; 


where 2, —2expl[ia;] and the total E, is represented by 


If the gaps are equally spaced, ax = 27k/n and 2*=2". Therefore the 2,°s are 


the roots of the equation w"—2"—0, and [| (w—%) =w"— 27. 
k=1 n 
Hence TI —p)=(—1)"(p" —2") 
k=1 
no Vi np 
and Di = 3 
Du cs P) aK (p*— #) 


The components Æ,, and E,, are 
the real and imaginary parts of 


Gap this function, i.e. 


(5) Ey = 
n Vo p "D {COS nO — dI 3) 


_ aR (1+p"—: 2p" cos nO)’ 


SF ac ; ne : 6 = 

Fig. 3. — The lines of force of the electric field (heads 

inside a six-sector coil. The numbers are the n Vo pd gin né 

values of the flux funetion in arbitrary units al NTI cos nO)” 
à arbitrary units. aR (1 + p2"— 2p" cos n0) 


The lines of force for the total field are obtained by integrating eq. (3), which 
now has the form i 

nine DI RN a 
pai Sport ou GIONE 
where u= cos n0. Integration gives the following equation for the lines ol 
force 


) 
i Li 


if wy I i A 
LU = (ore ( me 3 (1 Ho) exp |- sr È 
DI 


3552 


THE ELEC R C FIELD IN SINGLE-TURN AND MULTI-SECTOR COILS 985 


Fig. 3 shows the lines of force for the case where n —6. It may be seen from 
eq. (5) and (6) that Æ, —0 as n — © (for p< 1). 

It should be noted that eq. (4) is general in that it also applies to the case 
where the xs are not integral multiples of 27/n and it can be extended 
immediately to include the case when a voltage V, is applied to the 
k-th gap. 


5. — The electric field in a single-turn coil containing a conducting core. 


The next case to be considered is that of a single-turn coil of radius R 
containing a cylindrical conducting core, of radius 7 = pol, which is coaxial 
with the coil. The same assumptions for the coil will be made as in Section 3 
and the core will be supposed to be of high conductivity. The gap, as shown 
mo Hig! 4 is aper. 

Two cases will be considered na- conaucting shell 
mely: a) the case where the core is \ 

a rigid conductor, and b) the case in 
which the current in the coil is con- 
stant and 7,=7,(¢). In both cases 
the induced electric field is purely 
azimuthal, as in Section 3, and it 
can easily be shown that, in case a), 


Gap 


Viel (p*— pe) 
Ea = saa ' B= 0 
°° 2nk p (1 — po) ; i 


where V, is the voltage applied to 


the gap, and in case b) conducting core 
Ante Fig. 4. — Diagram of a single-turn coil with 
Be = - lo Po 5 pO), a coaxial conductor. 
È Gai 


where I is the (constant) current per unit length of coil. 

In both cases 7,, must be a constant for p=1, (for p =1, H,, =— V,/(2xR) 
in case a) and E,,=——-4ali p.c-? in case b)) and in both cases Z,, must be 
zero for p=po, (for p=Po, E,=0 in case a) and E,= 4nIhe-? in case b)). 
Therefore the electrostatic part of the field is the same in both cases. It will 
be determined by use of the electrostatic potential D(p, 0). 

The potential must satisfy Laplace’s equation for p,< p <1 and the fol- 
lowing boundary conditions: ®(po, 0)=0 and ®(1, 0) — KO, where K—V,/(2x) 
in case a) and K = 4xIlrp,Re ? in case b). 

The general solution of the equation of Laplace in two dimensions can be 
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written in the following form 


D(p,0) = Alnp+ > pr(A, cos nb + B, sin nO) . 
Using the boundary conditions it is possible to determine the constants À, 
A, and B, and so obtain 


2 sin nO (— p)” 


= Po\f" 
vi. (8 
P(p, 0) 22e de JR 


n=1 
The electrostatic field is given by the gradient of this function, 7.e. 


1.00 2k <cosn0(=p)" Do\2" 

Bi = = = > = 1 i : 
più 00 pk Fe (dl UA ) D 

1 CD n 2K © sin n0(— p)” |! Sp 


on 
D 


LR op spl lp) 


i == 


The differential eq. (3) for the lines of force has been integrated numerically 


Fig. 5. — The lines of force of the elec- Fig. 6. — The lines of force of the electri( 
tric field in a single-turn coil with a field in a single-turn coil which carries : 
rigid conducting core, (case a). The constant current and contains a collapsing 
numbers are the values of the flux (or expanding) conducting core (case b) 
function in arbitrary units and the ra- The numbers are ERICA, the flux fune 
tio of the radius of the core to that of tion in arbitrary units and the one of th 

the coil is C.3. radius of the core to that of the coil is 0.3 


both for case a) and case b) (for Po = 9.3) and plots of the lines of force are 
shown in Fig. 5 and Fig. 6. 
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6. — Discussion. 


Electric fields such as those discussed in Sections 3 and 4 occur in plasma 
devices (1) before breakdown and they are important in determining the de- 
velopment of the breakdown (*). Some theoretical studies (?) of breakdown 
consider only the induced electric field E, and not the electrostatic field E,. 
It should be noted (Fig. 2) that in a single-turn coil there are no closed lines 
of force but all the lines of force end on the conductor and the intensity of 
the total electric field is largely determined by the electrostatic component. 
With a multi-sector coil an approximately azimuthal field is obtained near 
the axis, as shown in Fig. 3. 

The electric fields discussed in Section 5 are important in connection with 
experiments in which a highly conducting column of plasma has been formed (°). 
The electric field in an orthogonal pinch device will in general result from the 
sum of the fields of case a) and case b), the former corresponding to the voltage 
due to change of current and the latter to the voltage due to change of in- 
ductance. The field is more nearly that of case a) alone in stationary R.F. 
experiments (or in orthogonal pinch experiments at times when ÿ,— 0). The 
electrostatie field vanishes in a shortcircuited coil but the induced field is not 
necessarily zero. 

The electric field acts on the tenuous, weakly-conducting gas outside the 
plasma, where it may produce further ionization and also runaway electrons. 
The electric field should be considered, as a boundary condition, in calculations 
referring to the sheath at the surface of the plasma. 


The authors wish to thank Prof. B. BRUNELLI for discussions and for his 
interest in this work. They are. also indebted to Dr. A. TURRIN for the numerical 
integrations. 

(*) The supply may be connected to a coil which is outside the conductors shown 
in Figs. 1 and 4, or the multi-sector structure of Section 4, but the distribution of the 
internal electric field remains unaltered. 

(2) H. U. EcKERT: Proceedings of the IV International Conference on Ionization 
Phenomena in Gases, Uppsala 1959, (Amsterdam, 1960), p. 320. 


RIASSUNTO 


Si riferisce su calcoli della distribuzione di campo elettrico in avvolgimenti lunghi 
a uno o più settori. Alcuni dei calcoli si riferiscono ad avvolgimenti contenenti un con- 
duttore cilindrico che rappresenta un plasma idealizzato. 
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Some Analytic Properties of a Decay Amplitude 
with Final State Interactions. 


TI - The Single-Loop Four-Point Diagrams in K—3z Decay (°). 
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(ricevuto il 17 Giugno 1961) 


Summary. — We investigate the analytic properties ot the simplest single 
loop Feynman diagrams whose contributions to K—37 decay depend 
on both of the independent energy variables. This is done by replacing 
the two internal double pion lines by fictitious single lines of discrete 
rest masses 2, and A, and integrating over À, and 4, at the end of the 
calculation. The analytic properties of the actual amplitude are those 
of the fictitious amplitude in the limit as 4, and 4, independently tend 
to a value of two pion masses from above. The amplitude has complex 
singularities and does not satisfy a Mandelstam-type representation. 
However, a one dimensional dispersion representation with only real 
cuts does hold in one variable when the other variable is fixed at any real 
value. We comment briefly on the change in the properties of the ampli- 
tude as the K-meson mass increases past the instability point. 


1. — Introduction. 


Our aim is to investigate the analytic properties of the simplest Feynman 
diagrams whose contributions to K —> 3x decay depend on two of the cova- 


(*) Work supported in part by the U.S. Atomic Energy Commission. 
(”) On leave of absence from Christ Church, Oxford. _ 

("") Present address: Clarendon Laboratory, Oxford. 

("**) On leave of absence from Magdalen College, Oxford. 


NESS Supported in part by 
the U.S.A.F. Office of Scientific Research, Air Rese 


arch and Development Command. 


3556 


SOME ANALYTIC PROPERTIES OF A DECAY AMPLITUDE ETC. 989 


riant variables, which are conveniently taken to be the negative squared sums 
of the momenta of the different pairings of pions. In an earlier paper (1), to 
be called I in the following, we considered the leading diagrams whose contri- 
butions depend each on only one of these variables; we refer the reader to I 
for a discussion of our approach to perturbation theory, to the problem of 
divergences (*), and to the treatment of the unstable particle. Here, as in I, 
we ignore the isotopic structure. Our study answers some of the questions 
raised by OKUN (?) about the validity of certain previous conjectures (*4) about 
these two-variable dependent components of the amplitude. 

The leading diagrams to depend 
on two of the variables are of order  ?* Poa (q 
Gg*, with G the weak and g the pion- 
pion coupling constant. They fall 
into the two types shown in Fig. 1; 


we shall consider only the single loop P.,. Pas 

diagrams, %.e. only those of type (a). a) 

The heavy line denotes the incoming pig. 1. — The leading two-s-dependent dia- 
K-meson; all other lines represent grams. 


pions. Let us for definiteness label 

the outgoing pion lines by their momenta as in Fig. 1 (a). Then the covariant 
variables natural to the diagram are the negative squared sums of adjacent 
momenta, 4.6. 


— (Dia + Pos)? =; 


and 


— (Du + Pio)? = È. 


In the following we shall, to begin with, confine ourselves to determining 
the analytic properties of this particular diagram regarded as a function of 
s and t. By permuting the external momenta amongst the external lines, à 
total of six diagrams is generated; when the contribution of each is written 


(1) G. Barton and C. KacsER: Nuovo Cimento, 21, 593 (1961). 

(*) We stated in I that our diagrams were in principle renormalizable by analogy 
with the standard g* theory. Actually the g* theory is renormalizable only in the 
conventional sense of requiring only a finite number of counter-terms; there is 
known no unambiguous method for removing in practice the divergences from any 
given diagram. 

(2) L. B. Oxun: Proc. of the 1960 Rochester Conference, p. 743. 

(3) R. F. Sawyer and K. C. Watt: Phys. Rev., 119, 1429 (1960). 

(4) S. FuBINI and R. StROFFOLINI: Nuovo Cimento, 17, 263 (1960). 
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down in terms of the variables natural to it, they sum to à function that is 
formally symmetric in the three Mandelstam-type variables s, ¢ and u= 
= — (Pat Pos)? These variables of course satisfy the constraint 


(CINI) Sy MISTI, 


where, as in the following, the pion mass is taken as unity, and M is the mass 
of the K-meson. We describe s, {, and w collectively as the s-variables, to 
distinguish them from the y-variables to be introduced below. 

In the same way as in I, we replace the two internal double pion lines by 
single lines of rest masses À and 7, respectively. Denoting by f the amplitude 
calculated for this modified diagram, the actual amplitude is given by 


(1.2) F — 72008 (ito) . 


4 4 


The only relevant singularity of o(2?) is its branch point at 7° =4. Since 
the Feynman amplitude involves À, only once, in the combination (g2+ 5) 1, 
where q is the momentum of an internal line, it is clear that in the A} plane f 
cannot have coincident singularities; therefore nothing prevents a deformation 
of the 7? contour, and the singularities of # are those of f as A, tends to 2 from 
above. An analogous conclusion holds for 2. 

The limiting case À, — 2 — 2, is actually a degenerate point where a tran- 
sition takes place between regions of different analytic properties; hence it 
will be necessary to consider f with À and A, fixed at values above but ar- 
bitrarily close to 2. For simplicity we shall also take À =, =A; This en 
tails no loss of generality as long as we remember to lift the equality when 
we come to evaluate F from f by means of (1.2); (cf. Section 2.7 below). 


2. — Determination of singularities. 


21. Variables. — We adopt the y-variables introduced by KARPLUS, SOM- 
MERFIELD, and WICHMANN (°). Define 


Yo = Yos = Yar = 4/2 ; Ysa = — (M?— 2? —1)/21,; 


ie = 2) You = — (t — 2A?) /22? 


(5) R. KarPLUS, C. M. SOMMERFIELD and E. WicHMANN: Phys. Rev., 114, 376 (1959). 
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also let Ys = Yoo = Yo3 = Ya = +1. Note that Yi; and y, are related linearly, 
but with a sign change, to s and # respectively, and that in terms of the y- 
variables normal thresholds always occur at y=—1. It is worth keeping in 
mind that while the normal threshold for our particular diagram is at t= 16, 
the actual threshold of the full amplitude, of course, lies at {= 4. Note also 
the combination of external instability at one vertex (Ysa < — 1) with internal 
instability at all the other three vertices (Y123 Yes, Yu > +1) which was pointed 
out in I as characteristic of a decay process with final state interactions. 

In terms of our variables the amplitude f, apart from factors not affecting 
its analytic properties, is given by (5) 


ik 


a a. a. 3, OL — & — a, = a — a) 
1(Yis, Yous Yaa) = | dde, de, dx, - : 


a/ 


0 
where 


4 
D = { > AYA ie} . 


î, j=1 


22. Determination of singularities in the real Yos-Y13 plane. — In incorporating 
the Feynman ie into the y-variables and reinterpreting f as a function of 
complex variables we follow standard methods (cf. for instance references (5) 
and (9) and will not enter into details. We confine ourselves throughout to 
the amplitude on the physical sheet, and begin by investigating its singular- 
ities in the real y31-y13 plane, with y,, fixed at its physical value; as shown in i 
this procedure can be made meaningful by assigning to yy an infinitesimal 
negative imaginary part, corresponding to a positive imaginary part of M?. 
(This amounts merely to ensuring that M? is on the physical side of its cut; 
cf. the discussion below.) 

The singularities of f are confined to the algebraic curves obtained by setting 
equal to zero the determinant of the matrix y,, or any of its principal minors (5). 
At present we are interested only in the real sections of these curves. The 


2x2 minors yield only the lines of normal threshold singularities y,,—=—1 
and ¥;;—=—1. The associated branch cuts run to — oo. (Note that by setting 


À,= A, we have made the configuration in the y.4-y;, plane symmetric under 
interchange of y, and Yy,,; this circumstance simplifies the discussion, and is 
to be kept in mind throughout the following.) 


(9) J. TARSKI: Journ. Math. Phys., 1, 149 (1960). 

(7) L. F. Cook and J. Tarski: Some properties of the five-point function in pertur- 
bation theory, preprint (1961). To appear in Journ. Math. Phys. 

(8) R. J. EDEN: Lectures on the use of perturbation methods in dispersion theory, 
University of Maryland, Physics Department, Technical Report no. 211 (1961). 
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The four 3x3 minors lead to the so-called vertex singularities, which are 
the leading singularities of diagrams obtained from that of Fig. 1 (a) by short 
circuiting one of its internal lines. These four diagrams are shown in Fig. 2. 

It follows immediately from the discussion in I (and can be checked trivially) 
that diagrams (ec) and (d) possess only the normal threshold singularities. These 
are the diagrams whose contributions are independent of M. Diagram (a) 

was investigated in detail in I; we 
shall review its properties below. 


Diagram (b), expressed in terms of 
the y-variables, is obtained from dia- 
gram (a) merely by interchanging Yor 
and Y33- 


We now translate the conclusions 
7 of I into the language of the y-varia- 
bles. Let us call the lower and upper 


) 
edges of the normal branch cuts the 
physical and unphysical sides, respec- 
tively, to remind ourselves that the 
physical amplitude is obtained by 
à d) letting Yor, Vis; ANA Ys4 tend to their 


Fig. 2. - The vertex contractions of Fig. la nes BS nae a peeks 
En g. la. side. With the understanding that Ys. 
is fixed at its actual value on the 
physical side of its cut, we found in I that diagram 2 (a) has two ver- 
tex singularities in y,,, both lying on the normal branch cut. The more 
negative one, located at y — LA, say, always lies on the unphysical edge; 
the other one, at y — L,, Say, can lie on either side, depending on the rela- 
tive magnitudes of M and À For M fixed at its actual value and 2 sufficiently 
close (and above) 2, both lie on the unphysical side. (In I, where we con- 
centrated on the physical edge of the cut, singularities on the unphysical edge 
were not fully commented on.) | 
que leading singularities of diagram 1 (a), the so-called scattering singu- 
larities, lie on the curve i 


(2.1) det {y:3} = 0 = (Yrs —1) (You —1){(Yas + 1)(You + 1) — A(Ysa + A[2)} + 
MANETTES 1/2}. 

We call this curve /"; following the method of Tarski (6), J’ can be plotted on 

the real Y»1-Y1 plane. The configuration depends on whether y3,2 —4/2. In 


ene described above, with M fixed at its actual value and 2 decreasing 
to 2, we always end up in the region yu< — 4/2; the corresponding configur- 


(<>) 
La 
1D 
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ation of /' is shown (*) in Fig. 3 (a). Fig. 3 (b), consisting of two straight lines 
and a hyperbola, shows the limiting configuration as 2 +2; it can be checked 
trivially from (2.1). It arises from Fig. 3(a) by the coalescence of L, and L, 
at the value y,,, while the right-hand vertical tangent (which is non-singular) 
moves down to +1. 

Recalling that the limit y, — e is always understood, we are now ready 
to discuss the singular nature of the ares of /’ as shown in Fig. 3 (a). We note 


2 
| Lo ays | a 
fim 
Paille néon 
inte [Ab 
C 7 Li 
A As È Sa ate eX: 
CORRE 
NASA 
ea 
Ly i ET Yau a +] 
a) b) 
Fig. 3. — a) The curve i” for yuy< — 4/2. b) Same as (a), in the limit j= 2. 


at the outset certain unconventional aspects: each arc lies entirely in the 
non-cut region as regards one of the variables; each is asymptotic at one end 
to a normal threshold and at the other to a non-singular line; and each is tan- 
gent at one and only one point to a line of vertex singularities, which is actually 
singular only in the non-physical limit (i.e. on the non-physical side of the 
normal branch cut). 

Because of the symmetry in Yx and y, it suffices to discuss the left-hand 
and the top ares. Using standard theorems (™) (**) we conclude the following: 


i) The are AB is singular in the unphysical limit Yat+ ie; since it lies 
entirely in the uncut part of the y: axis, no question arises about the sign 


of the imaginary part of Y13. 


(*) Figs. 3a and 4 are intended to illustrate only the general configuration of J’. 
In drawing them no attempt has been made to locate the points of infiection in such 
a way as to preserve the important property of fourth order curves, that they can 
be intersected by a straight line in at most four points. This property would be im- 
portant for a detailed enumeration of the complex surfaces joining the real ares J’. 


(**) Cf. for instance theorem 3.2 of ref. (7). 
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ii) The are BO is entirely non-singular. 


ili) The are DE is singular in the unphysical limit yy +e; as in i) above, 
no limiting prescription is needed for y13. 


iv) The arcs EF and FG are non-singular, (the line y13 = Ls is non- 
singular so that contact with it at F has no effect on I’). 


Only now are we in a position to interpret the limiting configuration shown 
in Fig. 3 (b) where 2=2, which alone is relevant to the analytic properties 
of the actual amplitude FP. We note that each hyperbolie arc lies entirely in 
the cut portion of the plane as regards one variable, and in the uncut portion 
as regards the other variable; each arc is singular on the unphysical edge of 
the cut in the relevant variable. The straight lines are non-singular. 


2°3. Singularities in the region of complex Y and Yor. — The standard search- 
line method (*) can now be applied to determine the singular nature of the 
complex Landau surfaces (2.1) which are joined to the arcs of the real section I” 
shown in Fig. 3 (b). Because of the necessary assignment of an infinitesimal 
imaginary part to yz, (i.e. because ys, lies on its normal branch cut), we must 
now distinguish four types of surfaces, on which the signs of the imaginary 
parts of y,, and yy are, respectively, (++), (+—), (+) and (——). 

The singular ares of J’ all have positive slope, so that on the complex sur- 
faces joined to them y,,; and yy have imaginary parts of like sign. Further, 
the ares of J’ are singular only on the unphysical edge of the relevant cut; 
hence of the two complex surfaces leaving these arcs, the surface of type (——) 
is not singular but the surface of type (++) is singular. 

The existence of this surface of singularities for real y,, and complex %3 
and y,, shows at once that a two-dimensional Mandelstam-type representation 
of the decay amplitude, with cuts only along the real axes, is incorrect. A for- 
tiori one cannot write a three-dimensional representation in s, t, and M?, with 
only real cuts, of the type proposed by BONNEVAY (9). 


24. Variation of M*. — It may be worth while to comment briefly on our 
results from the point of view of an attempted continuation of F in M? around 
its branch point dividing the stable from the unstable regions (*). 


9 À 2 TR re Pm 3 

(9) G. BONNEVAY: Proc. of the 1960 Rochester Conference, p. 523 

( hi from the necessity of the limiting procedure in A, this is part of the 
general problem of determining the analyti Lies i i 
0 ; analytic properties of a sing sa 
funetion with one externally stable v i i Re 
à sn > externally unstable vertex. This has been considered by Cook and 

ARSKI (7) in an Appendix of their paper on the five-point function. Our conclusions 


agree with theirs wherever they overlap. In particular, they also discuss our Fig. 4e 
below. GE ae PRE ° 
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If M is assigned a stable value, M <3, then F does possess a Mandelstam- 
type representation. The boundary curve of the spectral function is the lower 
left-hand arc of the hyperbola 


(Yi + 1)(Y2a + 1) = 2(Yu +1), 


obtained from (2.1) by setting 2=2. As y, decreases to —1 which now, 
with 4= 2, corresponds to the true instability point M =3, the hyperbola 
degenerates into its asymptotes, and for yy<—1, it opens up again in the 
opposite pair of quadrants as shown in Fig. 3 (5). We feel that, in the absence 
of theorems much more powerful then any that we are aware of, it is unlikely 
that such behaviour could be interpreted easily without making the fairly 
wide detour of lifting the degeneracy 
for A=2, and considering the vertex 
singularities in detail. 

The fact that as M increases through 
the instability point, an entire complex 


surface between the two ares suddenly 


becomes singular (as do the hitherto 
non-singular real portions of the hyper- 
bola) may at first sight appear to be 
paradoxical, even though M=3 is 
known to be a branch point of the am- 
plitude. One can gain some insight in- 
to the detailed mechanism responsible 


for this behaviour if one realizes that it 


| 
| 
Ip 


Pig 4 =a) The curve I for t1>yy,=—1; 6) for y,=—1; €} for —1> Ysa >—- 4/2. 
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pect the transition between the two cases to be gradual only 
ning for fixed 4, whereas in order to reproduce the 
hysical amplitude the limit À—2+ must be 
eased past the instability 


is reasonable to ex 
ifit is envisaged as happe 
analytic properties of the p 
taken separately for each value of M as it is incr 
point. 

Indeed, when M increases for fixed A>2, we have, f 
(4-41), d.0. 1> Ysa > = 1b pate configuration shown in Fig. 4 (a). At the formal 
—1, we have the con- 


or M just below 


instability point for fixed 2, i.e. a M=(A+1), Yu = 
figuration shown in Fig. 4 (b). When M is increased just past (A+1), we are 
in the region —A/2< Teh al corresponding to the configuration (7) of 
Fig. 4 (c). Here, the line LD, is singular on the unphysical edge of the cut, as 
it was in Fig. 3 (a), but L, is now singular on the physical edge (*). It follows 
that in the (——) limit the are AB is singular and BCD is not, while in 
the (++) limit ABC is singular and CD is not. When M passes the formal 
instability point M = (441), the surface of complex singularities does, as ex- 
pected, begin to spread out gradually from the double point featured in Fig. 4(b); 
it links the arcs BC and BO’ of Fig. 4(c). The transition from the configur- 
ation of Fig. 4 (c) to that of Fig. 3 (a) can be traced by following the motion 
of the line L,, which, as M increases (or as 7 decreases), first moves into coin- 
cidence with the line —1 at Yoa< — 4/2 (where its sit gularity changes from 
the physical to the unphysical edge of the normal branch cut), and then mo- 
ves back in the negative direction. 

Thus it is the final limiting procedure Z-2-+ which, with M now fixed 
at any value above 3, always transfers us into the region Ya <—À/2 whose 
configuration is that of Fig. 3 (a); it is this limiting procedure which brings 
about the abrupt change in the actual amplitude F as M passes the true 
instability point at M—3. Note that the configuration of Fig. 4 (€) is ob- 
viously incapable of merging continuously into the known degenerate con- 
figuration of Fig. 3 (b) without first passing through that of Fig. 3 (a). 


95. One-dimensional representation. — Even though the decay amplitude 
does not possess a Mandelstam representation, it is perhaps of some limited 
interest to know whether the partial amplitudes we have been considering do 
at least satisfy a one-dimensional representation with only real cuts. In con- 
sidering this question we fix Y13, Say, at some real value (not necessarily in the 
physical decay region) and ask for the analytic properties of f as a function 
of Yu. For A> 2 it is evident from Fig. 3 (a) that with y, real it is only for 
L,> Yan > 1 and for L,>y,3> L, that f could have singularities for com- 
plex ya. As 4-2 these dangerous regions shrink to zero in Fig. 3 (b). Hence 
for real fixed y,; F has no singularities for complex yy, and a one-dimensional 
dispersion representation with real cuts only is indeed valid. 

If y is to be fixed at a value below — 1 (i.e. on its eut), then in order for 


1 
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the dispersion integral to represent the physical amplitude, y,, must be placed 
on the physical side of its cut. But in that limit the right-hand (and lower) 
are of the hyperbola in Fig. 3 b) is actually non-singular; thus as far as the 
one-dimensional representation is concerned it can be left completely out of 
account. We conclude that for this diagram there are no scattering singu- 
larities in y,, for fixed y,,<—1; for fixed y;3= 4%, > — 1, our particular dia- 
gram has a singularity at the value of y,, given by the intersection of the line 
Yis = Vas With the upper (left-hand) arc, say at yu= Yu<—1. We know that 
this singularity lies on the unphysical side of the y., cut. The one-dimensional 
representation of our diagram has exactly the same form as that of the vertex 
and self-energy diagrams, though this simplicity is in a sense deceptive, be- 
cause there is no easy or physically illuminating way to continue its spectral 
function in the fixed (momentum-transfer type) variable. The physical rele- 
vance of these conclusions is better seen when they are expressed in terms 
of the s-variables, which is done in the next subsection. 


26. The one-dimensional representation in terms of the s-variables. — The 
y-variables describe individual diagrams in the terms best suited to their own 
particular analytic properties. There are actually six different contributing 
diagrams, which can all be described by the same equations in terms of the 


y-variables, but with different rela- 
L 


I 


tions between the y- and the s-va- 
riables. We now re-express our re- 
sults in terms of the s and locate 
the singularities found in the last 
subsection relative to the physical 


decay region. We confine ourselves 
to the two diagrams whose natural 
variables are s and ¢; the informa- 
tion from the other diagrams can be 
obtained straightforwardly by first 
formulating it in terms of the natural 
variables for each diagram and then 


using the constraint (1.1). Note that DI 

by inquiring into a one-dimensional | > 
} je : È 3 4 E D Ei N 16 

representation in one variable with 


one other variable fixed we are, of Fig. 5. - The physical decay region and the 
course, destroying the formal symme- curves of singularities relevant to the disper- 
try of the amplitude in s, t, and w. sion representation Teepe Oceans. The 
+: , ; E line EF is s+t— M?—1, corresponding 
The physical decay region is the to w= 4. The points A,B he att =4 — 
interior of the oval shown in Fig. 5. +2(M2—9)/3 and at (M+1). The points 


The singular are of Fig. 3(b) is the ©, D lie at s=(M?—1)/2 and at (M —1)?. 


© ‘64 - Il Nuovo Cimento. 
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upper arc of Fig. 5, asymptotic to the normal thresholds appropriate to the 
diagram of Fig. 1 (a). Its equation is 


(s — 4)(t —16) = — 8(M?—9). 


The other diagram whose natural variables are s and ¢ is the one obtained 
by interchanging s and ¢ in Fig. 1 a); its singular curve yields the lower of the 
two ares (*) in Fig. 5, whose equation is 


(s — 16)(t — 4) = — 8(?— 9). 


For fixed s—$, we get the one dimensional representation in ?: 


dd 


È ; o($ + in, M?- in, t') dt’ 
F(s + in, M? + in, t) SE EL Î 4 


Pie 
4 


If the line s= $ intersects one or both of the singular arcs, say at #= ?, then 
there is a singularity of Y at #—ie on the unphysical edge of the cut. This 
corresponds to a singularity of the spectral funetion on the upper (physical) 
edge of the cut; a similar case has been discussed in I. Note that if s is fixed 
in then physical decay region, then only the lower are is relevant, and the sin- 
gularity on the lower edge of the cut lies at or above the point t=4-+2(M?— 9)/3 
i.e. a finite distance to the right of the threshold and never in the immediate 
vicinity of the physical region which extends from t=4 to t—(M—1} 
along the upper edge of the cut. 


2°7. Nature of the singularities. — The influence of any singularity on the 
amplitude depends both on its nature and on how far it is from the physical 
region. We now enquire what is the type of the singularities that we have 
been discussing. A scattering singularity is normally of type 75, ¢ being any 
variable that vanishes as the singularity is approached. In our case this is 
the nature of the singularity of f with fixed Aj and 23. The two integrations 
over À; and 4, each increase the index by unity, so that the singularity of F 
is of type 2'. This is what one expects from the fact that all vertices of our 
diagrams have three internal lines. Since these scattering terms enter addi- 


(*) The exact relative location, in the plane, of the singular ares and of the boundary 
curve of the physical region are not crucial, since they lie on opposite sides of the cut, 
as explained below in the text. Fig. 5 is not necessarily correct in showing them as 
nonintersecting. In the non-relativistic limit (working to second order in (M —3)) 
the boundary curve becomes an ellipse and the lower hyperbolic are does intersect it. 
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tively into an amplitude which, as we shall discuss in the next section, is most 
probably dominated by quite different terms, and since the singularity is 
of a type at which the singular components vanish, their quantitative effects 
remain likely to be negligible. 


3. — Conclusions. 


The total kinetic energy available to the pions in K 3x decay being 
relatively low, it is not implausible on physical grounds that only S-wave 
interactions are important, in which case the single-s-dependent terms would 
dominate the amplitude. These are of two kinds, some independent of and 
some strongly dependent on M. We found in I that the leading terms of both 
kinds have one-dimensional dispersion representations with normal thresholds ; 
there appeared no mathematical reason to suppose that one kind is much 
more important than the other apart from an appeal to the smallness of the 
pion-pion coupling constant. 

We are aware of only one other physical argument against the importance 
of the M-dependent terms. These arise exclusively from diagrams in which 
each of the pions emerging from the elementary Kz? vertex interacts at least 
once more (**. While there is no kinematic reason why two of the 
pions leaving the vertex should not travel together in the same direction and 
therefore scatter each other strongly, with the third pion leaving in the oppo- 
site direction without interacting, it could be argued that there is no possible 
arrangement of this kind whereby all three of the pions can spend a long time 
in each others vicinity. In our opinion the plausibility of this argument is 
decreased by the observation that actually the pion-pion interaction has finite 
range (half a pion Compton wavelength), and that the kinetic energy of the 
pions being low, they do not leave each other’s range of influence instantaneously. 
This may be the reason why the comparison in I of the leading terms of the 
two kinds of vertex contribution failed to indicate any dominance of one kind 
over the other. It is important to realize that this question does not, of course, 
reflect on the validity of any treatment of the decay confined to such single-s- 
dependent terms, but which does not rely on a continuation in M? (1). 

In contrast to the single-s-dependent terms, which may or may not depend 
on M, all terms that are functions of two of the s are crucially M-dependent. 
We have seen that their behaviour cannot readily be inferred from the case 
of stable M, and that in general they are quite intractable from any practical 
viewpoint. On the other hand, it appears very likely that for interpreting 
the present data from a quantitative point of view these terms are negligible. 


(10) N. N. KHuRI and 8. B. TREIMAN: Phys. Rev., 119, 1115 (1960). 
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In our own view our results are most profitably looked at as a cautionary 
example of the pitfalls which may beset one in making conjectures about the 
analytic properties of probability amplitudes in field theory. 


We welcome this opportunity to acknowledge discussions with Dr. L. F. 


Cook, Dr. J. TARSKI, and Dr. A. ©. T. Wu. The first named author is gra- 
teful also to the Governing Body of Christ Church for their continued 
leave of absence, and to the Physics Department at Brookhaven for its hospi- 


tality. 


Notes added in proof. 


1. — G. Bonnevay (Some analytic properties of three-pion decay amplitudes, Bir- 
mingham, preprint) has independently come to conclusions identical with ours. He 
notes in addition that if at least one of the variables s and £ is confined to its upper 
half plane, then subject to this explicit restriction the amplitude has a Mandelstam 
representation. Thus there exists a sheet on which the function has no complex 
singularities; but this sheet overlaps the physical sheet only in part. 

In the same paper, BONNEVAY gives an analytic proof that the exact boundary 
and Landau curves can at most touch but never intersect. 

We are grateful to Dr. BonnEvay for sending us a preprint of his work. 


2. - Fig. 4(b) is incorrectly drawn. Actually at the double point both tangents 
have finite slopes. 


RIASSUNTO (*) 


Studiamo le proprietà analitiche dei più semplici diagrammi di Feynman ad una 
sola ansa il cui contributo al decadimento K 3x dipende da entrambe le variabili 
indipendenti dell’energia. Questo studio viene effettuato sostituendo le due linee pio- 
niche doppie interne con linee singole fittizie aventi masse di riposo discrete À, e A, 
ed integrando in 4, e A, alla fine del calcolo. Le proprietà analitiche dell’ampiezza 
effettiva sono quelle dell’ampiezza fittizia al limite in cui À, e À, tendono dal di sopra 
indipendentemente al valore di due masse pioniche. L'ampiezza ha delle singolarità 
complesse e non soddisfa ad una rappresentazione del tipo di Mandelstam. Tuttavia 
una rappresentazione unidimensionale della dispersione solo con tagli reali vale per 
una variabile se l’altra variabile viene fissata ad un valore reale qualunque. Facciamo 


brevi commenti sul cambiamento delle proprietà dell’ampiezza quando la massa del 
mesone K cresce oltre il punto di instabilità. 


(*) Traduzione a cura della Redazione. 
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Analytic Properties of the Three Point Function. 
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(ricevuto il 22 Giugno 1961) 


Summary. — For the vertex function in lowest order, the part of the 
Landau surface which is singular on the physical sheet is identilied 
for the general case of three complex external masses. The result is 
extended for the seven other sheets obtained by crossing the normal 
(two-particle) branch cuts. Applications to production processes and 
reactions involving resonant or unstable states are indicated. 


Introduction. 


In this paper, we shall give a complete description of the location of the 
singularities of the vertex function in lowest order perturbation theory, con- 
sidered as a function of three complex variables. Although the main results 
are probably known to specialists in this field (1), we think that the treatment 
provides an instructive illustration of the continuity arguments of TARSKI (7%), 
POLKINGHORNE and SCREATON (2) and EDEN (3) and others; also, the results 
are needed in the study of production amplitudes or decay processes. 

After a short description of the general method (Section 1) which is appli- 
cable to diagrams of any order, in Section 2 we study the properties of the 
vertex function on the physical sheet. In Section 3 we extend the result for un- 
physical sheets and in Section 4 we discuss possible applications. 


) G. KALLÉN and A. WiGHTMAN: Mat. Fys. Skr. Dan. Vid. Selsk., 1, 6 (1958). 
(19) J. TARSKI: Journ. Math. Phys., 1, 154 (1960). 

) J. C. POLKINGHORNE and G. R. ScrEATON: Nuovo Cimento, 15, 289, 925 (1960). 

) Rod: EDEN: Phys. Rev., 12%, 1567 (1961). 
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1. — General methods. 


The possible singularities of à given Feynman graph are those associated 
with all possible contractions of it (« lower order » singularities), together with 
the «leading » singularity, which comes from the (uncontracted) diagram itself. 
Assuming we know the positions of all the lower order singularities, we define 
the « physical sheet », in the complex space of the external invariants, by cuts 
starting from the singularities. The Landau conditions (*) for the uncontracted 
diagram then define a certain surface Y in this space. The problem is to pick 
out the part of Z which is singular inside the physical sheet; to save repetition 
in the following this will be called simply the singular part, and the remainder 
the non-singular part. 

The procedure is to find first one point P of Z which is non-singular; then, 
by continuity, all points of 2 which can be joined to P by lines on 2° which 
do not cross a cut are also non-singular. We see, then, that the only parts 
of Y which can possibly be singular are those which can only be reached 
from P by crossing at least one cut. To know if such parts are indeed singular, 
it is sufficient to examine one point inside each part. That is, the cuts make 
a separation of Z into singular and non-singular regions. Of course, there is ini- 
tially a certain arbitrariness in the choice of the cuts, but they should be chosen 
such that they give the right Feynman conditions when the external invariants 
are in the physical region for any process represented by the given graph. 


2. — The vertex function. 


We discuss the singularities of the Feynman amplitude F, associated with 
the graph Fig. 1a), considering it as a function of the three external inva- 
riants pì, real or complex. That is, 
we study # in a 6-dimensional space. 


DD Using the familiar notation (5), we de- 


fine pj=m}+mi—2m,mx, and pi, Di 


b) cycheally in terms of y and 2. Apart from 
(eee, Mlb, inessential factors, / is then given by 
LL 
(1) F iT fl 0(1 — a, — a,— a,)da,da,da, 
ra = 2 O CNW Sé uf RTE CS 
J J [Oy + Oy + x3 + 2,430 + 2X3%,Y + 200,022]? 
0 0 F 


(4) L. D. Lanpau: Nucl. Phys., 18, 181 (1959). 


(5) R. KarPLUS, C. M. SOMMERFIELD and E. H. Wicumann: Phys. Rev., 111, 
1187 (1958). è 
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The condition for a leading singularity is 


= 
bo 
DE 


or + y? + 22 — 2aye —1=0. 


The lower order singularities are given by the vanishing of the leading 
minors: 


DEEE y=+1, 2 = +1. 


By examining the denominator D in (1), it is clear that none of #, y, 2= +1 
is a singularity, while all of x, y, 2——1 are. The latter correspond to con- 
tracted diagrams of the type Fig. 1 b). According to our general prescriptions 
in the [6]-space of (xyz) we have to define three cuts starting from these three 
branch points. 

Let us write X,= Rex, X,=Imx and similarly for y, 2. 

We define the cuts by 


(3) {4,<—1, X,= 0}, el 70) {Z,<—1, Z, = 0}. 


We know that when two of the variables correspond to real physical masses, 
the cut in the third variable lies on the negative real axis. When these two 
variables become complex the position of the cut in the third variable is à 
matter of definition. 

The surface Z in the [6]-space is a [4]-variety defined by 


X+YÎ+ Zi-2XYZ-1—- 
(4) — (X5+4 Yi+ Zi 2X, YZ. 2X,Y:Z, — 2X,Y,7,) =0, 
XA YY, + ZZZ &,Y,2, — XI Y;7, — XKZ,= 0. 
Each of the cuts (3) is half an Euclidean [5]-space which intersects 2° on 


a [3]-variety which separates the singular regions of 2' from the non singular 
ones. 


21. One variable fixed and real. — First let us fix one external variable z 
at a real value, say Z,=a, Z,=0, with a>—1 so as to avoid the cut in 2. 
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ZX is now a [2]-variety embedded in the [4]-space (4,4% Yi Ya). We can give 
a brief geometrical descritpion of it. 

Take a in the range —1<a<1. The intersection of Z by the subspace 
Y, = 0 is, by (4), a curve of the fourth degree degenerated into an ellipse in the 
(X,, Y,) plane and a hyperbola in the plane (aY,—X,—=0, Y:=0), which is 
perpendicular to the (4, Y:) plane and passes through the tangent points 
x=+a. The intersection of XY and X,—0 is similar, containing the same 
ellipse; so is the intersection of Z and any [3]-sub-space aX,+fY,3=0 ro- 
tating arourd the intersection of X,—0 and Y,=0, that is, around the plane 
(X,, Y,). Fig. 2 represents the projection of 2° on the [3]-subspace Yi 
In this projection the hyperbola [X,= 0] is degenerated into the double line /. 


Fig. 2.- Projections in 3 dimensions of 2 showing the shaded region. a) Z real be- 

ween —1 and 1 (J is only a double line due to the projection). 5) Z real less 

than —1. £ should be completed by symmetry in the X,Y, plane. Only the shaded 

region (half of £) is represented. The ellipses are intersections of x by the sub- 
spaces aX, + PY,=0. i 


Now, the cuts we have defined above divide Z into two regions separated 
by the thick lines in Fig. 2a). To find which part of Z'is possibly singular, we 
start at a point P®:(e® y®) not on 2, such that X®, YO>1 xo, Yo 0 
At P®, Fis non-singular. We now increase X till no nn uz a DI EA 
Along this path, no deformation of the «-contours is necessary since D never 
vanishes in the domain of integration. So F is well-defined: ne (Latte 
and is non-singular there. It follows by continuity that the only part of x 
which can be singular is the shaded region. 
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The only way to enter this region without crossing a cut or leaving Z is 
to pass through one of the singular points on XY, #=—1 or y=—1 (A and 
B on Fig. 2a)). Let us consider the point (vyz) on ©. Then, in the « [4]-space 
(there are two independent «’s, both complex) the surface D — 0 degenerates 
into two planes meeting in a point M(xy2) (coincident singularity). The point 
(æy2) is non-singular as long as M is not inside the region of integration. When 
we cross the point æ——1 or y——1, M penetrates the integration do- 
main (5); along the arc AB of Fig. 2; M is inside the integration domain 
and the points of the arc are singular, so that, by continuity, all the shaded 
region is singular also, despite the fact that M is then no longer inside the 
original integration domain. 

Next, consider the case a > 1. The surface can be traced out as before. 
In this case all the intersections of Z by the [3]-subspaces xX,+Y,= 
contain the same real hyperbola in the (X,, Y,) plane, the branch L:[X,< —1, 
Y,<—1] of which is therefore the only line of separation on Z. As before, 
the point P is non-singular and so are all points which can be reached from 
P without crossing L or leaving 2. But now any point on 2 can be reached 
from P, including any point of L itself, so that » is entirely non-singular. 
In a part of L, the double point M comes into the domain of integration; but 
we can reach such a point, following 2, without passing through the border 
of this domain, so that although the coincident singularity comes inside the 
integration region, it does not pinch the contours and the corresponding point 
(xyz) on X is not singular. 

To consider the case a<—1, it is necessary to give a small imaginary 
part to a, since F has a cut from a=—l1 to a=— co. At this stage we 
must therefore consider F as a function of three complex variables. 


22. All variables complex. — We know already from Section 2°1 the sin- 
gular character of some points on 2, and we shall use this to find a starting 
point P on 2° which is non-singular. Clearly it is now not so easy to repre- 
sent 2 on paper. For our purposes, it will be enough to consider the projections 
of it onto the x, y and 2 planes separately. For some given e, Z may be con- 
sidered as a mapping of the w and y planes onto each other. 

We must be careful to remember, however, that the mapping of, for ex- 
ample, the y-plane onto the x-plane is a double one: 


(5) e=y+[1_-y)1_—-2)}, 


in other words a point y in the y-plane is actually the projection of two points 
on 2 which have two different x-projections. 

(6) M. FowLER, P. V. LANDSHOFF and R. W. LARDNER: Nuovo Cimento, 17, 956 
(1960). 
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One can show from eq. (4) that the image in x, on the «-plane, Di the real 
y axis is a degenerate quartic, made up of a hyperbola and an FPS foci 
+1, and passing through the points «= +2 (Fig. 3). The same is true, 


== 


z-plane 


A +1 


z-plane 


=1 +1 


b) 


Wiikey, By 


of course, of x and y interchanged; in the following though, for definiteness, 
we shall continue to consider only the mapping of the y-plane onto the x-plane. 
For 2 real and greater than 1, or less than — 1, the hyperbola collapses onto 
the real axis, while for 2 real, —1<%2<1, the ellipse collapses. When Z,>0 
the line of separation on © coming from the cut [ Y,<—1, Y,= 0] is the left 
branch of the hyperbola (Fig. 3 «)); when Z,=0 the two branches collapse 
onto the imaginary axis, and when Z,< 0 the right branch is the line of se- 
paration between singular and non-singular parts of 2° (Fig. 3 b)). Of course, 
the line of separation [X,<—1, X,= 0] is also a branch of a hyperbola 
which, in projection on the plane, collapses onto the real negative axis X,<— 1. 
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To have a complete description of Y, instead of doing cumbersome pro- 
Jections onto other planes, it is enough to follow the mapping » along simple 
lines like those which project on the y plane into straight lines parallel to the 
real y axis. Fig. 3 a) represents the image in Z of a line near the real y axis, 
with numbers to indicate qualitatively the correspondence as Y, decreases 
from -+co to — co. 

This method enables us to see how the two dividing lines effectively se- 
parate 2' into two parts, which are represented in the x and y projections in 
Fig. 3 a) and 35), for Z,>0, Z,<0 respectively. Moreover, when y pene- 
trates the shaded (either hatched or dotted) region, only one of the two cor- 
responding #’s is in the shaded region. We shall call a point «in the shaded 
region » if both its projections on the x and y planes are in the shaded region. 

To find which part of 2° is singular, we again have first to find a point P 
which is non singular. This we can do using the results of Section 1. For 
example, we know that for y and + real and greater than 1, say y®, 2, there 
are two points on 2), say PW: (11, y®, 20) and P®: (a, y®, 20) neither of which 
is singular and for both of which x is real and greater than 1. We now increase 
ZY, y® being kept fixed, so that we get a figure like Fig. 3 a), with a dividing 
hyperbola branch to the left. Then, since during this motion X®, X® — 0, 
the points P™, P® remain inside the unshaded region without ever crossing 
a line of separation. 

Then, by continuity, the only part possibly singular is the shaded region. 
To find the character of this shaded region it is enough to know the character 
of one of its points: let us take z=a, a real and —1<a<1. From the re- 
sult of Section 2°1 we know that the points of the are AB of Fig. 2 are in the 
shaded region and singular. But, for any 2, we can join any point of the cor- 
responding shaded region to a point of AB by a continuous path traced on x, 
and avoiding any cut. 

Hence we have seen that for any complex value of z, the corresponding 
shaded region is the only singular part of 2°; and this gives us the complete 
location of the singularities of F (xyz). 

We may summarize the results of this section as follows. Suppose we have 
a problem in which two of the variables, say y and ¢, are fixed and we are 
interested in the analytical properties of F in x. For the given y and 2 (5) 
gives the two «’s (x*) which lie on 2. For the given 2 we construct the dividing 
hyperbolae in the x and y planes, obtaining a figure of the type 3 a) or b), 
depending on the sign of Z,. Then: 


a) if y is not in the shaded region there is no anomalous singularity 
in æ (neither of æ+ is singular); 


b) if y is inside the shaded region, one of the x* is singular. 


There are two other points to notice. First, the problem is of course com- 
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pletely symmetric ina, y and 2. Second, when we have located an anomalous 
branch point «+, say, the physical sheet, according to our general definition 
in Section 1, must be defined by a cut starting from x*. 


3. — Analyticity properties on unphysical sheets. 


The discussion of Section 2 relates to the physical sheet of F(æyz)—that is 
the topological product of three cut planes. Now, since it is known (7) that 
each of the normal thresholds is a square root branch point, that is it gene- 
rates two sheets only, we can introduce seven other sheets for F. We call 
these eight sheets (PPP), (UPP), etc., and the corresponding functions F pp; 
Porp: 
sical » and « unphysical ». 

The analytical properties of Æ on these unphysical sheets are of interest 


ete., where the indices refer to the x, y and + planes and mean « phy- 


for at least two reasons. Firstly, knowledge of a scattering amplitude on an 
unphysical sheet gives us the properties of the absorptive part of the amplitude, 
defined in terms of the difference between the amplitude on the corresponding 
physical and unphysical sheets (°). 

In our case, in the «æ»-channel for example, the absorptive part is de- 
fined by 


Secondly, using perturbation theory in the extended sense of LANDAU (*) 
we can consider cases in which one of the particles in Fig. 1 is unstable (re- 
sonant state). The corresponding x-variable must then be taken complex, and 
on the unphysical sheet (*). 

As an example, we shall discuss /,,,. To know the singular character of 
any point A on 2, we join it to a point B on Z by a path on 2 which crosses 
only the «-cut once. From Section 2 we know the singular character of B 
ale enone on (PPP)—for example, suppose it is 
singular: that is, we find a singularity 
of F at B if, starting from an arbi- 
trary point M on (PPP), we approach 
B by following a path which crosses 
no cut. By continuity A is singular 
also if we approach it from M by a 
path such that the curvilinear trian- 


Fig. 4. 


(7) R. OrHME: Phys. Rev., 121, 1840 (1961). 
(8) R. E. CurkosKr: Journ. Math. Phys., 1, 429 (1960). 
(*) One of us (G.B.) thanks Prof. STANGHELLINI for pointing this out to him. 
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gle ABM does not contain a branch point. The situation is illustrated in 
Fig. 4 and from this figure we see that MA crosses the x-cut without crossing 
any other cut. That is, penetrating (UPP) we find A is singular, while it was 
non-singular for (PPP). 

By a repeated application of the same argument we find 


a on { i ni ar anonlar 7 «he 
a) the four functions P,,,, Poop» L rovi Lory are Singular in the shaded 


region and non-singular in the unshaded region; 


P F F 


b) the converse holds for the four functions F IRE Oot 


UUU ? PPU? 


We remark that the « non-Landau » singularity discovered by CUTKOSKY (8) 
which occurs when pi = (Vp+vV pi}, never appears on the eight sheets we 
have discussed—that is to say provided we never encircle an anomalous branch 
point. But we must not forget that on the sheet UPP, the branch surface 
æ— +1, becomes singular now, since the x cut has been crossed. In the same 


way, the surfaces x = +1, y=+1 are singular for F,,,; ete. 
4. — Applications. 
41. Production processes. — The general description of Section 2 enables 


us to treat cases in which external instability holds at any vertex, and cases 
in which there is some relation between x, y and 2. Both cases occur in pro- 
duction amplitudes. 

Consider the amplitude for the five particle process p,+p, > p3+ Pat Ds 
(the p;s are four-momenta). Of the ten possible external invariants p,-p; 
only five are linearly independent: the remainder, labelled collectively S, are 
redundant. Suppose we want the analytic properties of the amplitude in a 
momentum transfer variable, say A?=(p,—~p;)? the other variables being in 
the physical region. Among the contractions of higher order graphs, there 
will be vertex diagrams of the type of Fig. 1, with external variables I, A? 
and M2, where M is the mass of one of the (stable) five particles. I may be 
an energy variable independent of 4?, or it may depend on A? and possibly M?. 
Let us call x, y, 2 the variables associated with A?, I, M?. Then z is always 
real and between —1 and 1, and the situation for x and y is described by 
Fig. 2, or by Fig. 3 with the ellipse collapsed onto the real axis. 

If I is an energy variable independent of A’, y is real and <—1. We 
must, therefore, specify how we approach y, since it lies on the cut: this is 
determined by the Feynman rules for obtaining the physical function, which 
imply that y must be approached from the lower half plane, so that y is in 
the dotted region. We see that the root for # which is in the dotted region 


= 
t 
10 
ce 
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(positive imaginary part) is singular. This result has also been given by LANDS- 
HOFF and TREIMAN (?). 

If, on the other hand, there is a relation between x, y and + because I is 
redundant, we have only to solve (2) and apply the rules of Section 22, This 
is true even if the relation is not linear. For example, to discuss the singu- 
larities of the total cross-section for the process it might be convenient to choose 
a scattering angle as an independent variable. Let us define t= (p,— Pa), 
s—(p;+p1). If we take 0 to be the scattering angle between particles 1 
and 4 in the c.m.s. of particles 3 and 4 we find: 


il 
(6) t=mitm— pl — m2 + mi)(s — mi + A?) 


— ([s — (ms + m,)*][s — (ms — ma)][s — (m+ 4)? 1 [8 — (mu — A)*])? cos 0} ; 
so that one of s and t is redundant, and the relation is non-linear. 


42. Reactions involving unstable particles (resonant states). — In the isobar 
model of pion production in x-.N scattering one has to consider anomalous 
thresholds coming from the graphs of Fig. 5 a), 9). For Fig. 5 a) one needs 


the properties of F,,, and for Fig. 5 b) those of F in the latter case the 


vUP? 
singularities are the same 


n/n n\ In my /n as those of F,,, and one 
re! x x finds that there is an ano- 
nf st mf sgt mi sn malous threshold inside 
ZB ot N por di TX ai the physical region. 
O D 0) In the K — 3x decay, 
ions 


go. 5. | for the graph shown in 

Fig. 5 e) internal instabi- 

lity holds and there is no anomalous singularity. Then, as was pointed out by 

G. BARTON and ©. KACSER (1), one can write a double dispersion relation of 

the Mandelstam type for the square of the K-mass and for the square of the 
energy $= (Pit Pr)”. 

Despite the fact that the K is unstable, to first order in the weak inter- 
action its lifetime must be considered as infinite compared with the time of 
interaction between the final pions, and it is correct to neglect the imaginary 
part of its mass (*). However, for a strongly interacting resonant state, like 
a supposed three pion resonance, the mass variable should be considered as 


(9) og V. LANDSHOFF and 8S. B. TREIMAN: Nuovo Cimento, 19, 1249 (1961). 
(2) G. BARTON and ©. KACSER: preprint (Princeton, 1961). 
(*) This argument has been given to one of us by Professor Stroffolini. 
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in the unphysical sheet, and anomalous thresholds would appear for the 
energy s. 


Two of us, IJ.R.A. and J.S.D. are grateful to the D.S.I.R. for the award 
of Research Studentships. 

Further, G.B. expresses his gratitude for the hospitality afforded him at 
the Department of Mathematical Physics and is indebted to the D.S.I.R. for 
a Senior visiting Fellowship. 


RIASSUNTO (*) 


Nelle funzioni di vertice dell'ordine inferiore, identifichiamo, per il caso generale 
di tre masse esterne complesse, quella parte della superficie di Landau, che è singolare 
sul foglietto fisico. Estendiamo il risultato agli altri sette foglietti ottenuti attraver- 
Sando i tagli normali dei rami (a due particelle). Indichiamo le applicazioni ai pro- 
cessi di produzione ed alle reazioni che coinvolgono stati risonanti od instabili. 


(*) Traduzione a cura della Redazione. 
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IL NUOVO CIMENTO Vou. XXI, N. 


Some Properties of High Angular Momentum 
Partial Wave Scattering Amplitudes. 


P. B. JONES (*) 
Clarendon Laboratory, University of Oxford - Oxford 


(ricevuto il 22 Giugno 1961) 


Summary. — The form of the amplitude at low energy is shown to 
determine {— 1 moments of the function, in the partial wave dispersion 
relation, which is the discontinuity across the unphysical branch cut. 
An inequality is given for the number of zeros in this funetion. The form 
of the moment sequence necessary to give a partial wave scattering 
amplitude consistent with unitarity and the partial wave dispersion 
relations is investigated. It is suggested that the sequence must be such 
that the absorption is a slowly varying function of the impact parameter. 


1. — Introduction. 


The purpose of this note is to examine some properties of high angular mo- 
mentum partial wave amplitudes for nucleon-nucleon scattering. The starting 
point is the partial wave dispersion relation (**) in the variable w=k?, k 
being the momentum in the centre of mass system. The nucleons are assumed 
to have spin 0 and to be of equal mass M. The partial wave amplitude is 
an analytic function in the © plane cut from w—0 to +oo and from — co 
to —w2/4, w being the pion mass. The discontinuity across the right-hand 
branch cut is proportional to the imaginary part of the physical amplitude, 
but the discontinuity across the left-hand (unphysical) branch cut is unknown. 
The form of the partial wave amplitude near ©= 0 (it is proportional to @’, 
where J is the angular momentum) is shown to determine the first /—1 mo- 
ments of the discontinuity across the unphysical branch cut. 


(*) Central Electricity Generating Board Research Fellow, St. Catherine’s College. 


(1) G. F. Cnew: Dispersion Relations (ed. by G. R. SCcRBATON) (London, 1961), 
(2) S. W. MacpowELL: Phys. Rev., 116, 774 (1960). 
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In Section 2, these moments are shown to be part of a Hausdorff moment 
sequence so that an inequality can be stated for the number of zeros in the 
discontinuity across the unphysical branch cut. The problem of constructing 
the real part of the amplitude from the moments is considered in Section 3. 
A further problem is the range of © for which the real part is approximately 
determined by the first 7—1 moments only. 

The analysis of high energy elastic scattering usually employs an absorbing 
dise model of the interaction. This is a model, based on the classical relation 
between angular momentum and the impact parameter, in which a value is 
assigned to each partial wave amplitude. For example, in the uniform disc, 
the imaginary part of the amplitudes are constant for all / up to some maximum, 
beyond which they are zero. The form factor of the model dise is directly 
connected by the relation {= Rm, where R is the impact parameter, to the 
discontinuity across the right-hand branch cut. It is possible that not all 
such models are consistent with unitarity and the dispersion relation which 
each partial wave satisfies. An attempt to investigate this problem is made 
in Section 4, where it is suggested that the form factor must be such that the 
absorption varies slowly with the impact parameter. 


2. — Relation to the Hausdorff moment problem. 


The invariant scattering amplitude is that defined by CHEW (1) and is re- 
lated to the partial wave amplitudes by 


(1) A(w, cos) = > (21 +1) A;(@) P,(cos 6), 
1=0 


the partial wave amplitudes satisfying 


wo + M-\? 


(2) A-(@) = | | exp [id] sin 6, 


(00) 


where 6 is the complex phase shift. To obtain the limit of the imaginary part 
of A, as @>+ co we start from the optical theorem, which is 


(3) im-A(@, 1) = a - Volo + M2). 


Introducing the impact parameter À, we have from eq. (1), for a given ©, 


(4) Im A(@, 1) = ©R Im A,(o) (> 1), 


65 - Il Nuovo Cimento. 
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where it is assumed that the imaginary part of A, is independent of ! to within 
an order of magnitude (*), and Ry is the maximum impact parameter. Then 


(5) Im A,() = 07 (47R) * 


as @->+ co. For the present problem, the precise behaviour of the total 
cross-section o, in this limit is unimportant. It is assumed that Im À, — «, 
a constant. 

A, satisfies the dispersion relation (°°) 


co =D 


a fe (ox (i fi(l, ©) wo! fa ry fall, w') 
(6) i dea SO w'*(@'—  — 1e) I CAO È, o) 


0 =o. 


where f, and f, are given by 


= lim ta [A:(0'+ ie) — A (w'— ie)], 


E>+0 92 


(7) 


fi=f— Jim, 5 [Ai(o'+is)— Ao ie)], 


E40 2 


and i is an integer such that 1<i<l. The single pion exchange amplitude A; 
has only the left-hand branch cut and may therefore be separated as in eq. (6). 
From (6) and the binomial expansion with exact remainder, 


1 1 
(8) L ui 1 MODE _(@ al 
/ enni TIE Li I / ’ 
w'— w w to) a) @'— © 
we obtain the set of relations 
co) —u? 
1—1—2 —i-2 
(9) Jo iodio -| Hu (lo) dc, 
0 


—œo 


for integers à such that 0<i<l—2. In deriving (9), the property that 
l ‘ =: ac à ‘ à i : i 1 
A,oc wm’ near @—+0 has been used. The pole in the integrand at @+ie gives 
terms O(w/m))"', where {= R,V@,, which may be neglected. 
Define 


(10) z= — lo", ple!) = fall, 0) 


(*) This would be exactly true for a uniform dise model. 
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then 
x 
(11) [=‘e(e') de’ = Mpa 
0 
where 
(12) ve = (— ay | (1, co!) deo’ , 
0 


so that we have the first /—1 equations of a Hausdorff moment problem, 
the signs of the first /—1 moments », being just (—1)*1. The relation be- 
tween the number of changes in sign of the complete Hausdorff moment se- 
quence and the number of zeros in ¢(2’) has been derived by WIDDER (3). 


z 


Let us assume that œ is such that [ p(2’) de’ is of bounded variation, for 2” 
0 


in (0,1). The statement (theorem 44) is the following: if g(e') has n zeros 
in (0,1) then the sequence », (iî=0, 1,...) has m<n changes in sign. It fol- 
lows then that m has at least Z7—2 zeros in (0,1). 

Nothing can be said about the positions of the zeros except that it is likely 
that some are very close to the branch point at —y?. This may be seen 
by considering the relation between f, and the absorptive parts A, and A, 
for the other two channels (1) 


1 1+(2M*/o') 
(13) fe(l, ©!) = — 7] de P(x) A, (x, w') — 7 dæP,(x) A,(x, w'), 
—1-@u?/œ") i 


where 4 = così. The zeros x, in the Legendre polynomials P,(x) are also re- 
quired. For large ! we have, by asymptotic expansion (4), 


2 (20 — 1)! 


>smo (20)! 


(14) P,(&) = cos È 


4 


with 0<0<%7. The first two zeros are 


(3) D. V. WIDDER: Trans. Amer. Math. Soc., 36, 107 (1934). 
(4) R. Courant and D. HirBerT: Methods of mathematical physics, Vol. I, (New 
York, 1953) p. 533. 
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For small w’, only A, will contribute to f.. The values of w’ for which the lower 


limit of integration in (13) coincides with a zero of P,(x) are 


(16) i 7 


for q<1. In (13), for q=1 and 2, the integration is over only a small area 
of the vm’ plane so that it is almost certainly true that A, is nearly constant 
and therefore that the first zero in f,(/, w') will lie between wo, and Wy. It is 
possible that the positions of other zeros may be given by the same arguments. 
It is a further consequence of the rapid oscillation of P(x) that f, will be small 
near — u?. This part of the unphysical branch cut, which may include many 
zeros, is therefore unimportant in eq. (6). 


3. — Methods of solution. 


The contribution from the unphysical branch cut is, for 7=1 in eq. (6), 


17) Be) == | 


where 2= u?/o. We indicate three methods of calculating B(z) in terms of 
the moments, which involve representing (¢+<')-! by a polynomial in 2’. 


A) The most simple method is a binomial expansion. This gives 


(18) Be) = 


where A(z) represents the higher moments which are not given 
B) An expansion of (2+2')1 i e e 
y > ate in or "ON: ials r ex: 
( ) orthogonal polynomials, for example, 


those defined (5) in (0,1) by 


Led 


(19) Tale) = En) 
Ae) (2) GE 


(0) dh eds nol 9] ID “IL IN: Th + 
Pee see at, € AMARKIN: The problem of moments (Amer. Math. 
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The coefficients in the expansion are obtained by the orthogonality relation 


si 


(20) (20 + 1) [Le Lea = Ou, 


0 
C) Define the Laplace transform W(e, w) of (¢+2')* so that 


(co) 1 
ae 
(21) B(2) = — fau as W(z,u)g(2') exp [— 2’u]. 
IT 
0 0 


The upper limit in the w integration may be replaced by a finite number, %, 
the remainder being represented by an expansion in the polynomials of me- 
thod 5). 


4. — The imaginary part of the amplitude. 


The methods of solution given in Section 3 can be used to investigate the 
real part of A, for a given f,(l, w'). The total scattering cross-section given by 
single pion exchange is proportional to w~*, as © ++ oo. For large w, the 
single pion exchange amplitude A is therefore a small proportion of the com- 

! 


plete amplitude and it is sufficient to calculate the difference Ai = A,—A,. 
The amplitude should satisfy the following three conditions: 


i) A, satisfies the dispersion relation (6), 
ii) A,oc @' for © near +0, 
iii) |A:|<((0+M?)/0)} for w > 0. 


The problem attempted in this section is to determine some of the properties 
that f, must have in order that the amplitude A, satisfies these three condi- 
tions. No complete or rigorous solution is achieved but it appears to be pos- 
sible to construct model (*) functions f, for which A, does not satisfy con- 
dition iii). 

The method is to replace (2+2/)-1 by a polynomial in e’. The most con- 
vergent polynomial is obtained by method C). The remainder (corresponding 
to u> vo) is (e+2’)-1 exp [— (1+(2'/2))] where w, =1/z. This function is small 
for <'> but is important. Owing to the exponential term, (242) 1 need be 
represented by a polynomial only for a small range 0 <2'<2Je, where ¢ is a 


(*) These calculations were carried out on the Ferranti Mercury digital computer 
at the University of Oxford Computing Laboratory. 


3585 


1018 P. B. JONES 
constant less than unity. Introduce the variable y, 0 < y <1, so that 


e 


(Are) a (E), 


then (c+y)-! may be represented by an expansion in the orthogonal poly- 
nomials (19). 

Let us consider neutron-proton scattering at 25 GeV, so that representative 
numerical values are f=20 and @= 2054? For a model 


(UE @ =D 
Ti, D > Wo 
W . . . . 
the calculated values of À, are shown in Fig. 1. The sharp negative increase 
with © is inconsistent with condition iii) unless x < 0.5. For these values of 


©, the ratio of terms containing »,, and » is very small and the convergence 
of the method is good for the first /— 1 moments. 


=} KO, 
ee) 20 
Fig. 1. — The amplitudes Aj(w) and fi(l,@) are in units of «. @ is in units of Wo - 


The rate of negative increase clearly depends on the rate of decrease of the 
moments »,. is is de str sec ar i i i 
S »;. This is demonstrated by the second part of Fig. 1, in which 
fi (1—(@/w)) for o>. For this model, the negative increase is less rapid. 
In order that condition iii) be satisfied, f, must be such th 
the higher moments become important befor 
example 3<i<l—2. The moments for 0< 
as rapidly as possible with increasing 7. 


at with increasing ©, 
e the intermediate moments, for 
i<l—2 must therefore decrease 
This implies a function f, equivalent 


cn 
Le] 
ce 
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to a model dise having a diffuse form factor, so that the absorption varies 
slowly with the impact parameter. 

For ©@>@, both the real part of the phase shift and its momentum deri- 
vative are negative. The idea that the rate of negative increase of Ai must 
be limited is therefore accordant with the lower bound for the momentum 
derivative of a real phase shift derived by WIGNER (‘). In the present case 
though, the physical interpretation is not so clear. 


(6) E. P. WiGnER: Phys. Rev., 98, 145 (1955). 


RAEMSISIUINENOS(É) 


Si dimostra che la forma dell’ampiezza a bassa energìa determina /— 1 momenti 
della funzione nella relazione di dispersione dell’onda parziale che dà la disconti- 
nuità nel taglio attraverso il ramo non fisico. Si dà una disuguaglianza per il numero 
degli zeri di questa funzione. Si studia la forma delia successione di momenti necessaria 
a dare un’ampiezza di scattering dell’ onda parziale compatibile con l’unitarietà e le 
relazioni di dispersione dell’onda parziale. Si suggerisce che la successione debba essere 
tale che l’assorbimento sia una funzione lentamente variabile del parametro d’urto. 


(*) Traduzione a cura della Redazione. 
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Coherent and Incoherent Nuclear =’ Photoproduction. 


S. M. BERMAN 
CERN - Geneva 


(ricevuto il 30 Giugno 1961) 


Summary. — A simple treatment of neutral pion photoproduction in 
complex nuclei using closure and neglecting nuclear absorption of the 9, 
is considered in the region of small momentum transfer. In addition 
to the usual incoherent process in a nucleus the fact that the nucleon 
on which the 7° is produced does not change its charge gives rise to the 
possibility of a coherent addition of the production amplitude over the 
whole nucleus provided the momentum transfer to the nucleon is not 
large compared to the inverse nuclear size. Because the spin indepen- 
dent part of the production amplitude which is responsible for the coherent 
process, has a sin 6 dependence (6 is the angle between pion and photon), 
the coherent cross-section will vanish in the forward direction and will 
reach a maximum at an angle 0,,= (1.87) [Kr 43], where K is the 
photon momentum and 7,4! the charge radius of the nucleus. Due to the 
fact that the maximum does not occur at zero angle the ratios of the 
coherent cross-section at 0,, will behave as 4% rather than A? in different 
elements. An estimate of the incoherent process is included and it is 
shown that this cross-section is less than the sum of A free nucleons 
for small momentum transfers and reaches the free nucleon value as 
the momentum transfer approaches the Fermi momentum. 


The possibility (1) of measuring the 7° lifetime through the Coulomb pro- 
duction of neutral pions (2?) makes the study of other means of producing 
neutral pions important in giving a clear cut interpretation to the lifetime 


experiments. Furthermore, these other means of producing neutral pions 


may prove useful in gaining information about complex nuclei. For these 


(*) A. V. ToLLESTRUP, S. M. BERMAN, R. Gomes and H. RUDERMAN: Proceedings 
of the Rochester Conference (New York, 1960) n 272 
(°) H. PRIMAKOFF: Phys. Rev., 81, 899 (1951) 
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reasons we consider here an elementary treatment of x° production in complex 
nuclei. The approach used is similar to methods used by LAx and FESHBACH (3). 

The general matrix element 7 for the production of neutral pions by 
photons on a target nucleon can can be written as 


(1) T = exp [tq'r][(B + 6-C)t-t+ + (D+ o-E)t+t-] = 
= exp [ig:r][at-t+ + bt+t-], 


where q = K— p is the difference between the photon and pion three-momenta 
and t~ = (tT, + it,)/2 are the isospin operators for nucleons. The cross-sections 
for neutrons and protons are proportional to |a|? and |b|? respectively. For 
a nucleus with A nucleons the matrix element will be of the form of a sum 
over T, for each nucleon 


A 
(2) (P| M|I> = <F|> exp [iq-ri]a,t,t7 + bri ty] |D , 
t—1 
where |Z> and |F) refer to the initial and final states of the nucleus. 

The quantities B, C, D, E will, in the case of a single nucleon, be functions 
of the various momenta. If we consider the system in which the target nucleon 
is at rest these quantities will depend only on p and k and not on the nucleon 
momenta which can be eliminated by the conservation of momentum. In the 
treatment here the assumption is made that in order to connect the single 
particle cross-sections with the cross-section in complex nuclei the quan- 
tities B... E shall be approximately independent of nucleon momentum. 

The differential cross-section is obtained by squaring the matrix element 
given by eq. (2) and summing over all final states # which are energetically 
compatible with the condition that 

E, = K—(p?+ m2}. 
Since in medium to heavy nuclei many states are contained in an energy 
interval of about 10 MeV and since there is probably that much spread in 
the experimental determination of the 7° energy, we make the approximation 
that the sum over final states can be replaced by closure and that for rea- 
sonably high energy pions (#> 700 MeV) the pion energy is approximately 
equal to the photon energy. In that case 


(@)  ZIKFIMIDP=< IS Zexpliq-(ri—r;)]: 


[aa + rit b]y; y'a; + 77778; ]|D. 


(8) M. Lax and H. FEsHBACH: Phys. Rev., 81, 189 (1951). 
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Following Lax and FESHBACH (*) we divide the double sum into two parts 
where i=j and ij. The case i=j is quite simply 


(4) (IS T,T%|I)=N(|B|P+3|[0]) + Z([D|}+3|E]9), 


where N and Z are the number of neutrons and protons respectively. To 
proceed with the case i= 7j it is necessary to make two assumptions about 
the nuclear system namely that (a) there are only two nucleon-nucleon cor- 
relation functions, one for space symmetric motion and one for space anti- 
symmetric motion and (b) that these functions depend only on the distance 
between particles not on direction. Thus assumption (5) means that we are 
neglecting any surface effects on the nucleus. 

Taking advantage of assumption (0) we can write the terms in 7+7 as 


Ds. IDE ESE 
ij ii 


or 
6) YQ|T.T|D= | oe Lrrctor}(|B|2 + | O]26,-6,) + 
tj Dh ti 
+ 5507 G(BD* + CE*o;:6,) + t/t; 7,17 (B*D+ 0*Eo;:0,) + 
5 fe Gare, (e += | E |? 6;°G;) | [I ) 3 


n I ae ie) ” na È * es x 
where >’ means 1-4j and V,, is the part of 7,7, which depends on space. 
Following reference (*) we write eq. (5) as 


(6) D'A|2I]D=Y}+T)A]0,]D+4M- VW) A]0sPa]D, 


7,9 
where P,, is the space exchange operator 
5 —= 1 
P;;=— 4 (1 + 4;°6;)(1 + Tita) 


and where V,, are given in terms of integrals over the space symmetric and 
Space anti-symmetric correlation functions F 3 ol, “as 
s a 


È ui ‘si lr—r’ 
(© ai 


rai br — r'|) dr der. 


The spin and isotopie spin matrix elements can be evaluated by methods 
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similar to WIGNER (4) or PRIMAKOFF (°), for example 
did tT, 1,7, (14+ %°t,)|D = 
Evaluating the other terms in a similar way we have that 


BR 


> 10:11 = N? Z(B*D + D*B)— 


— N(|B|'-+3|0|)— 


Z{IDÈ +318) + 82+ 88, 


D'I|O,;P.;|I1) = —(N?/2)([B]}+3|C]?) 


tj 


— (Z°/2)( 


À) Ps 
—[(2*C+ C*E) + (B*D + D*B)][A—2(T°— (T3)?)] + 
+ HE" + CE) > tt; 0,-06,+ 38, + 385, 


where S,,= (| >[Q+7°)/2]o,|1> and where T and 7? are isotopic spin 


and third component of isotopic spin of the nucleus, respectively. 
Neglecting terms of order unity in (V,+V,) and of order A in (V,—V,) 
we have the differential cross-section in a medium to heavy nucleus as 
(8) do/dQ =[N*|B|?+ Z*| D|? + NZ(B*D + D*B)\(V, + V.)/2 + 
eG Eye STO a AU oe SE IERI) 22 
ENS ES REZZA ICT) 


To the extent that the 7° photoproduction cross-section from neutrons is 
the same as protons we would have B= D, C = E and the differential cross- 
section from a nucleus would take the simple form 
(9)  do/d@ = A?|B|*(V, + V,)/2 + Ado,/dQ{1 — (V, + V,)/2 

—[A—2NZ/A\(V,— V,)/4} = do,/dQ + do,/d2, 


where do,/49 is the cross-section in hydrogen and where do, is the coherent 
part of the cross-section, 7.¢e., proportional to A? and do, is the incoherent 
part proportional to A. 

Because the correlation functions are normalized to unity we see that the 
incoherent part of the cross-section vanishes at g?=0 and only the coherent 


(7), ESP] WIGNER? Phys: ev. 56, 519) (1939). 
(5) H. PRIMAKOFF: Rev. Mod. Phys., 31, 3 (1959). 
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part apparently remains. However, because B has a sin@ dependence, as 
shown below, the coherent part will also vanish at q?=0. 

In order to estimate the angular shape of both the incoherent and coherent 
parts it is necessary to use some specific form for the nucleon-nucleon corre- 
lation functions. For this purpose we take the correlation functions used by 
PRIMAKOFF (5) which have given good agreement for the case of muon capture, 


namely, 
(10) F, (Ir —r'|) = Floor) £ fr —r 1], 
where 
=1 ir-r'|<d, 
fr) 
A) |\r-r'|>d, 


where H is a normalization factor and where o(r) is the ground state expec- 
tation value of the nucleon density. 

The length d which plays an important role for PRIMAKOFF enters here only 
in the incoherent part in an exactly similar manner. 

Normalizing the correlation functions F,, to unity and for simplicity taking 
constant density we have from eq. (10) that 


(11) (V, + V.)/2 = [3/R%q°]?[sin gR — qR cos qk)’, 
where È is the nuclear radius. 
From this form of V,+V, the coherent part of the cross-section will vanish (8) 


when tg qR—qR, or using the approximate relation gRK0 for small angles, 
will vanish at an angle 


(12) 6) = 4.6/(Kr,A®) , 
where 7) —1.25 10-15 em. 
Even though (V,+ V,) is maximum at 0 — 0° the coherent part will have 


its maximum between 0 and @, due to the fact that the spin independent 
amplitude B must have the form 


B~e:-Kxp, 


for a target nucleon at rest and with e the photon polarization. Averaging 
. . È na i . . 4 x 
over polarizations makes B proportional to sin 0 and hence for small angles 


(9) K. BERKELMAN and J. WAGGONER: Phys. Rev., 117, 1364 (1960). 


3592 


COHERENT AND INCOHERENT NUCLEAR 7° PHOTOPRODUCTION 1025 


the coherent differential cross-section will be proportional to 
A?[3/R3K3]?[(1/0)(sin ARO — K RO cos KRO)}, 

where we have used gx K RO and have a maximum at 

(13) On = (1.87)/(KrsAŸ) . 


For example, in Pb at K=1 GeV 6,, occurs at approximately 3°. 

As a consequence of 6, occurring at a non-zero angle we see that sub- 
stituting 0, in do, the maximum values of the coherent differential cross- 
section vary as A* rather than 4°. Furthermore integrating between 0 and 6, 
yields that the total coherent cross-section varies as A*. 

In order to have an absolute number for the coherent cross-section some 
knowledge of B would be required but because a forward direction experiment 
in hydrogen can only give C and because there is no reliable theoretical esti- 
mate for B at energies above 500 MeV we are unable to give a definite value 
Lon os. 

In determining the nuclear cross-section we have performed the sum over 
all final states but as far as the coherent part is concerned it is readily seen 
that only the ground state can give a contribution proportional to 4?. This 
ground state matrix element is simply the electromagnetic form factor of 
the nucleus. Therefore instead of eq. (11) for V,+V, we could have used the 
electromagnetic form factor as given directly by experiments on electron 
scattering. This would give essentially the same results as above since these 
are quite insensitive to the details of the various nuclear form factors. 

The incoherent part of the cross-section can be readily evaluated in terms 
of the parameter d introduced by PRIMAKOFF (°). From eq. (10) we have 


(14) do, /4Q = A(do,/dQ) [1 — (3/R*g*)? {1 — (d°/2r3)(1—2NZ/A?)} 
(sin gR — qR cos qR)? — (3/2r%q*)(1 — 2NZ/A?)(sin gd — qd cos qd)] . 


This can be simplified for small angles, 7.e. for gk >1 as the terms in qk will 
then be negligible. In that case 


(15) do,/dQ = A(do,/dQ)[1 — } (1/roq*)(sin gd — qd cos qd)], 


where 2NZ/A* has been approximated by 4 which is good to a few percent 


even for lead. 
The term in brackets in (15) is just the Primakoff factor for the nuclear 


effect in muon capture and arises here in a similar way as a result of corre- 
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lations between nucleons. These correlations make the cross-section in a nucleus 
smaller than the sum of A individual nucleons. As the momentum transfer 
approaches the Fermi momentum the nucleon acts more and more like a free 
particle and the cross-section approaches the value of the sum of A individual 
particles as may be seen from the behaviour of eq. (15). 

In the region qd<1, by expanding (15) and using Primakoff’s estimate 
of dfr,, namely that 

(dir) #3, 

we have that 


do,/dQ = (A/4)(do,/dQ) ; 1JKR<O<m,/K, 
or using the values of do, for small 6 obtained by BERKELMAN and WAGGONER ( 8) 
do,/do, ® (0.25-10-%) A ; 1/KR<0<m,/JK, 


where m, is the muon mass. 

It is interesting to compare do, with do, in the angular range that is 
studied for the Coulomb production of neutral pions; for photon energies 
around 1 GeV this region is in the neighbourhood of 0.01 rad. From (14) and (9) 
we have in this region where gR<1 that 


do 
16 1o,/dQ = |") Aq®R?/2 
(16) do7/ (3 Ag?R /20, 


where we have used the value (d/) & 3. The momentum transfer q is deter- 
mined from the relation 


q? = p?+ K?— 2p cos0, 


where the pion momentum P is given by 


p? = (K — 6)? — mo, 


and where 6 is the average excitation energy of the nucleus. For small 0 the 


momentum transfer is approximately given by 


(17) Q? = (04m 27) (KO). 


The ratio of incoehrent to coherent cross-section in this region is then 


(18) do,/do, = [3|C|2/| B, 


"][gro/20 67] 4-4, 
where B, =-B/sin 0. 
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For example in lead and carbon at K =1 GeV 


3| Cl? (2.5 Pb] 


do,/do, = Bol? 16.50 |" 


where we have assumed that 6 is approximately 10 MeV (7). 

The ratio of incoherent to coherent cross-sections for very small angles 
has also been calculated by CHTUDERI and Morpurco (8). With the assumption 
that B,= C these authors find a value in lead which is about 50% smaller 
than that given here in rough agreement; however, our dependence on mass 
number A for eq. (18) is very different from that of reference (8). For 
aluminium, eq. (18) gives the value 15 where the above authors have a 
value 40. These differences are probably due to the various approximations 
used in reference (5) such as neglect of the two particle contribution and higher 
moments in the expansion of exp [ig -7]. 


The author would like to thank Dr. J. S. BELL for a helpful discussion 
and gratefully acknowledges the hospitality of CERN. 


(*) A similar expression to that of eq. (14) is obtained for the nuclear photoproduction 
of z+ mesons. In that case we have 


(do/d2),+ = (d0/dQ)x + Z{1 — (3/R3g8)2 [1 — (d8/2r)(1— Z/A)]: 
‘(sin gf — qR cos qR)? — (3/2r3q3)(1 — Z/A)(sin qd — qd cos qd)} . 


Using the value of the hydrogen cross-section given by Dixon and WALKER (ED: 
Dixon and R. W. WALKER: Proceedings of Rochester Conference (New York, 1960)), 
we have from the above equation that for gk <1 the value of the z+ cross-section in Pb 
is approximately 16 wb per sr. 

(8) C. CHIUDERI and G. MorpurGo: Nuovo Cimento, 19, 497 (1961). 


RiAs Ss. oN Low) 


Prendo in considerazione un semplice trattamento della fotoproduzione di pioni 
neutri in nuclei complessi usando la chiusura e trascurando l'assorbimento nucleare 
del x°, nella zona di piccolo trasferimento di impulso. In aggiunta all’usuale processo 
incoerente, il fatto che il nucleone sul quale si produce il 7° non cambi la sua carica, 
dà adito alla possibilità di un’aggiunta coerente dell’ampiezza di proiezione su tutto 
il nucleo, purchè il trasferimento di impulso non sia grande in confronto all’inverso 
della grandezza del nucleo. Poichè la parte dell’ampiezza di produzione indipendente 
dallo spin, che è responsabile del processo coerente, dipende da sin 6 (6 è l'angolo 
fra il pione ed il fotone), la sezione d’urto coerente si annulla nella direzione anteriore 
e raggiunge un massimo per un angolo 0,,=(1.87)[Kr, 43], in cui K è l'impulso del 
fotone e r,A* il raggio di carica del nucleo. Per il fatto che il massimo non ha luogo 
ad un angolo di 0, i rapporti della sezione d’urto coerente a 6,, varieranno proporzio- 
nalmente ad 4% piuttosto che ad A? in differenti elementi. Includo una valutazione 
del processo incoerente e mostro che questa sezione d’urto è inferiore alla somma di 
A nucleoni liberi per piccolo trasferimento di impulso e raggiunge il valore del nucleone 
libero quando il trasferimento d’impulso si avvicina all'impulso di Fermi. 


(*) Traduzione a cura della Redazione. 
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Off-Shell Pion-Nucleon Scattering and Dispersion Relations. 


E. FERRARI and F. SELLERI 


CERN - Geneva 


(ricevuto il 30 Giugno 1961) 


Summary. — The problem of pion-nucleon scattering when one of the 
pions is virtual is discussed. By assuming that one-dimensional dispersion 
relations in the energy variable can be written for suitably defined inva- 
riant amplitudes, and that also in the off-shell case the dispersive integrals 
are dominated by the T—J—3 amplitude, an Omnès-type integral equation 
is deduced for this amplitude. The rigorous solution of this equation 
is discussed and reduced to an approximate simpler form which is more 
suitable for numerical calculations. This form is particularly simple for 
squared four-momenta of the virtual pion less than —5 squared pion 
masses. 


1. — Introduction. 


The analytic continuation of a scattering amplitude, when one of the 
incoming particles becomes virtual, has a certain interest in connection with 
the description of inelastic processes in terms of a single particle exchange. 

It has been shown by DA PRATO (1) that the most naive formulation of 
this interaction picture which has been applied so far (2%) works satisfactorily 


(1) G. Da Prato: to be published. See also ref. (2) where, however, the absolute 
normalization is wrong by a factor 3 (F. SALZMAN, A. STANGHELLINI and G. C. WicK: 
private communications). 

(?) F. SELLERI: Phys. Rev. Lett., 6, 64 (1961). 

(*) E. FERRARI: Nuovo Cimento, 15, 652 (1960) and Phys. Rev., 120, 988 (1960); 
F. SALZMAN and G. SALZMAN: Phys. Kev., 120, 599 (1960) and Phys. Rev. Lett., 5, 
377 (1960); 5. D. DRELL: Phys. Rev. Lett., 5, 278, 342 (1960); J. Izura and A. KLEIN: 
Phis. Rev., 123 669 (1961). 
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well in the process of single pion production in proton-proton collisions at 
2.85 GeV (4). At this energy the experimentally observed low- and high-energy 
peaks in the lab. spectra of the final nucleons are theoretically reproduced: 
these peaks occur for low values of the squared four-momentum /? of the 
virtual intermediate particle (5). For higher values of A? the agreement with 
experiment becomes worse: in this region, however, the theoretical calculations 
cannot be trusted because the approximations involved are no longer justified. 
We do not know whether the discrepancies between the predictions of the 
peripheral model and the experiment at high A? are mainly caused by the 
physical occurrence of other mechanisms of interaction (many-particle 
exchange) or are the consequence of the assumption that the off-shell 3.3 
amplitude still dominates the off-shell scattering and is equal to its on-shell 
value. The hypothesis that the low-energy off-shell scattering is still dominated 
by the 3.3 resonance can be phenomenologically justified from the fact that 
in the quoted experiment at 2.85 GeV, there is evidence at the same time of 
a very important one-pion exchange contribution and of the formation of the 3.3 
isobar. The purpose of this paper is to investigate the analytic continuation 
of the 3.3 partial wave amplitude to unphysical values of the mass of the inco- 
ming pion. By assuming one-dimensional dispersion relations for « off-shell » 
invariant amplitudes suitably chosen, we shall derive a linear integral equation 
for the « off-shell » partial amplitude of the T=J — state by closely fol- 
lowing the procedure by CHEW, GOLDBERGER, Low and NAMBU (9). This 
equation can be reduced to an equation of the type already discussed and solved 
by OMNES (7). Its solution will give us the correct energy and A?-dependence 
of the off-shell 3.3 amplitude. 

In Sect. 2 we discuss the so-called pole approximation, which has been used 
so far in the picture of the production processes through the exchange of a single 
particle, and we point out the assumptions which are implied in it. Sect. 3 
contains the definition of the invariant and partial wave amplitudes for the 
otf-shell scattering as well as certain relations similar to the unitarity condition 
in the on-shell case. In Sect. 4 the dispersion relations for the off-shell ampli- 
tudes are written down and an equation is derived for the T = J— 3 off-shell 
amplitude, by using the same procedure as in Ref. (5). 

In Sect. 5 it is shown that the « unitarity » condition allows this equation 
to be transformed into a linear integral equation of the Omnès type which in 


(4) G. A. SMITH, H. COURANT, E. FowLER, H. KRAYBILL, J. SANDWEISS and H. TAFT: 
University of Yale, preprint. 

(5) A?=k?, where k is the 4-momentum of the exchanged pion. We use the metric 
k= kt— ie. 

(6) G. F. CHEW; M. L. GOLDBERGER, F. E. Low and Y. NAmgu: Phys. Rev., 106, 
1337 (1957), hereafter referred to as CGLN. 
(7) R. OMNÈS: Nuovo Cimento, 8, 316 (1959). 


66 - Il Nuovo Cimento. 
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principle can be solved exactly. By performing the static limit on this equation, 
another approximate equation is derived. Finally, in Sect. 6 the solution of 
the latter equation is reduced to a simpler form which is more suitable for 
numerical calculations. For A?<5y? this approximate solutioni s proportional 
to the on-shell 3.3 amplitude. For higher 4? the dominant part of the solution 
is still proportional to the physical amplitude. 


2. - The one-particle exchange interaction picture. 


We briefly recall in this section the procedure which has been used so 
far (1) in the calculation of single-particle exchange effects. If we consider 
in general the process (the same simbol is used for a particle and its four- 
momentum) 


(1) Pair Ps > due de am dns 


we can define an invariant M-matrix element from the S-matrix element 
through 


1 
(2) Se 0 (ar) ee et Enr 
i-1 


"Pr P20410 ++ dal 04(¢1 + + + On — Pi— Pa) M,, » 


where b(f) is the total number of bosons (fermions) present in the initial and 
final states, pio... dn are the energy components of the 4-vectors p,... dn 
respectively. For the process of single pion production in nucleon-nucleon 
collisions 


(3) Pit Po >nteatda;, 


(p; and q; nucleons, q pion of charge index B) supposed to occur through the 
exchange of a single pion of 4-momentum k= p, — q, and 


P q Aaya : 
Miro I of charge index « (Fig. 1), we have 


DI 
SI 
ka 9,8 = 
i (4) Me U(g)Gry5ToU (Ps) 7. 45) pr 8 
BN i i K(A?) K'(A?) M*x(02,t2, A2). 
P, 2 
Fig 1. In eq. (4) A? =k? = (q.—p,)*, w? =— (q+ 9)?, = (qu —p:)?; 


T, are isospin matrices for the nucleons; G, is the renor- 
malized and rationalized pion-nucleon coupling constant: Æ (A?) is the « pionie 
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form factor » of the nucleon, defined by 


m° 
P20 20 


4 
(5) (da |Ta(0)|PaD = (27)? | | U(d2) GY sTaU(P2) K(A?) , 


(where 7,(0) is the current of the pion field and m the nucleon mass) 
0(200) 4K" (A*)(A?+-?)-1 is the complete pion propagator; M%, is defined through 


TN 


LOT EME 
(6) <Q 4B|Ja(0) |pi> = (27) À È [ae (0, #2, 4°), 
“Qod10P10 
The latter quantity for 4*=— y? reduces to the M-matrix element for the 


physical x scattering 
(7) ka iG 91, 


at total c.m. energy © and nucleon momentum transfer #2. At the « pole », 
A* =— p?, which corresponds to a real exchanged pion, we have K(— u?) = 
= K'(— y?) =1. Therefore, near the pole everything in (4) is known, and we get 


U(qz) GrY5T xU(P2) 


Aaa MS,(w?, 12). 


mé» e 
fi 


We might expect that the use of eq. (8) in the physical region for small 
4? (A? xu?) could give a good approximation, since the pole is not far and the 
A*-dependence of all the off-shell quantities is supposed to be smooth. This 
approximation (pole approximation) would be in fact reasonable if M. x 
contained only an s wave interaction. For higher order waves, however, the 
situation is not free from ambiguities. 

In fact the ¢?-dependence of M_y occurs only through the scattering angle 
€ =q@Pi in the c.m. system of q, and g. This angle is defined by the relation 


pro do — #2 — 2m? 
(9) cos ¢ = “Pro Me 3 
2|p.||q1| 


and turns out to be 4?-dependent, since p, and |p,| depend on 42. Its « on- 
shell » value is given by performing the limit 4? > — y? 

1? 
10 COS E)on = 1 — —-—. 
( ! 2 | qi |? 


Now, if one considers the allowed phase space of w? and #? for fixed A*, one 
finds that, also for A? small, that is in the region where the pole approximation 
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should be expected to hold, expression (9) is always limited between — 1 and +1, 
while expression (10) reaches values considerably outside this interval, and 
diverges at threshold. We then see that one cannot keep the whole element 
M, (w?, t, 4?) on-shell, since the angular part contained in it depends very 
strongly on A, also for small 42. The most reasonable modification of the 
«pole approximation » consists in writing explicitly the angular dependence 
of M%,, using for cose the A?-dependent expression (9) and treating the 
partial wave amplitudes as /?-independent. This approximation has been 
used in all the calculations made so far (13), although its meaning has not 
yet been fully discussed. 

For the partial wave amplitudes at low A? the approximation used seems 
rather reasonable. In any case, we think it useful to investigate their 
4?-dependence as carefully as possible, either as a way of getting some insight 
on the consistency of the approximations used at low A’, or of approaching 
the problem of the high A? behaviour, where further difficulties arise at least 
from the presence of the form factors. This investigation will be carried out 
in the following sections. 


3. — The off-shell amplitude. 


The off-shell amplitude M oa , t°, A?) defined in Sect. 2 can be written 
by invariance requirements as 


(11) M5 (08, t°, A?) = u(a)[— AT iy"4)B,s]n(p:) ) 


where A,, and B,, depend on t°, @? and 4? and can be written 


(12) A yg = Ò,gA” + dtt 
(13) Big = OypB? + t(T,, t 1B’, 


A™ are related to the off-shell amplitudes for fixed total isotopic spin through 
the relations 


(14) PARIDE L(A® a5 2A) 4 AO 4 (AV Di AŸ) " 


and similarly for Bf. 
a (+) and a (—) part. 
By introducing two-dimensional spinors x we get 


(12) and (13) imply an analogous splitting of M, into 


(15) Ma a. © L (6‘gq1)(c-p.) pel, 
lq. | |p| 
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Here q,, p, are the 3-momenta of the nucleons calculated in the c.m. system 
of q and q, o,i=1, 2,3) are the Pauli matrices, and 


5 1 R 
(16) Fe ne = [A+ (wo — m) BO), 
1 Rs 
(17) ho = on [A+ (wo + m)B], 
with 


(18) | 


Next we expand f, and f, in terms of off-shell scattering amplitudes with given 
parity and angular momentum. This expansion gives (°) 


| R,=[(py + m) day + M) 
R, 


= [(Pio Md — MP. 


(19) Ta ol") P_ (COS'E) a) f\(w, A?) Pi_;(cos e), 
1=0 = 
(20) [= DI RA 2)] Pi(cos e) , 


where £ is the scattering angle defined by (9). 

It is obvious that all quantities defined by (11) to (20) reduce to the cor- 
responding physical quantities defined in Ref. (5) as 4? = — p?. 

Let us consider now the « unitarity » condition, which can be derived from 
general principles when off-shell states are implied. For the case of matrix 
element (4) it can be shown (8) that the relation obtained is similar to the one 
valid on shell. In particular, for the partial amplitude f,,(w, 4?) one gets 
the following relation 


(21) fé (o, 4) = exp [— 20, (0)]f (0, 49), 


where 6,,(@) is the physical phase shift for 7.N° scattering in the channel of 
angular momentum / and total angular momentum +3. By introducing the 


(8) The proof of formula (21) can be found in 8. FuBINI, Y. NAMBU and V. Wara- 
GHIN: Phys. Rev., 111, 329 (1957), Appendix 2, where invariance of the S matrix 
element under strong reflections is used. This procedure has been pointed out to us 
independently by Prof. V. GLASER. 


3601 


1034 E. FERRARI and F. SELLERI 


physical transition amplitude f,,(@)= (1/9) exp [td,,] sin dò, (©), (21) transforms 


into 


(22) Im fi,(0, A?) = gfi(0)f,(0, 4°). 


This relation will be used in the following developments. 


4. — Dispersion relations. 


We start with the assumption that the invariant amplitudes A and BS 


obey dispersion relations of the form (°) 


9 A È 4 if 2 2 1 I 4 
Re A®)(y, t2, A?) = | Im A@( 9’, 7, 4") (= == "gr À dy’, 
: Gi if il 
(23) Re B&(y, 2, A?) = —" K(A?) È = | 4 
2m Va PV Me se) 
gr 
+ — | Im BO 
TT a 
min 
y is the invariant 
(24) ea 
4m 
Furthermore 
A°— uw BB 
(25 VR 
2 4m 4m’ 
, A2 + u? 12 
(26) E emai 
o 4m 4m 


The dispersion relations written in the form (23) take 


already into account 


the crossing invariance, which is maintained when the incident pion k goes 


off-shell. 


(*) For the discussion of this point, see Sect. 7. 
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For the following development it is convenient to change the variable of 
integration. Let us define 


2 2 2 
O) i AU 


(27) hi = De ; 
A2 + we 42 
28 re I AE 
Lo) 4m 4m’ 
(29) v = — È 
am 


We have then 
| o ns 
(30) | VARZI EU 
| Vin = U + b >} 


v, represents the total lab. energy of an incoming real x meson at total ¢.m. 
energy ©. The dispersion relations (23), rewritten in terms of »,, read 


foo} 


A 7 ; if I 
Re A@ (vz, t?, A?) = 7 fari mA te 22 +5 | ’ 
T 


r 6 
Vi —Vr + VL + 20 


IT) 


Vola VE Vo + Vr + 2b 


GA | ; il il 
— | dv, ImB® pr, t?, A? +4 4) 5 
ale = | VI, (Vy, ; | | je ape 2) 


if 
Vie VL 


| 
ce 
eae ra (— F — de 


Li 


By following the procedure of CGLN, we take under the integrals only 
the 3.3 resonant wave, which gives the main contribution to the imaginary 
part of A® and B™. We can then take, if v, is not too large, all the partial 
waves up to d-waves, and get from (19) 


(32) 1) 


and by deriving with respet to {?, and using (9), we get 


— fe = al 2 (T0 Pio — 12) 
4 t 
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We can then obtain from (31) a relation containing n alone by the following 
procedure. Take the linear combination (16) of eqs. (31) which reproduces 
the real part of f(”’ as a function of the imaginary parts of A™ and B™. Derive 
with respect to #2 and set #=—0. From the linear combination (34) which 
will reproduce the real part of ie Express the quantities Im A and Im B 
under the integrals as a function of the resonant phase alone. The following 
relations, obtainable by inverting (16) and (17), have to be used: 


(34) Im A‘) = 47 a ina Spe inh), 
(35) Im BO = 47 a mya = imp \ 

ioni ; Ii ae ‘ 
where 


| Im fr’ 3 cos e Im fF’, 
(36) 
Im jé ~—Im fp, 


under the dispersive integrals. The final result of this manipulation is 


Pi R i Gg D —m K(A*) 


(37) Re f# — AIRE Le 
i Ba "|? dn dm? oto Pom) 


| (2/m)(Pi0 10 — M?) +: fo i Im foi (vy, A5) È 
Vo + V1 + Bl2m Fe Ti 


fire Sion (-5) _o_0+2m |, (2/m)(podo—m?) 
RE. + vr + B/2m) rr + ys, B/2m 


wo'— w+ 2m Ty 7 
AUS RE : 8(Piod10 — M?) + Ri(0'+ w -2m)|: 
al 


: (2/m )(P10 dio — M ) 
+ Siege 


al 
(vt + on + 8/2m)? i. 


We have put B= A*+y?, and made use of the identity RR. » = 2.4: This 


equation, in the limit B—>0 (which im 
plies : R 
reduces to eq. (3.32) of CGLN. Pio) Pi > do, G13 Ri > dio + M) 


Since from (14) it can be deduced that 


(38) Re fs = Re ie pe ‘> 1 
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we form the combination (38) of eqs. (37), use the relations 


| DOME elm Faas 
(39) 
| Im ta = — 3 Im hss ’ 


and finally get 
ete , 
(40) Re gs3(w, A?) = B + — | dv, Im g33(0', 42) - 
TT 
u 
NO ONE 1 1 


iride Ra 


n UÙ 
Don Ge = 


where 
(41) (03, At) = = 1 (0,4), 
De pra By 8 
HUE m) K(A° ) (2/m)( G10 P10 — M° *) 
42 B 2) — 
2) (era! 3? (vo + v1 + B/2m)2 m+. + Blam |’ 


o_- w+ 2m 1/m 


(43) e(@, w', A?) = | 


20! De pe oo Bl2m 
@ — © + 2m 7 d'+o—-2m _, | (2/m)( G10 Pro — M?) 
ERNST 2A RE Jee PRE EL È 
{È Dest His Daa m2) + 6w! 1 | ri de Bl2m 


5. — The integral equation. 


We will show in this section how eq. (40) can be transformed into an 
integral equation for g,,. From (22) and (41) it follows 


(44) Im g33(0, A?) = exp [— 1035] sin O33 9a3(@, A?) , 


where 6, is the physical T=J=3 nN phase shift. Eq. (40) can thus be 
written 


al I tah à I 1 3 
(45) gss(0, A?) = B+ ai dvr, exp [— 1043] SiN 053 J33(@’, A?) - 


il 
vi dn + B/2m| ; 


| 
Ì 


| il wo’ +o 


Le 
r 3 Dal 
Vi —YL— de 20 3 
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This equation is of the general type discussed by OMNES (7) (one can also take 
the factor (0'/+@)/20' into account, by slightly modifying Omnès’ procedure). 
Therefore (45) can be solved exactly. The condition Ô33(v,= 4) = 0 ensures 
the uniqueness of the solution. We can then obtain in this way the expression 
of the off-shell low energy 3.3 amplitude for arbitrary 4°. We will write down 
its expression only in the static limit. 

Let us then go to the static limit by leaving 4? arbitrary. If we put 


(46) u= —— , 


and consider values of « small with respect to unity, we can prove that 
(47) lo <3> 


for any 4?> — u? and up to w, u'— 0.45. 

The second term in the integral of (40) or (45) can therefore be neglected, 
as CGLN did. We note that in our case this approximation is even better 
due to the presence of the term B/2m in the denominator. Furthermore 


(48) dano = 1; = ~ (1 + a), 

(49) = Lo 

and 

(50) Bee fe! al 
Imp? (u + B/2m?) ? u + B/2m2 


With these approximations (45) simplifies greatly and reduces to 


DD 


: 1 exp [— 1633] sin 0, 
(51) Gas(u, A?) = pi fa OR RENE Cp a 
ÿss(u, A?) es aol 0, de 


Lim 


whose solution can be obtained from formula (2.11) of ref () In the next 
section we will discuss the solution of this equation more in detail. 


3606 


OFF-SHELL PION-NUCLEON SCATTERING AND DISPERSION RELATIONS 1039 


6. — The solutions of the integral equation. 


In this section we discuss the solution of our integral equation in the approx- 
imate form (51). As it has been shown in Ref. (7), the expression of the correct 
solution is 


: ì de 
(92) — gss(u, A4?))= exp id] | B(u, A?) cos b33 4 es E das de di dit) \ ; 
Il (u'— u) Q(u') J 
ook 
where 
(53) Q(u) = exp {= [ n _ de | . 
ro 


In practice, however, eq. (52) does not seem to be very suitable for numer- 
ical calculations. The principal difficulty lies in the fact that the function Q(w) 
which enters under the integral sign is in turn a complicated integral which 
requires, alone, machine computations. It would then be preferable to obtain 
an approximate expression for (52) which does not contain integrations to 
be performed numerically. 

Let us first rewrite (52) in the following form 


(64) K-1(A?)9,3(u, A?) exp [— 1053] = Bo(u, A?) cos 633 + 


I. sin 033 Bo(', A?) ; 
a hed w2f (u'— uw) Q(u') oe 


Lim 


where 
(55) Bt lean Ket ( AZ Bo A2) 


Consider first the case of A? small (4?<5u?). It can easily be checked 
by developing (50) in powers of B/2m°u< 1, that 


af? 


mutu 


(56) (u, A?) = PU eu), 


since the corrections to eq. (56) are of the second order in B/2m°?u (1). (56) 
still represents the correct Born term within à 10% approximation up to 
A? ~ bu?. 


~ 
So 
cel 
ca 
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By inserting (56) in (54) one gets 


9 I 


(57) K(A>)gss(u, A?) exp [— 1033] ~ B(u, — y?) cos O33 + 


(ce) 


7, pe ba Buy — 4?) ays 


+ 2(u) 


IT (u'— u) Q(u') 
ulm 


In this equation, the r.h.s. does not depend on /12. Therefore, it can be iden- 
tified by going to the limit A? >— ?, where the l.h.s. becomes simply 
sinò,3 9. From (57), it can then be deduced 


exp [1033] sin 633 


(58) Is3(U, A?) = K (A?) 3 , 
UE 
or 
p, exp [7653] sin ò: 
(59) frie A") ER) PERLE 
da di 


Eq. (59) gives us the correct extrapolation of the resonant amplitude for 
small 42. We see that the off-shell amplitude differs from the on-shell ampli- 
tude only by a A?-dependent proportionality factor. 

Now let us consider an arbitrary positive value of A®. Eq. (54) can be 
written 


(60) K™4(A?) gss(u, A?) exp [— 1035] = By(u, A?) cos ds + 


Pot gin 0, But, — 3) 
Olay [eee ee Baas ; 
+ £2(u) AMan y(u', A?) du’, 
Lim 
where 
1) pi Ay = Bold Te Ba 
B(u, y?) (1+ o)? 
with 
e) a = Pm. 


5 RE LRO I à À 

(°) It is interesting to note that this cancellation occurs also in the neglected 
g term. The only terms linear in f which survive in it are of the order p/2m® and 
can be neglected in the present approximation. 
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It can be easily seen that, for fixed A2, y(u, 4?) is a positive function of u 
which increases from a minimum value to 1 as u ranges from threshold to 
infinity. Therefore, the convergence of the integral in the r.h.s. of (60) is not 
changed with respect to the on-shell case (eq. (57)). The function y(u, A?) 
is a sufficiently smooth function of w as to leave the integral appearing in the 
r.h.s. of (60) still dominated by values of wu’ near the resonance. We put then 


Lo 
— 
S 


| P cea 
(63) Q(u) dl (u'— u)Q(u') 


Him 


P Fain 3 B(u', — u? 
[= eo He 


= Y(ttr, A?) Q(u) a) (w—u)Q(u') 
Lim 


Eq. (63) becomes less accurate with increasing 4?, but the errors arising from 
the approximation made in it are estimated not to exceed 15% even in the 
most pessimistic case. 

Since from the limit A? =— y? of eq. (57) it can be deduced 


(64) 


2 sin 6, 
ee u',—w ) 1, Sin das In NE 


VR 
(u' — wv) Q(u') di 
um 


eq. (60) can be transformed in 


(65) Æ1(4?)ga(u, A?) exp [— 1035] = Bou, A?) cos ss + 


sin San 


+ y(u, A?) — Bu, — u?) cos 033} , 


; 
from which one obtains (cf. (41), (48)) 


È, 
dia È exp [4055] y(t, 4°): 


(66) fas (u, A?) = K(4°) ( 


B(u, A?) 
y(ur, A?) 


— B(u, — u?)| cos ds | ; 


el q + gi 
1 


which gives the desired extrapolation for arbitrary A?. We note now that the 
term containing cos 0: in (66) vanishes at the resonance, because both cos dò, 
and its multiplying factor are zero: furthermore, this term is always rather 
small and represents a correction to the dominant term containing sin 6,,, 
which is then proportional to the physical amplitude. 
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7. — Concluding remarks. 


Under certain assumptions and some approximations, we have solved the 
problem of obtaining the M-matrix element for « off-shell» N scattering 
in terms of the « on-shell » matrix element. The integral eq. (45) is a rigorous 
consequence of the following two hypotheses: the validity of the dispersion 
relations (23) and the dominance of the off-shell 7 = J= 3 amplitude under 
the dispersive integrals. 

The validity of the first assumption can be proved by modifying the 
well-known methods of deriving the usual dispersion relations. In the proof 
of the usual dispersion relations both pions are considered off-shell and analytic 
continuation is made from unphysical values of the pion «mass» (A?> 0, 
as in our case) to the physical value — w?. However, the masses of the two 
pions are kept equal in this procedure. In our case one should continue only 
one of the two masses and keep the other in the unphysical region. This pro- 
cedure has been shown to be possible by Bros, FROISSART, OMNES and 
STORA (11). 

The second assumption is difficult to justify from a purely theoretical 
standpoint. Consistency arguments (5) have indicated that in the on-shell 
case it is probably a good assumption (12). In the off-shell case it should still 
be rather good unless dramatic changes are induced by the 4?-dependence. 
The experimental indications, as discussed in the introduction, are so far against 
such a strong dependence. 

As it has already been stated, eq. (45) can be solved exactly with standard 
methods. A numerical evaluation of the solution requires, however, compli- 
cated machine calculations, and we thought it useful to obtain an approxi- 
mate explicit formula for the off-shell amplitude, given by eq. (66). The approxi- 
mations made in order to obtain this expression can be summarized as follows. 
First, the rigorous eq. (45) has been reduced to the eq. (51) by going to the static 
limit (1°). The solution of such an equation has been worked out by comparison 
pe the limit obtained from (51) itself in the on-shell case. By this procedure, 
in practice, we have assumed that, if one takes the limit A? = — y? in eq. (52) 
and introduces a phenomenological expression for quantities containing 6 


x 339 
the equation obtained should become an identity 


(and this implies a strict 


(1) R. OMNÈS: « Les 
1960). 


(2) The main criticism to the work by CGLN, which concerns the neglect of the 
T-J=1 mm resonance, does not regard the T=J = equation, which is very little 
influenced by this system. See J. BowcocK, N. W. CoTTINGHAM and D. Lurif: N 
Cimento, 16, 918 (1960). i fit 


Houches » dana DONNA ; ; N i 
ouches », Summer Course on Dispersion Relations, (Paris, 
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validity of the assumption made in Ref. (5) that in the on-shell case the 
dispersive integrals are dominated by the 3.3 resonance). However, we think 
that this procedure has to be considered as an approximate one, since this 
«identity » might not be verified rigorously. The last approximation intro- 
duced consists in taking the smoothly varying function y(u', 4?) outside the 
integral sign. We think that the over-all uncertainty in the solution induced 
by these approximations should not exceed — 20% (14). 

The result obtained for M. v(®, t,4?) can allow us to calculate correctly 
the contribution of a peripheral graph to an inelastic process, by inserting (66) 
into (19) and (20), when the other non-resonant off-shell partial wave ampli- 
tudes for 7.N° scattering can be neglected. A feature which should be remarked 
is the occurrence of X(/1?) as a multiplicative factor in the solution obtained 
for fa;(u, 4?) (expressions (59) and (66)). When the analytic continuation 
of M, (@, t?, A?) is put into (4), we see that the only unknown function of A? 
entering in this formula is the product K2(A2)K’(A2). It is not completely out 
of question as to whether an experimental estimate of this quantity can be 
made: in fact the many-pion exchanges in process (3) probably give contri- 
butions which depend on the energy in a different way than the one-pion 
diagram. If the predictions of the one-pion exchange theory (calculated with 
K?K'=1) diverged from the experimental data at various energies only by 
a A? (and not energy) dependence, one could reasonably attribute the error 
to the effect of the neglected form factors, and try to determine K2K’ from 
experiment. 


It is a pleasure for us to thank Prof. D. Amati, Prof. S. FUBINI, 
Prof. V. GLASER and Dr. R. OMNÈS for very useful discussions. 


(!8) To go to the static limit means, as usually, to consider w = (© — m(/m small 
with respect to unity: this approximation can, of course, be performed also when an 
off-shell 7-meson is present. 

(4) In any case all the approximations performed can be tested by comparison 
of (63) with the solution of the rigorous integral eq. (45). 


Note added in proof. 


Considerations very similar to those contained in the present paper have been 
made by J. Inzur4 and A. KLEIN: Progr. Theor. Phys., 25, 1017 (1961). This article 
came to our attention after completion of the present work. The solution obtained 
by the above authors is limited to the region of small A? (42=y?) and is there prac- 
tically coincident with our solution. 
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RIASSUNTO 


Si discute il problema dello scattering pione-nucleone quando uno dei pioni è vir- 
tuale. Assumendo che si possano scrivere relazioni di dispersione unidimensionali nella 
variabile energia per ampiezze invarianti opportunamente definite, e che anche nel 
caso «off shell» gli integrali dispersivi siano dominati dall’ampiezza T=J = 3, si deduce 
per tale ampiezza un’equazione integrale del tipo discusso da Omnès. La soluzione 
esatta di tale equazione è discussa e ricondotta ad una forma approssimata più semplice 
e più conveniente per calcoli numerici. Tale forma è particolarmente semplice per valori 
del quadrato del quadri-impulso del pione virtuale minori di —5 masse pioniche 
quadrate. 
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Unscharfes Raum-Zeit-Kontinuum, unscharfe Masse 
und Pauli-Villars-Regularisierung. 


G. HEBER 


Karl Marx Universität, Theoretisch-Physikalisches Institut - Leipzig 


(ricevuto il 10 Luglio 1961) 


Summary. — It is shown, that the field equations for a non-localizable, 
scalar field of mass zero (deduced in (*)) have (among many others) 
solutions, the Green’s functions of which are identical with the regularized 
functions of Pauli and Villars (1). The compensating masses however 
have here a physical meaning, insofar, as they correspond to the different 
possible masses of one particle with uncertain mass. The result of this 
work is then that it should be possible to create a convergent field-theory 
by introducing into the theory an uncertain (inside a very small interval, e.g.) 
mass of the field-particle, or (what is the same in this special example) 
uncertain positions of the test-bodies, measuring the field. 


1. — Einfuhrung. 


Unsere Überlegungen (1) bis (*) zur Frage der MeBbarkeit einfacher Felder 
führten uns darauf, daB in der Quantentheorie dieser Felder neben den Feld- 
operatoren U(y) noch andere Operatoren & (y) auftreten sollten, die die 4-dimen- 
sionale Stelle repräsentieren, an der die den Feldwert U(y) liefernde Messung 


(1) G. HeBER: Nuovo Cimento, 7, 677 (1958). 

(2) G. HEBER: Nuovo Cimento, 8, 327 (1958). 

(3) G. Heper: Nuovo Cimento, 12, 553 (1959). 

(4) G. HEBER: Max Planck-Festschrift (1958), SD O45. 

(5) G. HEBER: Wiss. Zs. Univ. Jena Jahrg., 8, 357 (1959). 
(6) G. HEBER: Wiss. Zs. Univ. Jena Jahrg., 9, 455 (1960). 
(7) G. Heger: Acta Phys. Pol., 18, 581 (1959). 

(8) G. HeBER: Acta Phys. Hung., 12, 297 (1961). 
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ausgeführt wurde. Der folgerichtige Einbau dieser GròBen £,(y) in den For- 


malismus des klassischen Feldes 


(1) U=0 


führte zu 2 wesentlich neuen Resultaten: 


1). Die Feldgleichung läBt sich jetzt in der Form 


(2a) 9,[(0,D)E]= 0 
oder 
(2b) (0/00) A + (0,8) GES = {| 


schreiben, wo sich die Operatoren K?(y) von den &“(y) ableiten, während D(Y) 
als neue FeldgrüBe aus U und &, zusammengesetzt wird. 


2). Wenn man annimmt, da die Kommutatoren zwischen den U c-Zahlen 
sind (wie in der konventionellen Theorie isolierter Felder), so werden die Kom- 
mutatoren zwischen den ® q-Zahlen. Man kann diese g-Zahl-Kommutatoren 
aber noch nicht vollständig angeben, weil die Eigenschaften der K,, bzw. È, 
durch unsere bisherigen Modellbetrachtungen nicht ausreichend fixiert sind. 


Autor hat die Hoffnung, konnte aber bisher nicht beweisen, daf die modifi- 
zierte, den MeBméglichkeiten angepaBte Theorie keine Divergenzschwierigkeiten 
besitzt. Zunächst wurde untersucht (*), ob man etwa unter Beibehaltung 
von (1), nur durch Ersatz von c-Zahl-Kommutatoren durch irgendwelche 
mit (1) verträgliche g-Zahl-Kommutatoren an den Divergenzschwierigkeiten 
der Quantenfeldtheorie irgendetwas ändern kann. Es konnte gezeigt werden, 
daf man nichts an diesen Schwierigkeiten ändern kann, solange man verlangt, 
daB die zu bauende Theorie mikroskopisch kausal im y-Raum ist. 

Hier stehen nun die Fragen zur Debatte, welcher Art die Lésungen von (2) 
sind bzw. ob der Ubergang von (1) zu (2) die Méglichkeit einer Beseitigung der 
Divergenzen enthält. Diese Fragen kénnen natürlich nur beantwortet werden, 
wenn man über die Eigenschaften der K“’-Operatoren genügend weiB. Trotz 
langerer Uberlegungen ist es dem Autor nicht gelungen, aus Modellbetrachtungen 
die erforderlichen Informationen über K”"(y) zu erhalten. Verfasser neigt 
deshalb z.Zt. zu der Uberzeugung, da Modellbetrachtungen überhaupt prin- 
zipiell nicht ausreichen, eine Quantentheorie festzulegen. Deshalb wenden 
wir hier die Frage so: Gibt es überhaupt Operatoren K u(Y), die in (2) eingesetzt 
dazu führen, daB die dabei entstehende Quantenfeldtheorie gunstigere Eigen- 
schaften besitzt als die. konventionelle? Ob die in dieser Arbeit zugelassenen 
K,(y) sich dann irgendwie in verniinftiger Weise mit E,(y)-Operatoren dar- 
stellen lassen, soll in einer späteren Publikation untersucht werden. 
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Natürlich kann man die so gestellte Frage nicht in voller Allgemeinheit 
beantworten. Wir werden in der Regel solche K u(Y) ins Auge fassen, die 
(abgesehen von der trivialen Lüsung K,,(y) = 6,, (*)) am einfachsten sind. 

Im Anhang wird diskutiert, ob es etwa vernünftig wäre zu versuchen, 
Gleichungen für die K u aus einem Variationsprinzip zu ermitteln. Dabei 
erhalten wir ein negatives Resultat. 


2. — Eine erste Umformung der Feldgleichung (2). 


Wir beginnen mit einigen wesentlichen Voraussetzungen über die Opera- 
toren Æ,,(y). Die gesamte Theorie soll ja invariant im y-Raum gegen inhomo- 
gene Lorentztransformationen sein. Da sich die FeldgròBen einer solchen 
Theorie bei Translationen wie 


(3) D(y) = U(y) B(0)U-*(y) ; 

(4) U(y) = exp [iP,y"] () 

transformieren, müssen die Æ sich mit demselben U transformieren: 
(5) K,y(9) = Uy) K,,(0) Uy) . 


Für die Operatoren K,,(0) führen wir die durchaus vüllig willkürliche An- 
nahme 


(6) ie (es ee 


ein. /’=1 würde auf die konventionelle Theorie zuriickfiihren. Wir wollen 
aber /' als g-Zahl ~1 ansehen. Die Festlegung (6) wird hier nur durch die 
Kriterien der Einfachheit und der Korrespondenz zur konventionellen Theorie 
nahegelegt. — Aus (2b) wird mit (5) und (6): 


(7) (By) UM) Uy) + (8, D(y)) TU) U-y)] = 0. 
—1 000 
i 0-+100 
0 d= | 00410 
000+1 


(*) P, ist vermutlich nicht identisch mit dem Vierervektor von Energie und 
Impuls der Theorie; siehe auch (8), Abschnitt 11. 
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Wegen der Lorentzinvarianz sollte für jeden der Theorie angehôrenden 


Operator F(y) die Relation 
(8) [P*, F(y)] = te Fy) 
gelten (5). Also kénnen wir schreiben: 
aU) UQ)] = — iP, UMM] = UM, PIU). 
(Die hier auftretende GroBe [Ps T'] kann im Rahmen unserer Absichten 
offenbar noch weitgehend willkürlich gewahlt werden, denn wir kennen ja die 


explizite Gestalt von P” noch nicht.) 
Jetzt multiplizieren wir (7) von rechts mit (OWL U-(y)) ® und erhalten: 


(9) O Dy) + (2,P(y)) by) = 0 ; 
mit 
(10) MOSSA Fl I ag) 


[Man kann auch schreiben: 


b'(y) =— i U(y)(P° — PP’) Uy) , 
oder 

(11) b'(y) = U(y)b"(0) UY) , 
mit 


vo) = — id TP] 


3. — Uber die Abhangigkeit der b” von y. 


Bei linearen Feldgleichungen kann man Lésungen oft durch formale Fourier- 
Transformation erhalten. Wir wollen deshalb (9) einer solchen Transformation 
unterwerfen, wobei sich zeigen wird, da8 (9) physikalisch vernüftige Lòsungen 
môglicherweise dann enthàlt, wenn die 5” unabhängig von y sind. 

Setzer wir also an: 


PY) 270 | a, exp [iky] dk; by) = (27)? | bv exp [iky]dtk . 


3616 


UNSCHARFES RAUM-ZEIT-KONTINUUM, UNSCHARFE MASSE USW. 1049 
Dann ergibt sich aus (9): 


(12) HO A Ro (22) fete sde ; 


[In der konventionellen Theorie steht an dieser Stelle die Gleichung 
a,k’k,— 0. Daraus folgt: entweder a,= 0 oder k,k’=0. Dh. die durch 
k’k, =0 gekennzeichneten kinematischen Eigenschaften sind von dem durch a, 
gekennzeichneten Besetzungsgrad des betreffenden Zustandes unabhängig, wie 
das bei einem isolierten Felde sein sollte. | 

In (12) hingegen sind die a, mit den k, i.a. unlòsbar verknüpift. Hs 
hängt z.B. das Verhalten eines Teilchens in einem bestimmten k-Zustand 
davon ab, welche anderen Zustände wie stark besetzt sind (wegen des Integrals 
rechts). Das ist u.E. ein für ein isoliertes Feld sehr schwer verstandliches 
Verhalten, deshalb méchten wir daraus schlieBen, daB 6” nicht von y abhängen 
sollte. Dann wird nàmlich aus (9) mit 


D(y) = Gm] a, exp [ky] A, 


einfach a,(k,k” —ik,b”) = 0 d.h.: entweder a, = 0 oder 


(13) kk” — ik,b” — 0. 
Hier ist die Kinematik unabhängig vom Besetzungsgrad, wie üblich. — Die 
Relation 


(14) b'(y) = b”(0) 


folgt z.B. aus (11), wenn man annimmt, daB b,(0) mit P* kommutiert. Dies 
sei ab jetzt ausdrücklich vorausgesetzt. 

Wir bemerken, daB der Schlu8 auf (14) natùrlich nicht zwingend ist. Man 
kann aber sagen, daB durch Verwendung von (14) die Theorie viel einfacher 
wird, weshalb wir uns hier zuerst mit dieser Version der Theorie befassen 
wollen. 

Wären die b” c-Zahlen, hätten wir in (13) schon einen wesentlichen Bestand- 
teil der Lésung vor uns. Die konventionelle Relation %"%,=0 würde einfach 
durch (13) zu ersetzen sein. D.h. für Kleine k, gilt noch genähert die konventio- 
nelle Beziehung zwischen den k, (Bewegung mit Lichtgeschwindigkeit), für 
groBe k aber gibt es starke Abweichungen (wenn man den Fall k"b,=0 nicht 
mit in Betracht zieht). Da aber die b, q-Zahlen sein sollen, weif man nicht 
recht, was (13) bedeuten soll. Das wird im nàchsten Abschnitt klarer werden. 
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4. — Eine weitere Umformung der Gleichung (2). 


Zur weiteren Diskussion des Inhalts der GI. (2) ist eine weitere Umformung 
nützlich. Wir gehen noch einmal zurück auf Gl. (9) und schreiben sie so: 


RA n 
pe) + Do = (0,004 ane = (+2) (+ \o- "0; an 


os fetes 
mit 
12 a b,® = Db, b'b,@ = Db"b, 


Gl. (15) kann man leicht auf eine bekannte Form bringen, indem man setzt: 


Dey, 
(16) Ply) = By) exp |— cae 


wobei ®® der Gleichung 


(0 (0,0 — A?) DA(Y) = 0; 


genugen mute. Die Gleichwertigkeit von (16) und (17) mit (15) erkennt man, 
wenn man die Relation 


(18) 2,D(y) = (2,D%(y)) exp 


À gary e) A 
5 “| + DO(y) =) exp - se | 


li 


verwendet. Gl. (17) ist formal die Feldgleichung eines skalaren Materiefeldes 
für Teilchen der Masse 4/4? (in den üblichen Finheiten 4—1;e—1). Neu 
ist natürlich, dal} 2? hier eine g-Zahl darstellt. Die Eigenwerte von 4/4? haben 
demnach irgendetwas mit Massen-Eigenwerten zu tun. 

Das ist ein vielversprechender Aspekt, und dieses Resultat bestätigt eine 
Hoffnung, die der Autor schon seit einiger Zeit hegt, daf man nämlich bei 
gebihrender Berücksichtigung der Beschränkungen der MeBbarkeit von Feldern 
die Méglichkeit erhält, ein Massenspektrum zu berechnen. Wenn wir über 
die £, bzw. K,, baw. b, geniigend wüften, kénnten wir ja tatsächlich die 
Higenwerte von b,b” berechnen. Aber soweit sind wir im Augenblick noch 
nicht. (Vor allem wire vorher natiirlich eine Ubertragung aller obigen Ent- 
wicklungen auf den Fall eines Spinorfeldes erforderlich.) Wir môchten es im 
Moment sogar noch offen lassen, ob die Eigenwerte von 4/2? etwas mit den 
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Massen realer Teilchen zu tun haben; es wäre ja auch denkbar, daB es sich 
nur um «virtuelle Zustände » des in der konventionellen Theorie allein vorhan- 
denen Teilchens der Masse 0 handelt. In dieser Arbeit wollen wir uns ver- 
suchsweise auf den letztgenannten Standpunkt stellen. 


5. — Ein einfaches Modell mit nur 2 Zuständen verschiedener Masse. 


Der einfachst-môgliche nicht-triviale Fall dürfte vorliegen, wenn das wirk- 
lich vorhandene Teilchen die Méglichkeit hat, zwei verschiedene Massen zu 
zeigen. Man kônnte vielleicht auch sagen: Die Masse des betr. Teilchens ist 
etwas unscharf. Daher auch: Das reale Teilchen «springt» zwischen den 
beiden méglichen Massen «hin und her» (was natürlich nicht wértlich zu 
verstehen ist) (*). Dieser Konzeption entsprechend setzen wir an: 


À 0 Po (4 N, 
(19) fa 00 Py) = | oo (Y) 
WOME Ass YO Day) 


Ao, An Seien zwei beliebige Zahlen, die GréBen Do bzw. D,, befriedigen dann 
die Gleichungen: 


(20a) (O — 455) Poo = 0 ; 


(200) (O) ‘HG 0) Dy = 0. 


(Keinen rechten Sinn gibt es, wenn man 2? und &® als nicht-vertauschbar 
ansieht.) (y) und D,;(y) sind natürlich noch Operatoren, und es erscheint 
dem Autor sachgemäB, sinnvoll und auf jeden Fall am einfachsten, sie zunächst 
versuchsweise (jedes der beiden Felder fiir sich) wie ein konventionelles Feld 
für Teilchen der Masse VE, bzw. VA? zu quantisieren. 

Natürlich mu die Theorie so beschaffen sein, daf die beiden Operatoren 
Doly) und P,,(y) für sich keine physikalische Bedeutung besitzten. Nur die 
GréBe D(y) gemäB (16) hat die Bedeutung eines Feldes im Rahmen unserer 
Theorie. 

Allerdings muB man, um nicht auf die konventionelle Theorie zurückzu- 
fallen und der Theorie vernünftige Eigenschaften zu sichern, noch 2 Verfei- 
nerungen anbringen. Die erste ist einfach eine Symmetrisierung: Wir haben 
ja in (2) die Reihenfolge von ® und K” ganz willkürlich festgesetzt. Sicher 


(*) Eine solche Verdoppelung des Hilbertraumes miBte natürlich dadurch hervor- 
gerufen sein, daB die mit den &,-Operatoren verkniipften Probekòrper in zwei verschie- 
denen quantenmechanischen Zuständen auftreten konnen. 
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wäre es vernünftiger, an Stelle von (9) zu setzen: 
(21) OS + 4{b,°@ + (0“B)b,} = 0. 
Man kann diese Gl. mit Vorteil auch so schreiben: 


(214) (D,D*—12)5=0, 


(22) A? = Fe (b,b" + bb" + 2b,,b") . 
Dann erkennt man nämlich, daB der Ansatz 


Poy | Py) exp 


(23) D(y) = exp 
4 | 


by” 
4 ? 


zweckmaBig ist, weil dann 


(24) (CO — 22) 5%) = 0 


gilt. 

Die zweite Verfeinerung betrifft folgenden Umstand: Bei der Zerlegung 
von ®(y) gemäB (23) wird ja der Punkt y — 0 sehr stark ausgezeichnet, denn 
es gilt nach (23) D(0)= @®(0). Das hat gewisse unerfreuliche Konsequenzen, 
denen man entgehen kann, weil ja die Zerlegung von @ nach (23) mit (24) 
auch dann giiltig bleibt, wenn man statt (23) schreibt: 


(23a) Dy) = ply) By) ply) , 


DE 
(25) Oy) = — 3 p(y) . 


Die allgemeine Lésung von (25) ist aber: 


* . . = . rey ¢ . so . LÌ 2 > 
() Damit dies eine Lésung von (25) ist, müssen allerdinges die b” alle vier 


untereinander kommutieren. Dies folgt auch zwangslaufig aus (11) und (14). Hierauf 


hat mich freundlicherweise Herr Dr. A. UnLMANN, Leipzig, hingewiesen. 
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wo G ein beliebiger, von y unabhängiger Operator ist, der mit den 5” kommu- 
tiert aber mit D® nicht zu kommutieren braucht. Oben war es als sachgemaf oder 
mindestens natürlich bezeichnet worden, die Operatoren Dy und @,, wie freie 
Felder zu quantisieren. D.h. diese Operatoren erzeugen oder vernichten jeweils 
ein Teilchen der betreffenden Masse. Wir halten es aber aus Gründen der 
Korrespondenz für richtig, die Annahme einzuführen, daB auch @ selbst ein 
Operator ist, der entweder ein Teilchen erzeugt oder ein Teilchen vernichtet. 
(Nur die Masse des Teilchens ist bei Verwendung von ® nicht exakt fest- 
gelegt.) Dann folgt natürlich, daB der Operator gm nach (26) die Teilchenzahl 
nicht veràndern darf. gy darf aber z.B. ein Teilchen von einem in einen anderen 
Massenzustand beférdern. Das muB es sogar, wenn unsere Theorie mehr als 
eine triviale Überlagerung zweier Felder verschiedener Masse sein soll. 


6. — Die einfachste Green-Funktion. 
Die Funktion A™’ ist definiert durch 
(27) LADY", y) = SDY)DY)da, 
vergl. z.B. (°) oder (1); < >) ist der Vakuum-Erwartungswert. Unter Einfübrung 


eines Systems von 1-Teilchenzuständen w, und des Vakuum-Zustands w, kann 
man in bekannter Weise schreiben: 


(28) AD (4,4) = J (wo, BY! Ws) (wey PO (y han) , 


k1k" 


mit (23a) quo = wo, (*) (26) und 


AMANO. by, 
— (i exp (- 2 | G exp (- = 2 | Gu) 5 


Hier wurde neben dem Vollstàndigkeitstheorem die im Abschnitt 5 formu- 
lierte Annahme über die Matrixelemente von ®(y) benutzt. (Man muB natürlich 
beachten, das Y jetzt wegen (19) (2 Massenzustände !) doppelt soviel Glieder 

= 


hat wie in der konventionellen Theorie des Feldes []U = 0). 


(9) H. LEHMANN: Nuovo Cimento, 11, 342 (1954). 

(9) G. HEeBER: Vorlesungen über ausgewählte Kapitel der Quantenfeldtheorie 
(Berlin, 1961), S. 16. 

(*) Das ist wieder eine willkürliche, aber mòglichst einfache Festsetzung ! 
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Um ¢ angeben zu kénnen, wollen wir die Wirkung des Operators 
exp[— b’y,/4]G auf w, festlegen; es sei 


Yy 


(29) exp I 23e Gun = 3 glk, k’) exp [i(k — Free  0). 


g(k, k') = (w,, Gwy) ist hierbei noch weitgehend beliebig. Hine kurze Rechnung 
liefert: 


E = Y g(k, k’) g(k', k") exp [i(k —k')y] exp [ik —k')y'], 
2 


folglich 

(30) SA! (y', y) = ZW 2 — 22) 7 (k') exp[— (y —Y')] (©), 

mit i 

Sha GI) d(k2— 22) = > glk, W')g(k', k") d(k"2— 2°) d(k*—22) (*) 
LA 


Die Summe über k’ enthält natürlich zu jedem A-Eigenwert eine unendliche 
k'-Summe, die genau die konventionelle, zu dem betreffenden 4-Eigenwert 
gehôrige A-Funktion ware, wenn g(k)=1 gelten würde. Das ware dann 
eine triviale Überlagerung von Feldern verschiedener Masse, denn g(k)=1 
führt auf b” =0 zurück. Der einfachste nicht-triviale Fall dürfte es sein, wenn 


A? zwei Eigenwerte, 4, und 7î,, besitzt und wenn 


ì c, für k= 13, 

ÈS le fir 2 = À,, 

gilt. Man hat dann die einfachste Form einer genau nach Pauli-Villars (11) 

regularisierten A9-Funktion, wobei aber diese Regularisierung nicht mehr als 

formal, sondern als durchaus physikalisch begründet zu bezeichnen wire (***). 
Sie ist eben eine Folge der Massen-Fluktuation, der Unschärfe von 22. 


() Die y-Abhängigkeit der rechten Seite von (29) wird in dieser Form durch 
Betrachtung der y-Abhängigkeit der einfachsten Matrixelemente von DA (y) und D(Y) 
nahegelest. 

(”) Hier ist die Abkürzung 

AAC Aa Oth eee an 
eingefiihrt worden. 

(11) W. PauLI und F. ViLLars: Rev. Mod. Phys., 21, 434 (1949). 

(“*) Hierbei müssen wir natürlich die Pauli-Villars-Bedingungen 


Co + & = 0; CoÂgo + 6,42, = 6, 


erfùllt denken. Dies setzt voraus, daB G in ( 


26) ein nicht- hermitischer Operator ist; 
doch steht dem nichts im Wege. 
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Es ware hier deshalb auch nicht sinnvoll, Zi, > © gehen zu lassen, eher würde 
man À, & 4 als sinnvolle Approximation anzusehen haben. 

Will man, daB die A’-Funktion auch vernünftige (stetige) Ableitungen hat, 
mu man natürlich mehr als 2 Massen-Zustände in Betracht ziehen. Aber 
das ist ganz natürlich, weil die obige Annahme, die Probekôrper kénnten nur 
in zwei verschiedenen quantenmechanischen Zuständen existieren, selbstver- 
stàndlich gekünstelt ist und nur eingeführt wurde, um zunächst einen einfachen 
Überblick zu erhalten. 

Eine Indefinitheit von g(k) wie in (32) täuscht übrigens auch eine indefinite 
Metrik im HR vor, deren Ursprung aber hier in den Matrixelementen von 
b” und G liegt. 

Es ist klar, da& der Formel (30) ganz analoge Bildungen auch für die an- 
deren Greenschen Funktionen gelten werden; insbesondere A, erscheint also 
ebenfalls in regularisierter Gestalt. Es sieht demnach ganz so aus, als sei es 
auf diesem Wege moglich, eine konvergente Theorie aufzubauen. Allerdings 
ist noch nicht klar, ob die hier durch ihre Matrixelemente charakterisierten 
Operatoren b” und G auch wirklich vernünftigen K“’(y)- oder gar E,(y)-Ope- 
ratoren entsprechen. Die Klärung dieser Frage dürfte den Rahmen dieser 
Arbeit sprengen. 

Die oben erhaltenen Resultate (insbesondere, daf sich die Existenz der 
€,-Operatoren neben den Feldoperatoren als Uberlagerung von mehreren Fel- 
dern verschiedener Massen äufern kann) sind nach Ansicht des Verf. besonders 
interessant im Hinblick auf die jiingsten Versuche verschiedener Autoren (4); 
zu einer Theorie der Elementarteilchen durch Einfihrung eines entarteten 
Vakuum-Zustandes usw. vorzustoBen. Wir gelangen ja hier ganz zwangs- 
laufig zu einem erweiterten Hilbertraum. 


Verf. ist Herrn Prof. MARx, Budapest, sehr verbunden für den Hinweis 
auf die unter (1?) zitierten Arbeiten. 

Der Autor dankt ferner den Herren Dr. A. UHLMANN und Dipl.-Phys. Cur. 
BÔHME, Leipzig, für nützliche Diskussionen. 


ANHANG 


Wir erwähnten in der Einführung zur vorliegenden Arbeit, daB die Opera- 
toren u(y) bzw. £,,(y) durch unsere bisherigen Modellbetrachtungen nicht 
ausreichend fixiert sind. Wir haben uns deshalb oben auf die Frage konzentriert, 


(2) R. E. MARSHAK und S. OkuBo: Nuovo Cimento, 19, 1226 (1961); und dort 
zitierte weitere Literatur. 
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atoren X,,(y) gibt, die die Feldgleichun- 


ob es denn überhaupt irgendwelche Oper 
nichttrivialen Verallgemeinerung 


gen (2) zur Grundlage einer verninftigen, 
der konventionellen Theorie machen. 

Aber es ist natürlich nicht schon, daB die K,,(y) 
willkiirlich bleiben. Deshalb hat der Autor auch versucht, die K,, 
freilich recht formalen Wege versuchsweise zu bestimmen. 

Die Gleichungen (2) folgen ja als Bulersche Gleichungen des Variations- 


Problems 


dabei so weitgehend 
auf einem 


(A1) Sfar 0, 
mit 
(A-2) L= — 4(0,P(y))(2,P(y)) Ky) ; 


wenn man dieses £ nach © variiert. Variation von (A-1) nach K gibt kein 
brauchbares Resultat. Man kénnte aber glauben, daS man durch entsprechende 
Ergänzung von Z um geeignete Glieder in K,, ein Y erhalten kann, welches 
bei Variation nach den Æ,, zu einer vernünftigen Gleichung für Æ,,(y) fuhrt- 
Der einfachste derartige Ansatz dürfte sein 

(A-3) L= Lot Lx 

mit Yo gemäB £ in (A-2) und 

(A-4) Pa = (KM (y) — 6”) (Ky(y) — ns); 


x: Parameter. 
Lx ist so gewählt, daB aus 3| Lx dty = 0 die konventionelle Lòsung 


(A-5) Key) — 087 


folgt. (A-1) mit (A-3) aber liefert: 


(A-6) Key) — dio — 


NH 


(chD(y))(0’D(y)) . 


= Man erkennt, daB die Abweichung des Æ# von 0“ um so grüBer ist, je 
4 pr ou . . ' È a 4 
ee i tons wird und je rascher sich das @-Feld mit y andert. Man sieht 
È DE da durch (A-6) Aw’ véllig eliminiert werden kann, wobei eine in 
ID Aaa ees nichtlineare Theorie des @-Feldes entsteht. DaB die 
roBen Æ,,1in dieser Gleic NBI ti i eyes È 
ieee o au er Gleichung für ®(y) überhaupt nicht mehr vorkommen, 
50 Jedoch Tur unsere Bestrebungen sehr unerfreulich. Wir waren ja gerade 
von ausgegangen, da neb I Ni RA :( 
| O ven, da ben den ®(y) noch ander i 
{ andere Operatoren & 
der Theorie vorkommen $ 7 i ve ne 
» n sollten. Ihr Verschw tl j 1 on 
i ) - rschwinden führt ja auf x 
tionelle nichtlinear i il i ane en 
i are Theorie zurück. Hine % 
Lelli k. ne entsprechende Schwierigkeit wi 
naturlich auch dann auftr i eae ary rune 
auftreten, wenn man die Angiekei < 
die Abhängigkeit des Z, von K,, 


komplizierter macht. Es bleibt nur der Ausweg, in (A-4) die 6” durch Opera 
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toren 0”” zu ersetzen, also 


Ly = n( Key) — 5!) (KY) il 


statt (A-4) zu schreiben. Dann sind aber die 6” durch die (A-6) entsprechenden 
Gleichungen 


(A7) Ky) — Bor = = (Dy) )(@"HLY)) 


nicht bestimmt und wir müssen irgendwelche Annahmen über diese 6#” 
machen. Damit ist die Situation natürlich gar nicht gebessert, denn wir haben 
jetzt zwar eine nicht unplausible Rückwirkung des @-Feldes auf das Æ-Feld 
berücksichtigt, aber die Theorie ist wegen der Unbestimmtheit der 04” wiederum 
nicht abgeschlossen. Die Einführung von mehr oder weniger plausiblen, 
zweckmaBigerweise aber recht einfachen Annahmen über die Æ,,(y) ist nach 
Ansicht des Autors deshalb im gegenwärtigen Zustand der Theorie unver- 
meidlich. 


RIASSUNTO (*) 


Si dimostra che le equazioni di campo per un campo non localizzabile di massa zero 
(dedotte in (?)) hanno (fra molte altre) soluzioni le cui funzioni di Green sono identiche 
alle funzioni regolarizzate di Pauli e Villars (1). Le masse di compensazione hanno 
qui, tuttavia, un significato fisico in quanto corrispondono alle varie possibili masse 
di una particella di massa indeterminata. Risulta pertanto dal presente lavoro che 
dovrebbe essere possibile creare una teoria di campo convergente introducendo nella 
stessa una massa indeterminata (ad es., entro un piccolissimo intervallo) della parti- 
cella del campo, o (ciò in questo speciale esempio equivale) posizioni indeterminate 
dei corpi di prova utilizzati nella misura del campo. 


(*) Traduzione a cura della Redazione. 
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On the Triple Angular Correlation and Time Reversal Invariance 
in Strong Interaction. 


V. DE SABBATA 


Istituto Nazionale di Fisica Nucleare - Sezione di Bologna 


(ricevuto il 27 Luglio 1961) 


Summary. — The analysis started in a preceding paper on the angular 
correlation {}-y-y from not oriented nuclei, is carried on by examining 
the case where the first y is mixed. The simple correlation of the three 
directions leads to a test for the time reversal in the strong interaction 
without measuring the polarization of one of the two y. At the end we 
consider the example of 47Ca. 


1. — Introduction. 


In a preceding paper (1) we have given some general formulas for the 
B-y-y correlation and we have seen that if the initial nucleus is not oriented and 
the y-polarization is not observed, no conclusion can be drawn as to the time 
reversal invariance in the weak interaction. In addition, int he direction cor- 
relation without any measurement of the polarization, when we deal with 
pure radiation, we cannot obtain anything definite for the time reversal inva- 
riance in the strong interaction. This is due to the fact that the X coefficient is 
zero when the sum k,+k,--k, is odd, and in order to have a test on the time 
reversal in strong interaction it is necessary to observe terms with 
k,+k,+k, = odd. | 

On the contrary these terms are present when the first radiation is mixed. 
In fact limiting our consideration only to the alloved B-transitions, when 
Gamow-Teller transition is present, there will be k,=1, which can be asso- 
ciated to %,=%, even, which gives the aforesaid pseudoscalar term. 


() V. DE SABBATA: Nuovo Cimento, 21, 659 (1961). 
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Terms with k, or k, odd will not be present unless the polarization 
of one or the other radiation or of both, is observed. Therefore to have a 
test on the time reversal invariance in the strong interaction one simple tri- 
ple correlation B-y-y is sufficient if the first radiation is mixed. The necessity 
to have a mixed y is understandable from a physical standpoint as we have 
to measure a possible phase difference, and this can be obtained as the result 
of an interference between two coherent radiations. 


2. — The first y mixed. 
We can write for the angular correlation function 


(1) War Wa) Pre Dh (Dry Des) è 


kikok3 


where Par, is the emission factor and Gi rs) the angular function as 
defined in (1). For the allowed 8 transition with AJ =|J,—-J|=1, k, can 
assume the values 0 and 1; then we have: 


my 0 0 pk ak 1 1 dis, 
(2) Pre kak, ar D (0, Ory D, ee "i a, Oy D! D) ? 
rr 


where the a,, are the usual Fermi and Gamow-Teller coefficients, 


Don: = na E e ee 
00 11 ; 01 Va als 11 V3 D Vi, , 
and 
UR E cent 
CR EE SAR (da Ss 2.) amp pe 
a leghe EN 
ROC aa ST MENT ia: TUE G1—1 [hy 0), 7%, 
nba Rag 
(5) Dis = Til (—)ietrot tates W 6 + | (821 (Bal —1|%0) |, [2 
i TRE : 


Obviously if the radiation is not polarized we have only even values of k, 
and k,: Odd values of k, of k, can appear only if one selects respectively the 


~ 
N 
i 
Lol 
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first or the second circularly polarized y-ray (with the + or — sign according 
to left or right polarization). 

In order to see when in the correlation there are terms testing the time 
reversal invariance we discuss briefly the factor: 


LM ae tee 
(6) (—)-1(1, J1—1|k,0)X ly ds | ; 
ko ks [is 


that appears in the angular correlation function. If k,=0 we must have 
k,=k; they can assume odd values if one observes the polarization of both y rays. 
In the case k,=1 for the pure terms (with J, = 1) because of the properties 
of the X coefficients, only the even values of the k,+k,+k, are possible; then 
one of the k,, k; must be odd. Therefore these terms will be present only if 
the polarization of the one or the other y is observed. 

For the mixed terms (with LL) instead, we can have k14-k,tk3 = odd. 

These terms are therefore present even if the polarization is not observed, 
in which case both k,, k, are even. When it is summed up on /, and L, the 
mixed term will appear twice. Once, as in the expression (6), the second time 
as in the same expression with /, and J, interchanged between them; this 
makes a change of a sign of the expression (6), when k,+-k, +k; = odd (and ley i 
have different parity) which leads to the presence of the imaginary part of the 
product Vivi “l,). On the contrary there will be the real part of Viti 
when k,+k,+k,—even and this will be present only if the polarization of 
the one or the other y is observed (where therefore one of the two &, or ks is odd). 


3. — Explicite calculations for the decay of “Ca nucleus. 


The decay scheme is given in Fig. 1. The f-transition is Gamow-Teller al- 
lowed and the first y is mixed #2, M1. Then 
it is possible to have terms testing time rever- 

J=7/2 sal invariance by measuring only the three 
directions of motion. 
The f-transition being pure Gamow-Teller, 

—T—— J:=5/2 the angular correlation function is reduced 


(G.T. allowed) 


$E2,M to: 
J3=3/2 Di T Okk Gk o 
FO (7) W (Wor) Ors) = i da CI ODrs) + 
TEEN = 
: ; 1 4 Sei 1k,k, Gk kak 
Fig. 1. — Decay scheme of 47Ca. no EN 2 Di" DE Down (Our, Ors) » 


koks 
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where: 
(8) À Gere? 2 Re (C70,— 0704) — 27 Im (C3 07+ 0707) a 
My 0 O,[? +04] + [Cal + | Cz |* + (Om) B)Re (C40, + CF ON)’ 


and the ® are given by (3), (4), (5). 
Explicitly in the case of observation of three directions of motions without 
observing any polarization we have: 
Wire, Des) dò |) DI + BP? P.(cosd,,) + 
(PEZZI ME rta : 7 
+ A | Cha CP, sind, sin Ÿ,, sing P3(cosB,,) , 


or 


(9) W(0,,,©0,) = 1 +|6|/? — [0.051 0 —|6 |cos 7 0.169 + |Ô 


2 0.0143]- 


‘($ cos? d,, — 3) + A-0.483|6|sin 7 sin ®,, sin @,, sin y cos Ÿ, , 


where 

CAIAPE (M1) 
10 = — | 6 exp [in] = I 
( ) CIs ALAN | | I [ 7] (| Z2|) ? 
(11) yi Ge El ’ 


gy is the angle between p/r and s Ar. 

In the numerical calculation of B and C we have used the tables of 
X-coefficients given by SMITH and STEVENSON (7?) (see Appendix). We see 
that the term having sin » is a direct test of time reversal. In fact this term 
does not appear if time reversal invariance holds. The experiment is now in 
progress at Bologna University. 

If in the experiment we select the first circularly polarized y we have also 
terms with 91, J‘? and Z% (and the same terms with a change of sign 
for opposite polarization). On the contrary if the polarization of the second y-ray 
is observed, there will be terms with G1, 9121, G23 and is, 

At last, if the polarization of both y-rays is observed, there will be also 
terms with 9", 9 * and ZM, 3, The expression representing all these cases 


(?) K. SmirH and J. V. Stevenson: Table of Wigner coefficients, Argonne National 


Laboratory ANL-5776. 
(?) K. SMITH: Supplement to a table of Wigner coefficients, Argonne National Lab- 


oratory ANL-5860, part I and II. 


68 - Il Nuovo Cimento. 
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On COS Dy, DI, + 012[3 cos #,, cos Dog — COB By, | Pi, + 3 
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SEG Fr È COS D COS D pr °° pei Dr COS Orns +5 — cos d,,| DI hf +. 


+ PRA Lr {01 COS Ds Di, + Cog[c08dy —- 3 cos D, COS Ds] Di, ha ‘ 


+ CE (5 cos°d,, — 1) CO8 Pps — 3 cos Drs cos Pye] Pi, + 


35 A5 
0 È (5 cos?3,, — 1) cos By, — (È cos? ds — > COS a.) COS dî} + 
MONS 
fi PP te cos Dy, Bi, + Ou [3(5 cos Duy — 3 cos Dor)] Pi, + 
si ‘oro tes 


Athi VE ZA ee [Css sind, Sind, sin œ D}, + 


> 
| 


De > + sind, sind, sin @[$(5 cos, — 1)] 03, . 


ER where the 0 are given in the Appendix and Ph, Pi: are 0 if k,, k, are even 
er and = 1 if k,, k, are odd with + or — according to right or left circular pola- 
| rization. | 
In the formulas (11) and (12) we have used for the geeks function the | 
7 relations 


F 


v4 


(13) DT, Or) = DI *(Wysy Der) = 


È i (I 
a i ca V (2k n 1)(2% 2 3)(k 4 p Pent (cos aes) cos Dose P,(cos dor) cos Por] à 


Me a> a 

CHAN DE \ TA Ny “1 
; a (14) Det Damn rs) = is kV k(k + yl Shey (cos ds) =: 
% 5 (—)* 


ESA VT (k+1) 


= sin #,, sind, sing Pz (COS By) - 


MESSO obtain directly, from the definition of 2%%%(&,,0,,) as 
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* ** 


I would like to express my sincere thanks to Professor P. VERONESI, 
Dr. C. MARONI and Dr. E. FUSCHINI for valuable discussions on the subject. 


APPENDIX 


We give here the expressions for B and C that appear in the formulas (9) 


D dE Ja 
29: \()29 (221-119 Oxia I, +2|6|cosy2î(211-1|20)- 
1 go a) 
17 JI J, ali J, Jo 
ae i 
eA ed) O21 901 1, 1 20 VAC | LS Belg ies, N'ES 
Ì V5 
220050 ZO ; 
= 0.357 — |6|cos 41.183 +|d|* 0.100, 
2 Je Ales 
nN A NA > il . 
3221 2/d|sing 21(211-1]/20)X(1 J, Jy —— = —|6|sin y 0.231. 
Do ee 30 


In addition on has V(J—1)/3J = 0.488. 


In the case of observation of the polarization of the first 
the coefficients: 
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y-Tay we have 


DP AEA 
21 14()9 8(291—7 Boyer (2), +2] 6|cos21(211—1]10)- 
DECO 
III: Vee nals 
af das td) 7 1 Qigijiox(1. J, dl 
ihe Mi" TOF Pat v3 
- 0.537 — 1.046 |cos 7 —1.02] 6], 
SORA 
Phe | oe ZITTI, Je +2|6|cos 721 (211—1/10)- 
ea 


2 J; J li J Ja il 
St rhe esa trio) x PIA | )- 
NARO ZIONE I: al 

Met 


1064 V. DE SABBATA 


2 J, Ja 
CEI dal 3°2| (—)2 2221 —1 (3 0) x) 2743 1.) :2)0\eonyBft@s tt 
RODA 
2 dle DA 1 \ 
-X(1 35 Jy\|-(-—=—=| = — 0.217 + 0.05610 [0087 
1 V105 
pi a \ 


In the case of observation of the polarization of the second y-ray we have 
the coefficients 


a eee 2221 1/00) DE Js I.) 101? 1(111—1100): 
DS HE 


hs 


ie Pea : 
406 | Les DIE = = 0.567 + |d|*0.916, 


e TI 9 
2 DA If 
Gey J 2 (220021 1120) Ie 1); |d|cos7 2 1(211-1|20 
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Dates RAR Ree 
era RIE 1 ELISA IS 1 dz di Mc 
— — 0.115 + 0.774|d|cos7 0917, 
DAT ak 
Coy = Jada1 2 3|(—)22(221—1/20)X|2 da de ]+2lôlcosn2 Î(211-1]20): 
DATA 
Whe ae METRE 
X|1 Js de A LE 0 NT RE eis 
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= 0.0788 —|6|cos 7 0.184 +|6|[ 0.0131, 


~~ 


ee. ‘ FD ET RTE 
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If at last we observe the polarization of both y we have also the coefficients: 


D'or) FARI 
On = du î Sparco Mii io Bee ô|cosm 21(211—1/10): 
(PETER 
II BEAL: MOSSO, 
LV Farine (à TT E ta) 
IL 0 it EY) V3 
— — 0.0745 —|5|cos 1.59 +] 6|20.67 
Limi) ees 
Ore = 727,3 3) (—)22(221 1/30) X42 4 7: ]42]ò]cosn 21211-11380). 
oy 


208 40.151, 
J; Ji} = 0.929|6|siny , 


OI, 13820] ing 2 1211—=1)/30)X|1 Jy J, oh 


| 
| 
| 


= 0.0147|d|siny . 


In all the expressions the last factor derives from the angular function; 
for the ® we have 


Dh ce PR (7 a zie (Igl31 —1|h,0) 
Then: 
=] ’ 
AM 
7, = — 0.447, 
D, = 0.0639 


RIASSUNTO 


_ Si continua l’analisi fatta in un precedente lavoro sulla correlazione B-y-y da nuclei 


non orientati esaminando il caso in cui il primo y sia misto. Si vede che la semplice 
correlazione di tre direzioni porta a un «test» per l’invarianza per inversione del 
tempo nelle interazioni forti senza che sia necessaria la misura della polarizzazione 


di uno dei due y. Si considera infine l’esempio del decadimento 8-y-y del nucleo Cat’. 
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(La responsabilità scientificu degli scritti inseriti in questa rubrica è completamente lasciata 
dalla Direzione del periodico ai singoli autori) 


Leptonic Decay of the A°-Hyperon. 


B. BHowMIK, D. P. Goran and N. K. YAMDAGNI (*) 


Department of Physics, University of Delhi - Delhi 


(ricevuto il 10 Luglio 1961) 


Presently, the experimental informa- 
tion on the leptonic decays of the A°-hype- 
ron is very little. Only two cases decaying 
in the mode A°>p+e + have been 
reported so far (**), both by the Ber- 


 keley bubble chamber groups (1). Though 


the expected frequency for this mode 
in renormalized UFI theory is 1.6% (2), 
the observed rate is only 0.2%, which 
is an order of magnitude smaller than 
the predicted rate. Considering this dis- 
crepancy and inadequacy of the data, 
further experimental information on the 
subject would be of immense value for 


(*) On leave of absence from the Education 
Department, M. P. Government, Bhopal. 

(**) W. E. HumPHREY et al.: Phys. 
Lett. 6, 478 (1961) refer few more 
this type communicated to them privately, 

(1) F. S. Crawrorp, M. CrestI, M. L. Goob, 


Rew. 


G. R. KALBFLEISCH, M. L. STEVENSON and 
H. K. Tico: Phys. Rev. Lett., 1, 311 (1958): 
P.,NORDIN, J. ORFAR, L. REED, A. H. ROSEN- 


FELD, F. ©. SoLmrtz, H. D. Tarr and R. D. 
TRIPP: Phys. Rev. Lett., 1, 380 (1958); D. A. GLa- 
SER: Strange Particle Decays; Conf. on ILigh 
Energy Physics (Kiev, 1959). 

(*) R. P. FEYNMAN and M. GÆLL-MANN: 
Phys. Rev., 109, 380 (1958); S. OKUBO, R. E. 
MARSHAK and RP. C, G. SUDARSHAN: Phys. Rev., 
113, 944 (1959). 


events of 


a correct estimation of leptonic decay 
rates. 

We report here two which 
appear to be clear examples of leptonic 
decays of A°hyperon with e as one of 
the charged secondaries. The events were 
found amongst 94 decays (A°+p+7z ) 
obtained during a systematic scan for 
V-events in an emulsion stack exposed 
to the magnetically separated K -beam 
of the Berkeley Bevatron. The details 
of the exposure and scanning procedure 
have been described elsewhere (*). Both 
the V-events consist of only two out- 


cases 


going tracks, that of à proton and an 
electron, identitied by constant sagitta 
and b* — pp measurements respectively. 
No visible primary track could be asso- 
ciated with either of the V-events. The 
relevant measurements on the two tracks 
are given in Table I. The photomicro- 
graphs of both the events are also 
shown. 


(*) B. BHOWMIK, P. G. JAIN and P. C} Ma- 
THUR: Nuovo Cimento, 20, 857 (1961); B. Buow- 
MIK, D. P. GOYAL and N. K. VAMDAGNI: The 


mass of the A°-hyperon, in Nuovo Cimento (in 
press). 
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TABLE I. dA 

Event Measurements on the proton track WEEE | Space angle Pres: 
| | on the electron track | between | 1 163 NTM 

no. SE Eve» be ae dA #48 
rest mass res. range kinetic energy] b* pp p and e se 

(MeV) (um) (MeV) (MeV/c) | 

1 cons 5831 38.39 1eh 120,065) 26.7 4-401 121° 14%) RE 
Bir). 966256 LOL “9 14.54 1.13+0.08 | 30.04+6.8 | 66°17’ | ae 


The interpretation that the events neutral particle with emulsion nucleus na 
are produced by the interaction of a where the excited nucleus emits an oe 


‘ + e” 


2m No 
È MO, 
Event No. 1. 
electron along with a proton is excluded 
because of high observed pf of the elec- Mr 
trons in both the cases. We therefore EN 
; assume that the events represent the ie 
5 Bes decay of a neutral particle. The only Gi ae 
known unstable neutral particles which ‘LS RS 
on decay can give rise to such events, feti 
are the neutron and the A°-hyperon. The deri 


neutron decay is completely excluded on. 
kinematical grounds. (For the observed 
energies of the electrons the neutron 
has to be as fast as B,—0.999 The ‘ ng 


velocity of the proton should then also i 
; be ~ 0.9.) We therefore label these 
events as due to the decay of a A°hy- 
5 iam , ; s. YA 
PS peron in the mode: | «tel 
Event No. 2. NP pret Ve SA) 
Va 
2 an 
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The possibility that the events may 
be due to the decay of an unknown 
neutral particle is not excluded. 

The events are observed in a sample 
of 94, A°+p+n decays. Taking the 
ratio (A°— p+7)/(all A°)=#, we get the 
total number of A° produced equal 
to 141. Thus on our statistics the fre- 
quency of electronic decay of the A®-hy- 
peron is 1.4% — a value consistent with 
theoretical prediction. However, if we 
combine our data with world emulsion 
data (#5) which report only non-leptonic 
decays the frequency gets reduced to 
0.2%. The true leptonic decay rate can 
be established only after evaluating rela- 
tive detection efficiency (*) of leptonic and 
non-leptonic decay events. 

The detection efficiency of 


A 449: 


(4) GC. J. MASON, W: H: BXRKAS, J. N. DYER; 
H. H. HECKMAN, N: A. Niokors and F. M. M. 
SMITH: Bull. Am. Phys. Soc., 5, 224 (1960). 

(6) K. GOTTSTEIN: Proc. of the Rochester 
Conference (1960), p. 436. 

(*) Note added in proof. — The scanning 
efficiencies of two observers have been determined 
by the method of coincidence ana are practically 
the same. The average efficiency for V-events 
is 91% and for hanging protons (*) 89%. Since 
the detection efficiency for tracks of plateau 
ionization is known accurately as 94% from the 
serutiny of electrons in x —u +e events, the 
scanning efficiency for A! +8 decay becomes 
84%. This correction changes our observed 
leptonic decay rate from 1.4% to 1.6 ae 


B. BHOWMIK, D. P. GOYAL and N. K. 


YAMDAGNI 


mode is expected to be the same as that of 
the A°+ x +p mode. However, a Au 
decay is likely to be classified as A-like 
interaction as the identity of the stopping 
muon cannot be established by its ter- 
minal behaviour which is identical with 
the terminal behaviour of 30% of 
stopping pions namely a 0-prong star. 
Only on careful mass measurement on 
the lighter partner in the V-event the 
identity of the muon can be established 
unambiguously under favourable geo- 
metrical conditions (long and flat tracks). 
The predicted theoretical rate is 0.24% 
and ona world sample of 1000 V-events 
a couple of A°— u. decays is expected to 
be observed. No clear example has yet 
been established. A careful scrutiny of 
A°-like interactions whose lighter partner 
produces a star with small visible energy 
or a 0-prong star may reveal the pos- 
sible existence of the A° yu decay mode. 


We are indebted to Prof. E. J. LOFGREN 
of the Berkeley Radiation Laboratory for 
the exposure facility at the Bevatron. We 
are grateful to Prof. C. F. PowxELL for 
the processing facility at Bristol. Our 
thanks are due to Prof. D. J. PROWSE 
for handling the exposure. One of us 
(N.K.Y.) thanks C.S.I.R. for the award 
of a fellowship and the M. P. Govt. 
for the grant ot study leave. Financial 
support from the Department of Atomic 
Energy is gratefully acknowledged. 
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0, the sr”, and the Bound State Model. 


5. BARSHAY (*) and H. N. PENDLETON (**) 


Brandeis University - Waltham, Mass. 


(ricevuto il 14 Luglio 1961) 


In a recent note (1) it was pointed 
out that an S-wave x-A interaction 
strong enough to bind (thus forming the 
X-particle (?)) is consistent with the exist- 
ence of an S} r-A resonance, the YT, at a 
barycentric total energy of 1385 MeV (3). 
It is interesting to inquire into the 
effects of such a strong x-A interaction 
in the z-z-A system. In general one 
expects that a stronger x-A interaction is 
required to bind two 7’s than one 
(ef. the strong coupling model for 
nucleon isobars), and the relative « weak- 
ness » of the binding of the x to the A 
leads one to believe that no bound 


(*) Partially supported by National Science 
Foundation Grant G14688. 

(**) Partially supported by Office of Naval 
Research Grant 1677(03). 

(1) S. BARSHAY and H. N. 
Phys. Rev. (Lett., 6, 421 (1961). 

(?) S. BarsHay and M. SCHWARTZ: Phys. 
rev. Lett., 4, 618 (1960). 

(*) If we redo the estimate of our previous 
note using the current Dalitz (a-) solution (°), 
A,=a,+ib,= — .85+.21i fermi, we obtain a 
very small positive zero-energy scattering 
length in the x-A system, which in the limit, 
b; > 0, goes to A = +1.4 fermi, which is quite 
close to the «size» of the sigma hyperon, 
~ 1.3 fermi. However, the computed resonance 
shape seems to indicate a notably slower fall-off 
on the high-energy side. We wish to thank 
Professor DALITZ for sending us his new solu- 
tions. 


PENDLETON: 


Le 
ce 
kei 
Del 


m-m-A system exists (the fact that none 
has been seen also contributes to that 
belief). That the x-A binding is rela- 
tively weak can be seen by comparing 
the «size» of the bound state ©, which 
is — 1.3 fermi, to the range of the 
longest-range force contributing to the 
binding (— 0.7 fermi associated with 
2x exchange). It can also be seen by 
comparing the z-A interaction to the 
K-N interaction, which is so 
as to «bind» both one and two K’s, 
making the A and the E, but with 
such a small «size» (<m%x') relative to 
the longest-range force between the 
hypothetical constituents (again the 27 
exchange) that the bound state model 
for these particles is not so immediately 
useful (and may never be) as it is for 
the X-particle (24). 

However a «virtual» bound state in 
the 7-x-A system would not be surprising, 
especially if a strong attractive force 
existed between the pions at low energy. 
Suppose that such a « virtual) bound 
state, the Y**, exists at a very low 
kinetic energy in the barycentric frame, 
say at — 10 MeV (corresponding to a 


strong 


(4) S. BARSHAY and H. N. PENDLETON: 
Theory of associated production of sigma hyperons 
in pion-nucleon collisions (to be published). 


mel He RRQ % à SECTOR rif gk Ok Gr ett DI HART Pi ne | A gie FP 
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total barycentrie energy of ~ 1405 MeV). 
Then the decay of the Y** into two 


S-state system in a P-state relative to 
the A. Of course, one or the other of 


hal pions and a A would have much less the pions can interact in an S-state 
EN phase space available than the decay with the A. 
Di) in which one of the pions is bound to The Dalitz solution (9) for the 7—0 


the A (making a Y), — 10 MeV available 
kinetic energy as compared to —75 MeV. 

A possible resonance in the 7-2 
system at 1405 MeV (5) may thus be 
understood in terms of the binding t-A 


‘interaction and a strong attractive force 


in the low energy two-pion state. A 
recent experiment (*) and some theo- 
retical calculations (7) suggest that such 


complex scattering length (corresponding 
to the (a-) solution), dj) +tby)= — 0.75 + 20 
fermi, has the correct sign and size for 
its real part to give rise to a quasi-bound 
K-N system (*). However, Dalitz has 
already noted (®) that the width of this 
state might be unconfortably large, due 
to the large value of the imaginary 
part, bo. It is assumed that b), which 


#, 
à a Strong two-pion attraction exists at 18 roughly proportional to p? (*) (for a 


very low energies in the 7—0 state, but 
not in the 7=1 or F=2 state. Then 
the x-XZ resonance will be a T—0 reso- 
nance, as is suggested by experiment (?). 

‘It is attractive to consider the pos- 
sibility that such a state, centered 
— 27 MeV below the K-N threshold 
with a half-width of —(10--30) MeV, 
could be responsible for the large 7=0 
absorption cross-section (relative to the 
T=1 absorption) that is observed in 
the K-.N° system at rest and at very low 
energies (°°). (It should be recalled 
that the YY lies about 47 MeV below 
the K-N threshold with a half-width 
of — (10-30) MeV (1911).) In order to 
be formed in the absorption of a low- 
energy pseudoscalar K the x-m-A state 
would have to involve the two-pion 


(9) G. GOLDHABER: private communica- 


r-Z Py-state), does not vary sharply 
from its value as determined from data 
on the K-.N system at and above 
threshold in going to the position of the 
quasi-bound K-.N state. Here p is the 
relative momentum in the x-X bary- 
centrie system. However, suppose that 
the same 6, corresponds largely to 
K4N >r+A (a quasi-two-body sys- 
tem) where z’° is the 27 system at 
about zero relative kinetic energy. Then 
in going from the K-.N° threshold toward 
the position of the « virtual » bound state 
by + ~ (q/qz)"bo, Where we have assumed 
n~ 3, and q and gq, are the relative mo- 
menta in the <’°-A system at total bary- 
centric energies of about 1405 MeV and 
1432 MeV respectively (*). One assumes 
for simplicity that the K-matrix ele- 
ment ($) for 


ae, tion. We wish to thank Professors S. and K+N srl +A ’ 

DE G. GOLDIABER for a most stimulating seminar 

ty in which the experimental findings of the Alvarez È » 3 i 

FA group in Berkeley and of EISENBERG and workers oe Fo polmyely SOM, ONES. 

By track \concerniig "the Y") Were presented: in by (as compared to the rapidly de- 

da (9) A. ABASHIAN, M. E. BoortH and creasing momentum factor) as one goes 
DA RE € RS > 1S 20) n QORQ » = 2 | e 

it N AE 3 1 hee Ca Le x 9, bei (1960). toward the position of the quasi-two-body 

100 ©) BB. DESAT Phys. Rev. Lett., 6, 497 : PERDI 

aa AT ; ‘ « virtual» bound state. In the limit of a 
nf «| @) R. IT. Dang and S. P. Tuin: Ann. 

qu Phus., 10, 307 (1960). Pag 

o; (*) R. H. DALITZ: On the strong interactions S 

ii of strange particles (Rev. Mod. Phys. to be () A relatively simple model in which ds 
i published). corresponds to the sequence 

# (10) M. ATSTON CGT. Phys. Rev. Lett. 5, 


520 (1960). 


(7) J. P. BERGE et al.: Phys. Rev. Lett., 


6, 557 (1961). 


K+4N+r%+A>Y#* nt, 


has been constructed which gives n <4 (to be 
published). 
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quasi-two-body state with M_v—280 MeV 
by > (1/8)2 = 0.25. 


Consider the Dalitz-Tuan formula (8) 
for the phase shift 6), which will be 
interpreted as that for the x’°-A P-wave 
system 


ee Ge ig 

Leh | | 
where % is the magnitude of the (ima- 
ginary) momentum in the K-.N° channel, 
A is the phase shift that arises from 
« dynamics» in the 7/°-A system other 
than the coupling to the K-N channel 
at threshold. Let A be represented by 
an effective range formula 
(2) ctg À = (qa) ® — (ql). 
Take the range parameter R,~ im, 
and fit a by requiring 6) to be 7/2 at 
a total barycentrie energy of ~ 1405 MeV; 
a is then ~ 1.28/m,. This is an extre- 
mely reasonable number if it is remem- 
bered that it is conjectured that the 
z"°-A system is forming a quasi-two-body 
« virtual » bound state by virtue of the 
, strongly attractive x-A forces (as well 
as the z-z forces) that are supposed to 
give rise to a real bound state, the Y, 
whose size is ~I1/m,: In Fig. 1 is 
exhibited the function sin? d;/g? com- 
puted from eq. (1) and (2). One sees a 
rather narrow resonance falling off 
somewhat more slowly on the high 
energy side than on the low. The exist- 
ence of such a resonance with spin $ 
and odd parity relative to the A would 
provide support for the hypotheses of 
the theory: (a) a strong (binding) x-A 
interaction leads to a « virtual» bound 
state in the z-z-A system and (b) a 
strong attractive interaction in the 
S-wave T=0 x-x system at very low 
energies contributes to that virtual state. 

An important point is that a « poten- 
tial ) resonance in the zero-energy S-wave 


r'°-A system would not be narrow (DE 
however, it might be confined by an 
important coupling to the K-.N° Py-state. 


2.5 | 


ine) 
(©) 
T 


(E 1 1 
1.395 1.405 1.415 1.425 1.435 
W°-A Total barycentric energy (GeV) 


Fig. 1. — The function sin? 6,/q* for the n'°-A 

system computed using formulas (1) and (2) 

with parameters: a=1.28/mz, Ry =1/2Mr; 

bo =2 fermi, | a)|=.75 fermi, plotted vs. total 
barycentric energy. 


Note however, that experience with the 
coupling of the P,7'°-A system to the 
K-N Sy-state (eq. (1)) shows that, in 
this case, the coupling to K-N cannot 
confine the resonance. Indeed the Y**, 
located within ~ 10 MeV of the z-z-A 
threshold, is essentially a result of the 
quasi-two-body P-wave « virtual » bound 
state (the z’°-A) and not a result of the 
coupling to the K-.N° channel. This is 
to be contrasted with the Y*, which is 
much closer to the K-N threshold 
than to the z-A threshold, with features 
essentially determined by the coupling 


(?) We wish to emphasize that the bound- 
state model does not necessarily imply that 
two S-state pions would be bound to a A. 
If the mechanism of the force between pion 
and A involves a change in the nature of the 
source (such as K-K exchange, with A —+ nu- 
cleon + A), a second pion would not likely 
be bound. 


1072 s. 
to the K-N channel (although the 


precise resonance position and shape 
may reflect to some extent the size of 
the strong «potential» interaction in 
the low energy S-wave z-A system (1); 
again the « potential » alone cannot con- 
fine this system). 

Phase space as well as the centrifugal 
barrier severely suppresses 


1K ENP SS pee 


near the K-N threshold, but one would 
expect the process K+J7— 27+A to 
eventually exhibit a sharp rise (as q° 
for an incident S-wave K-N state) to a 


substantial cross-section (*). (The K-ma- 


(*) An important contribution may also 
come from an incident K-. P3 state going to 
a strongly interacting state of two S-wave pions 
and a A. 


BARSHAY and H. N.. PENDLETON 


trix element for the process REN 555 
divided by p is assumed to remain rela- 
tively large; its value is By — 1/mz at the 
K-N threshold.) There will be a further 
variation of b, with energy above the 
K-N threshold which will depend upon 
the behavior of B, as well as the phase 
space and centrifugal barrier factors. 
This affords yet more room for energy 
variation in quantities sensitive to by (**). 


(**) It is possible that the 400 MeV/e anom- 
aly in K-.N scattering is due to strong absorption 
in the isotopic spin zero state, due to the pro- 


cesses 


K+tN>n+A>r+r+A4; 
and 


kee N Ste 


These pion-hyperon resonant states could be 


the Pg anlogue of the Px. 


pK al 3 
Y;, and would be created by an incident 


K-N D3 state. 
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A good deal of attention has been re- 
cently polarized on the production experi- 
ment of ABASHIAN, BOOTH and CROWE (1), 
made with protons on deuterium. It is 
known that, at different incident proton 
energies, the distribution in the re- 
coiling He nucleus bump 
roughly corresponding to a fixed mass 
of about 300 MeV for the unobserved 
produced system (or particle). Such 
an effect cannot be due to the resonant 
T=1, J=1 state of two pions, since 
it is supposed to resonate at much 
higher energy. The alternative expla- 
nations can be some kind of new par- 
ticle or some enhancement in the pro- 
duction due to a strong (also if not 
resonant) interaction of the produced 
pions at the threshold. 

The first support of the last point 
of view was made by Tugis and 
URETSKY (?) who use a model for intro- 
ducing the final state interaction. The 
final state interaction is taken into 
account in the production cross-section 


shows a 


E. BooTH and K. M. 
258 (1960). 
URETSKY: 


(1) A. ABASHIAN, N. 
CROWE: Phys. Rev. Lett., 5, 

(MATURI Sand JE 
Rev. Lett., 5, 513 (1960). 
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simply by multiplying the phase-space 
factor by an enhancement factor which 
is the modulus squared of the final 
state scattering wave function at a 
point À out from the interaction re- 
gion. Then a scattering length approxi- 
mation is done. They show in this 
way that a strong interaction at the 
threshold of the two pions in a P-wave, 
with a very large P scattering length, 
can give account of the observed peak 
at the incoming energy of 743 MeV. 
The reason why such an effect can 
simulate a single mass production is 
made clear from the form of the enhance- 
ment factor for the P-wave (3) 


7202 
pra i ; 
I + (ga,)°® 
which depends strongly only on g?, 


producing a maximum in the cross- 
section at various energies at about 
the same q?, which is the behaviour 
of a single mass peak. Obviously the 
form is different from a single particle 
peak, buth the width, being actually 


(3) See for notations ref, (2). 
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only a function of q?, behaves at dif- 
ferent incident energies as a Breit- 
Wigner one. 

The explanation of a strong thresh- 
old P-wave interaction of the two 
outgoing pions could however not be 
supported anymore, since from the 
experimental analysis the assignement 
T=1 was ruled out in favour of a T—0 
of the produced system. 

The problem is then, if the bump 
can be explained by some threshold 
interaction of the two 7r-mesons in 
as S-state. This question has been 
partially answered by TRUONG (*), who 
introduced an exponential potential well 
for the two-pion interaction and fits 
the old experimental data at 743 MeV 


‘by an S-wave scattering length varying 


from 0.5 to 1.5u-!. The new and more 


| refined experiment at this energy points, 


however, towards a much higher S-wave 
scattering length a, about 2.5 u* ref. (5). 
Such a scattering length is larger than 
one would expect, and it can give some 
trouble in other problems, as the t-decay 
and double production experiments, 
where it seems that such a large dy 
should produce much more relevant 
T=0 effects. 

We think thus that the question is 
still open, for two reasons: 

a) It seems always possible to 
fit the data at one energy by intro- 
ducing an S interaction of the final pions, 
with a suitable scattering length. 

b) The indication of the 743 MeV 
experiment for a so high S scattering 
length needs further confirmation before 
accepting it, because of the consequences 
on the before mentioned processes and, 
for instance, also on the pion-nucleon 
scattering via the pion-pion nucleon- 
antinucleon 7—0 channel. 

We think consequently that in order 
to decide between the two opposite 
explanations, namely that of a particle 


(4) T. N. TRUONG: 
308 (1961). 


Phys. Rev. Detti 6, 


. Li SERTORIO 


i Mey 4 Pi C4 
1 7 mins x a bi, P. » a Ve BAIE Ce NE 
- iste oe hs a Re da = CNT 
: ba if E LE MALE: 
% 2. Via 
” Fe 7 he ti z TA #7 
4, è RT A 
es 
i 
' 


(the « three-pion » with T—0 and J=1, 
bound state of 3 pion with relative 
resonating 7-1, J—1 states) and that 
of a simple final state interaction of 
of 2 pions in 1—0, J=0, an enrichement 
is necessary of the experimental data at 
different incident energies. At just one 
energy and one fixed laboratory angle, 
it seems hardly possible to discriminate, 
within the present experiments. 

We have adopted a model derived from 
that by Tupis and URETSKY simply sub- 
stituting an S-wave enhancement factor 


to that used by them. Our factor is 


1 


Vip 
1 + (Gay)? 


We have tried to see if such a model 
can be distinguished by its behaviour at 
various energies from the yield of a 
single mass peak. The result is that 
the maximum in the helium momentum 
distribution will not be in correspondence 
of a fixed produced however, 
for the energies at disposal, it is impos- 
sible to appreciate this difference, in 
the p, scale. 


mass ; 


In Fig. 1 are shown the curves at 
the incident energy of 743 MeV, for 
various values of the scattering length. 
The best fit to the more recent experi- 
mental data is given by ap—2.5--2.8. 
The fit is not completely good in the 
region of low py, where our theoretical 
curve lies lower by a 20% with respect 
to the experimental yield. It is dif- 
ficult to give reason of such feature. 
It could perhaps be due to some effective 
range effect which reinforces the cross- 
section. No reliable improvement can 
be however done on the model proposed 
since, if one takes into account higher 
effects in q?, then the factorization of the 
matrix element in a statistical production 
amplitude and in a pion-pion final 
interaction loses its sense, as can be 
seen, e.g. from the analysis by GRIBOY (5). 


(*) J. GrIBov: Zurn. Eksp. Teor. Fiz., 
6, 1102 (L958). 
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% Fig. 1. — Momentum spectrum of ‘He at 12° laboratory system and 743 MeV incident proton © 

| energy. The curves are calculated for various values of the scattering length and normalized 4 ar 
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that energy, from a peak of a single different energy, in Fig. 2 we have — 


Tp =624 MeV 6,,:12° 
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7 Fig. 2. — Momentum spectrum of *He at 12° laboratory system and 624 MeV incident proton 


energy. Curves normalized to equal area. Ordinate in arbitrary units. The curve ®, indi- 
cates the approximation of simple phase space. È 
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plotted the curves for various values of 
the scattering length, normalized to 
the same total area, at the incident 
energy of 624 MeV. Also shown are the 
curve obtained by the simple phase 
space, normalized to the same area as 
before. It is seen from the figure that 
it is impossible to observe experimentally 
that the maximum, in the « enhancing » 
S-wave case, does not correspond to the 
same produced mass, since the differences 
in the p, scale are too small to be appre- 
ciated. The form of the curve is however 
completely different. In this way one 
could discriminate the two possibilities. 
However we observe that: 


4.05 hey MES Bye AS UE 


4.99 


SERTORIO 


peaks (forward and backward produc- 
tion) would mix their contributions in 
the p, spectrum. 

Consequently better discrimination 
between the two possibilities could be 
obtained by a new experiment at 
743 MeV but at another laboratory angle 
of the recoiling *He, as pointed out in 
ABASHIAN, BootH and CROWE (°). 

For this aim we have done calcula- 
tions at 15° laboratory angle which seems 
interesting since, in such condition, in 
the range of the values of p, reasonable 
for the experimental analysis, the mo- 
mentum spectrum show both 
the peaks of the single particle. 


would 
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Fig. 3. 


energy. 


1) At that incident energy (624 MeV) 
the momentum spectrum ranges on 
values of p3 near to 1 GeV which makes 
the experiment very difficult (see ABa- 


SHIAN, BoorH and CROWE (°)). 
2) Assuming the width of the 
particle as given by ABASHIAN, Boot 


and Crowe (!) at 624 MeV the two 


(5) A. ABASHIAN, N. KE. Boots and K. M. 
CROWE: preprint May 1961. 


— Momentum spectrum of *He at 15° laboratory system and 743 MeV proton incident 
Curves normalized to equal area. 


Ordinate in arbitrary units. 


Fig. 3 shows the yield of the S-wave 
model with different scattering length, 
at 743 MeV and 15° laboratory angle. 

Observe that at this angle the 
variations of the cross-section due to 
different values of the scattering length 
are less relevant than at 12°. This 
fact should allow a clear cut distinction 
between this interpretation and the 
effects of the production of a particle 
of mass around 300 MeV which would 
give rise to peaks at the positions indi- 
cated in the Fig. 3 by the arrdws. 
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In conclusion the S-wave model 
contains a parameter (a) which could be 
determined by means of the best fit of 
the experimental data at a fixed energy 
(743 MeV) and a fixed angle (12°). 
Such a value for the same incident 
energy but at another angle allows to 
construct up theoretically a He mo- 
mentum spectrum which, by comparison 
with the experimental one, should give 


69 - Il Nuovo Cimento. 
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an unambiguous answer on the validity 
of the proposed model. 


OOK * 


I am deeply indebted to Dr. V. DE 
ALFARO for help and extremely useful 
discussions. 

I wish to thank warmly Prof. M. Crn1r 
for the useful discussions. 
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(ricevuto il 19 Luglio 1961) 


1. — In interpreting experimental data of pion-nucleon or nucleon-nucleon inter- 
actions at high energy a simple model is often employed, in which the nucleon is 
treated as a composite system of a nucleon-core and a virtual pion surrounding 
it, and further this virtual pion is usually regarded as if it behaves like a free par- 
ticle. Such an approach has turned out useful in many cases, at least in a heu- 
ristic sense. 

Sometimes one dares to go still further, however, and tries to find out directly 
from experiment the distribution of the «mass» of this virtual particle which 
takes part in the peripheral collision. Thus the concept of an effective target mass 
has been introduced by imagining that the incident particle (nucleon or pion, de- 
noted by A) makes a collision not with the whole target nucleon, but with a 
virtual pion of mass m* in the cloud, without giving any appreciable influence to 
the rest of the nucleon. This intuitive but fictitious picture leads, together with 
the energy-momentum conservation law, to (1) 


(1) me = DI (EY — ps cos 0%) , 


v 


where the superscript (1) denotes a quantity in the laboratory system and >» means 
that the summation is taken over all the secondary particles except the recoil 
nucleon. Throughout this note we assume Ets PO € M, m*. 

Now we should like to emphasize the necessity of clearly separating the exper- 
imental quantity « target mass» defined by the r.h.s. of (1) from its too naive 
interpretation. We shall see that the target mass (1) should give certain useful 
information if properly generalized and combined with other quantities, while its 
straightforward identification with the mass of the virtual pion or an attempt to 
connect it too literally with the nucleon structure does not appear to be justified. 


(*) A full text of this note will appear in the Acta Phys. P 
(**) On leave from the Research Institute for F 
(1) N. G. BIRGEN and Yu. A. 


olon. Preprints are available. 
undamental Physics, Kyoto University. 
SMORODIR: Zurn. Éksp. Teor. Fiz., 37, 1355 (1959). 
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For this purpose we have examined the significance of the «target mass » firstly 
within the general kinematical framework of the Lorentz transformation and the 
energy-momentum conservation, and then, more specifically, applying the one-pion- 
exchange model with the pole approximation. 


2. — Kinematical relations. 


2°1. — Fig. 1 shows a scheme of production of particles in the collision of an 
incident particle A (pion or nucleon) with a target nucleon B (mass M). The sec- 
ondary particles are arbitrarily divided into two groups, 
the group (II) including the recoil nucleon. The scheme A 
is quite general if we admit that the vertices V, and A 
Vg can formally include those particles which « go A 1 
through » without any interaction (*). a] 

A generalized target mass may be defined by B I 
2) m* = > (HY — p cos 6”) t 
( dé sa (COR UN) Met 


where the summation goes over the particles of the group (I). (Thus the definition 
of m* essentially depends on the way of the division.) The original definition (1) 
is of course included here as a particular case. Obviously we have 


(3) > (BP — p? cos 0) = M — m*. 
iE(II 
2°2. — An alternative definition of the target mass, which would be identical 


with (2) if the intuitive picture were exactly valid, is to introduce the c.m. system 
of the group (I) and equate it to the c.m. system of «incident particle-+a fictitious 
particle with mass m** at rest in the laboratory system ». We find that the two 
definitions are related to each other through 


, (ly 
me Pi 


= : Oe 
m* - > p;) cos 07 


ci 
(05) 


(4) 


so that they are equivalent as far as > pî° cos 6)? < pl. 


(II) 


23. — It is easily seen that 


(5) m* & A cos 69 — AP. 
We define 
(6) K = m*/M, 


(*) As far as purely kinematical considerations are concerned the division into two groups can 
be quite arbitrary, but it is evident that our arguments may make physical sense only when the 
division has been done reasonably. Presence of those particles which «go through » the vertices 
without interaction usually implies that the division has not been made in a proper way. 
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and it can be shown that A represents the ratio: 


energy transferred to the particles of (I) from the particles A and B 


energy of the particle B 


measured in a coordinate system which is moving with respect to the laboratory 
system in the direction of the incident particles with such a large Lorentz factor 
y that 


re 1 1 
272M > > pi? cos Of. 
@) 


In particular, this Lorentz frame can be identified with the antilaboratory system 
(mirror system), where the incident and the target particles interchange their roles, 
and then Æ is reduced to the partial mirror inelasticity: 


(7) 


a energy transferred to the group (I) 
Ke : - 

total available energy Ve 
a relation, which has been already pointed out and applied by DoBROTIN and 
SLAVATINSKY (2). 


2°4. — In order to express in a concise way the relation of m* to the invariant 
energy-momentum transfer x*= A? = A? — < 5, we introduce a co-ordinate system 

ESSI RS h = cena È 
(which we shall call S-system), where A5 —0 (*). Denote the Lorentz factor con- 


necting the S-system and the laboratory system by yy: then we find 


(8) m* < (ve V pio 1 Yee, 
(8') w x[2ys (when ys>1): 


7 SR x à 
The deviation of the S-system from the c.m. system is a measure of the asym- 
pa nf à ici * 7 re 7 È ) 
metry of the collision (*). This can be seen also from the formula, 


Wi— Wh) 


(*) N. A. DOBROTIN and S. A. SLAVATINSKY 
N € S. A. SLAVATINSKY : Proc. of the 1960 High Energy Confer : 
Lebedev Institute preprint, A-24 (1960). E sli. 
» isc iti n à S 4 ì ini 
"cit a e Lone does not suflice for determining S-system uniquely, because any Lorentz 
nsformation from an S-system — in which the 3 x 
: à j components of À are (41,0) — in the directi 
erpe ular t ag ¢ dr S-sw i i A 
a Ro to A leads to another S-system. This ambiguity, however, does not affect our argu 
à 4 re p ix y rate a ini i Fike | 
s n 4 à Hoi me can fix our S-system for definiteness by imposing an additional condition that it 
shou di che e with respect to the laboratory system in the direction of the incident particle 
me ( 7) we apply à specific model (fire-ball or isobar model) we can estimate yg for cosmic ray 
jets with well separated 2-maximum angular distribuiion. The formula for the simplest case is 
1 Vee ) 
08 73 = 5 (log yy + log yy + log nr — log ny}, 


where y and nyyr are È 

Ii À xxx are the Lorentz factors and tl 

) z sa 16 er 3 rti 

fo na a number of shower particles of the fire-balls, 
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which expresses x through the target mass, the Lorentz factor of the c.m. system 
with respect to the laboratory system, y*, and the « masses » of the two groups, Wy 
and Wy, where W? = D H;)? — (> pi)?. 

(8) or (9) shows explicitly the essential difference in the magnitude of x and m*. 


3. — Application of the one-pion-exchange model (*) (3°). 


3'1. — The OPE-model — which restricts the energy-momentum transfer in 
Fig. 1 to the exchange of a single pion — has proved to be fruitful in the analysis 


of pion-nucleon and nucleon-nucleon collisions at a few GeV, while its validity or 
usefulness seems to become more dubious at higher energies. It should be noticed 
that this model deviates appreciably from an apparently similar phenomenological 
model of cosmic ray collisions (* 7) in the magnitude of energy-momentum transfer (**). 

Nevertheless we are here applying the OPE-model to the analysis of the «target 
mass » simply because it is the only formalism we can work out at present in a 
more or less convincing way on the basis of quantum field theory. Even if the 
model may eventually turn out to be quite unrealistic for superhigh energy events, 
it will still be instructive to compare the notions of a very intuitive picture with 
the results of this field-theoretical model. 


3'2. — The formula for the distribution of the target mass of the particular 
division (1) predicted by the OPE-model is 


Cure) 2 


dW eWyeh2ex (203 pV? 


ee (DA) Pp? WoW, A’): 


00p(Wrr, A? 
pp. Wi, eon(W = » A’) 2 
Ox 


where similar notations to reference (*) are used and x is an auxiliary scalar va- 
riable, æ—pit,, t being the 4-momentum of the recoil nucleon, and is related 
to m* through 


(11) oe — EŸ(M—m*). 


(*) Abbreviated hereafter as OPE-model. 

(5) F. SALZMAN and G. SALZMAN: Phys. Rev. Lett., 5, 377 (1960); Phys. Rev., 121, 1541 (1961). 

(4) I. M. DREMIN and D. S. CHERNAVSKY: Zurn. Eksp. Teor. Fiz., 88, 229 (1960); Lebedev Insti- 
tute preprint, A-44 (1960); I. M. GRAMENIISKY, I. M. DREMIN, V. M. MAKSIMENKO and D. S. CHER- 
NAVSKY: Lebedev Institute preprint (1960). 

(9) F. BONSIGNORI and F. SELLERI: Nuovo Cimento, 15, 465 (1960); F, SELLERI: Phys. Rev. 
Lett., 6, 64 (1961). 

(5) N. YAJIMA, S. TAKAGI and K. KOBAYAKAWA: Prog. Theor. Phys., 24, 59 (1960). 

(?) E. M. FRIEDLANDER: Phys. Rev. Lett., 5, 212 (1960). 

(**) If we estimate the energy-momentum transfer we shall find that most of the cosmic ray 
peripheral collisions we know at present do not correspond to the legitimate applicability region 
of the OPE-model. Notice that at very high energy one is obliged to employ pole approximation 
in the OPE-model in order to get a reasonable cross section. It is possible that those events 
which are correctly described by the OPE- mechanism do exist but have not been fully detected, 
because usual cosmic ray experiments are biased against events of small inelasticity and small 
multiplicity. 
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The differential cross section Co,/0« appearing in (10) can be calculated if we know 
the angular and momentum distribution of the process at the vertex Vz. 


3°3. As an explicit example we define m* by the particular division (1) and 
apply our formula to the case of asymmetric collision of nucleon-nucleon at super- 
high energy. We put namely Win M+w, and restrict V to «elastic » nucleon- 
pion scattering, and further make the following simplifying assumptions, 


oa(W,, A?) = const, 


| const, for a< Wi<; 
og(Wir. A?) = 


0, for fa Dig EA 


where a and b are adjustable parameters. Then we can work out d0/om* as a 
functional of a and db. Fig. 2 shows two examples: 1) a=1.2 (GeV)?, b=1.3 (GeV)?; 
2) a==3.0 (GeV)?, b=3.1 (GeV)?. 

From these results we see that the OPE-model does 
bo. not always lead to a peak in the distribution of the 
6m target mass. In this example presence or absence of a 

peak is connected with properties of the vertex Vy (*). 
Further, the normalized distribution of m* does not 
depend on the incident energy. 
m*/M Thus we know that we have to be sufficiently careful 
0.2 04 0.6 before deriving a definite conclusion on the nucleon 
structure from experimental distribution of m* (**). 


case 1 


do case 2 
3°4.— A particular case, which more or less closely 
resembles the original intuitive picture of the target 
mass, is realized when the target nucleon recoils with- 
out being excited. Then we find 
m*/M , 
0204 06 


Fig. 2. 


(13) m* & m** wz x cos 0 , 
r 


so that we can get the distribution of x from that of 
m* and recoil angle. The OPE-model predicts, however, that the relative impor- 
tance of this mechanism is small at several GeV and decreases with energy. 


85. — Now let us suppose that the division into two groups has been done 
properly, corresponding to two non-interfering emission centers (**), and study what 
information we can obtain from experimental knowledge of the target mass. 


; EPST is’ not difficult to construct an example of two-peak distribution: we have only to pre- 

scribe an anisotropic angular distribution of pion-nucleon scattering at the vertex V. 
“ee E . ss 4 . a È È da Bi 

(O) In fact it is almost obvious that we shall not obtain a sensible result if we are to ascribe 
all the eraibted pions — they are coming out in our example from two distinct vertices — to the 
effect of a single target mass. 

Dr , F ; à 

(**) As an example we can imagine a cosmic ray jet shower 


with well separated i or 
outer cones. parated inner and 
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For «~p and W> 1.3M, we get kinematically 
(14) IRE (ga 


On the basis of the OPE-model we have 


do 4E® 1 


15 = Hi SRO ell TR 
(19) 0Wr0Wnôm* (2x) pPU? (2E9m* — W?)? 


‘PO WI oa(Wr, A?)-p9 Wir o3(Wu, A?) . 


In the case of nucleon-nucleon collision 


* 
(16) A2 = v? (3 | M we. 


For sufficiently small A? and very large c.m. energy U the allowed region of 
(Wi, Wx, A?) is given by 


(17) veu (ne) - M2 Wi] = ort — arora). 


4 


From (15) and (16) we see that a0/0(m*/M) is a function of U?m*, so that the 
shape of 00/0m* depends on energy, the position of eventual maximum tending 
to zero for increasing U. 

Approximate expressions valid for very large U, not too large A, (*), and 
constant o,, 68, are given below. 


È ae [U2(m*/M) — 2 M2) { [U?(m*]M) — 2M?) 
See SS a. Sree n Hier 
ne a(m*/M)  [U*(m*/M) — Mj 2M* 1 
-[U%(m*/M) — M?] + — ce —__l 
ns x [U?(m*/M) — 2M?] 
M + (M + 4)? 
eae tels 
UT? 
(19) 


2Mu + Asa i 4 MPA ax 
(m*/M) max CA stanza | 1 r 2 1}. 
2M? (2M@u + Aux)? 


One of us (Z.K.) expresses his gratitude to the Polish Academy of Sciences 
and Professor L. INFeLD for the hospitality. 


@) AZ, is an additional parameter of the theory. 
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Baryon Mass Differences and Isobar States. 


N. DALLAPORTA 


Istituto di Fisica dell’ Universita - Padova 
Istituto Nazionale di Fisica Nucleare - Sezione di Padova 


(ricevuto il 21 Luglio 1961) 


Several attempts have been recently made in order to give a gauge invariant 
foundation to the strong interactions (1-2). In particular, it was proposed to postu- 
late the existence of three different fundamental vector fields, whose gauge prop- 
erties should be responsible respectively for baryon number, isospin and strangeness 
conservation in strong interactions, while the well-known pseudoscalar 7 and K 
mesons should be considered as complicated compound states of baryons and 
antibaryons. 

This purely theoretical approach seems to have already received some exper- 
imental support according to the following data: 


a) several features of strong interaction phenomena appear to be satisfactorily 
interpreted by assuming a pion-pion interaction equivalent to a bipion vector- 
isovector state tu; (3) (J=1, T=1) with mass of about (4 = 5) Mar; 


b) from an experiment of ABASHIAN et al. (4) there seems to be some evidence 
for the existence of a tripion vector isoscalar state Bi (J=1 and 7=0) with mass 
of about 2.2 m... 


These two vector fields corresponding to two of those postulated by SAKURAI (2) 
may be considered as responsible respectively for isospin and baryon number con- 
servation; and quite recently, BERGIA et al. (5), have shown that such an assumption 
allows a very nice explanation of the nucleon form factors. 

For what concerns the third of the fundamental vector fields necessary for the 
complete gauge invariant approach to the strong interactions, we would like to 
take as much advantage as possible from the experimental information now available. 


x (CN. YANG and R. MILLS: Phys. Rev., 96, 191 (1954); A. SALAM and J. C, Warp: Nuovo 
Cimento, 19, 165 (1961); 20, 419 (1961); V. Gupra: Nuovo Cimento, 18, 586 (1960). 
(*) J. J. SAKURAI:: Ann. Phys., 11, 1 (1960). | 
(*) W. R. FRAZER and J. R. FULCO: Phys. Rev. Lett., 2, 365 (1959); E 


: I. PICKU P, F. AYER and 
E. O. SALANT : Phys. Rev. Leit 4 474 ( 1960 ) dei PTE A )OJ Phy ev. 
‘ 1) > È 5 . + RUSHBROOKE and 1. 2 DIG: 
* 3 ( DI ) K C LAD 1010: £ hys. R 


(*) A. ABASHIAN, N. E. BooTH and K. M. Crowe: 


a E: Phys. Rev. Lett., 5, 258 (1960). 
(5) S. BERGIA, A. STANGHELLINI, S. FUBINI and C. VILLI: Phys. Rev. Lett., 6, 367 (1961). 
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Good evidence (*) has recently been obtained for a Kx resonance of about 835 MeV; 
there are some indications that its isobaric spin is 7-1}, while no data concerning 
its angular momentum are known up to now. 

We would like to explore some consequences of the assumption that this Kz 
resonance is due to that third vector y, field, which should provide the conservation 
of hypercharge. It was already shown by C. H. CHAN (7), that spin one for such a 
state would better account for some of the observed cross-sections related to it 
than spin zero. Moreover, owing to the similarity of the isospin properties, we shall 
conform for the x, interactions to the same four-dimensional isospace formalism 
based on the doublet approximation, which has already been developed for the 
normal K interactions in different previous papers (8°). Such assumptions for this 
third fundamental vectors differ from those of SAKURAI (ye 

In the present note, it will be shown that by starting from such a model, a 
simple physical picture for the symmetries of strong interactions and for the baryon 
mass differences can be given, leading to a quite similar outlook in the problem 
as was already proposed by the author (1) on purely phenomenological reasons. 

Let us first consider the eight baryon states of the doublet approximation as 
components of a single spinor 


IN 
= 
US — saio 
(1) Bay | 
LC 
each row referring to a doublet 
Hi | Pp | 50 | o A a VAI 
(la) NE, Ge: pica! SRI SO 
| L | =" | J pa | z Ì 


and the 7r,; and x, vector interactions to be represented by rotations into two 
different (respectively three- and four-dimensional) and independent isobaric spaces. 
For the 7r,,; interactions the baryons are considered to be disposed into the 4 global 
symmetric doublets (la), for each of which charge independent 77 ui interactions are 
ruled by the expression 


3 
ni 
(2) IRSA a DE 
j=1 
. * 2 . © 0 a a 
(3) Ty = yy — UIT yp » Ty = Mu + WT ye » Ty, = Tyg > 


and 7, are three 8x8 isovector matrices operating in a three dimensional isospin 
space 


(4) T,=Ixt,, 


(9) M. ALSTON, L. ALVAREZ, P. EBERHARD, M. Goon; W. GRAZIANO, I. TicHo and 8. WOJCICKI: 
Phys. Rev. Lett., 6, 300 (1961). 

(7) C. H. CHAN: Phys. Rev. Lett., 6, 383 (1961). 

(8) J. Tiomno: Nuovo Cimento, 6, 69 (1957); N. DALLAPORTA and T. Tovopa: Nuovo Cimento, 
14, 142 (1959); N. DALLAPORTA and V. DE SANTIS: Nuovo Cimento, 14, 225 (1959): D. C. PRASLEE: 
Phys. Rev., 117, 873-(1960). 

(°) N. DALLAPORTA and L. K. PANDIT: Nuovo Cimento, 16, 135 (1960). 

(°) N. DALLAPORTA: Proc. of the Xth Annual International Conference on High Energy Physics 
(Rochester, 1960), p. 458. 
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while hypercharge independent interactions are ruled by terms such as 


4 
(5) L, = TDI PY yO x Apr P ? 
x=1 


0 = : dr DA = O + 
(6) Ni Nt pa Ap LV NT DE Lys + pes t= hye VXpa > 
and the w, matrices are four 8x8 dimensional isovector matrices 
(7) 0; = — Qa X TX 1® (91115253) Da PL AI 


operating in à four-dimensional hypercharge space; in this space the four baryon 
doublets form a D39+D,,4 representation and the x, mesons a D} 3 representation 
of the rotation group. Such a scheme can be represented by the diagram of Fig. 1. 


+) - 

ONE a 
= —---4 

1 30 - 
Hig NO — electron Fig. 2. — Same as Fig. 1 (the num- 
charge, ‘U =hypercharge, bers of the states refer to the corre- 
-—-7 or my transitions, sponding row in the spinor repre- 
0, transitions. sentation). 


In order to avoid confusion, the K and xy transitions have been indicated for only one of the 
pionic isospin doublets. 


In all these formulae 0; and 7; are two independent sets of 2x2 Pauli matrices 
and I® is a unity matrix with n rows and columns; (x means direct product). 

Now the real x and K pseudoscalar mesons are to be considered as complicated 
systems of baryons and antibaryons linked together by continuous exchanges of 
vector mesons (as example 7*—p+n, K°—Z+4p, ete.). Such compound structures 
should be preferentially emitted in strong interactions in respect to the vector mesons 
themselves (at least at low energies) owing to their lower masses. Whatever the 
exact mechanism of this emission may be, as their isobaric properties are complete- 
ly similar to those of the 77, and y, vector mesons, the x; will be emitted along 
the same isobaric paths in Fig. 1 as the 77;, and the Ky as the y,,, according to 


interactions which will be phenomenologically described (ignoring the complicated 
intermediate steps) by terms such as 


(8) L=gSWyTla,W, 


(9) D Dr K ET. 
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with similar relations as (3) and (6) defining the different charge states of the x 
and K mesons; g and f are now phenomenological constants which include all 
operations in the intermediate processes. 

Now our assumption of attributing the Kz resonance to a vector state Xu implies, 
of course, a strong interaction between Yn» K and pion. Owing to this interaction, 
it will oceur that a K and a Xu Meson successively emitted by the same baryon, 
will combine together to form a pion, this providing a new kind of source for pion 
production, whose effects from the standpoint of charge state symmetries will now 
be considered in some detail. 

The isobaric part H, of the terms ruling the successive emission of a Xu and 
a K (or a K and a yy) 


(10) L= FfPy,yPH, } 
is 
H,= > 0, 0x%.,K x + interchange of x, and K 
LE 


(11) => turk, + À D Myx%y,K x + interchange of Xu and K, 
I LK 
owing to the anticommutation of the w, matrices, where 
Mix = Der [0,0x — wxo,]. 


In what follows, we shall everywhere neglect to write explicitely the interchange 
terms of K and y,, which should, of course, always be intended to be present. 

We may further divide the antisymmetric part of (11) into a self-dual and 
anti-self-dual tensor term, thus obtaining 


3 
(12) Hy = Op—2> (YPAns + Y;B,,], 
=k 
where 
| Ke 
| a 
Ve AUS i € ae To 0 
Ags=XUjExr By=%,Uj;K_, with K=|_ Ko | Ka |Xux Lu Lu — Mal > 
| x 


Oia ea Oy 7, hee 


where the One U; are 4X4 matrices: 


7 g + _ Je 
Ui= @Xt, Us =—@X%, Us = I® xt, , 
Uy =— @XT3, Uz =—@xI®, UR On So 
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and 
ve Mit Ma (LKj eyclic), 
2 
eni OO | 
te Se AE 301 xe T2) Pere 2; xI® . 
(14) cicli xI AR 


The scalar term emits or absorbs 0, doublets of strangeness and isospin zero. 
The second term emits or absorbs A, states with strangeness 2 and zero isospin 
equivalent to y,K doublets occurring in transitions such as N > E+A,;if a meson 
with strangeness 2 exists the y, and K contained in 4A, could collapse together 
to form it. We have not considered further this possibility. The third term emits 
or absorbs B, states of strangeness zero and isospin 1; it is therefore, isobarically 
equivalent to a pion and will in fact produce it through the y,K interaction. 
It will give us a second possible source of pions which will be phenomenologically 


described as 


(15) L'= g' > PysVjm¥ . 
d 


The g' constant includes the effects of the y,Kx interaction. According to the form 
of the matrices Y} it is clear that only hyperons with hypercharge Y;=0 can be 
a source for such pions which will link the states X*-Z° and Y°®Y in a second 
doublet arrangement. It is, therefore, clear that this second pion source will interfere 
with the first one (8) containing the doublets S+-Y°, Z°-2”, mixing both kinds of 
doublets to form the A singlet and X triplet with total isospin [> Y +T;h=Y3+T3 
as described in detail in reference (°), on purely phenomenological grounds. As a 
consequence, the AYx coupling constant will turn out to be g—g' and the Er 
constant 9g+g', breaking thus partially global symmetry, while charge and hyper- 
charge independence of 7 and K interactions are still preserved. 

The baryonic scheme considered up to now, as in previous work, includes only 
the eight well-known fundamental baryonic states. However, the number of experi- 
mental resonances discovered in phenomena such as pion-nucleon scattering or pion- 
hyperon interactions, seem to indicate the existence of several baryonic isobars which 
could belong to other representations of the rotation group in the four-dimensional 
hypercharge space. 

Too little information on these isobars and their quantum numbers is known 
up to now in order to try a real classification of them. What follows, therefore, 
should be considered as an indicative way of pointing out some possible effects to 
be expected from the existence of these states on the strong interaction scheme, 
rather than a serious attempt of extending it. In this spirit we shall just sup- 
pose the existence of isobaric states for the Dy,+D 4 representation and explore 
some consequences of such an assumption. : 


are indicated by the points of diagram 2 


Ze 


The isobaric states thus introduced, 
We shall first consider the y. : RI : : é : 

i shall first consider the Xu and K interactions acting in this scheme 2. 

A 16-component spinor description of Dirae’s equation, corresponding to particles 


with spin 3, has been given by Gupra (11); 


(16) (CAC ST) TER 


(2) S. Gupra: Phys. Rev., 95, 1334 (1954). 
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The 16 components of the spinor included in it correspond to a DE Dee 
+DiotDo3 representation; the x, are 16 16 matrices acting on them and playing 
the same role in Gupta’s equation for particles of spin 3 as the y, matrices in 
Dirae’s equation for spin 3. We refer to Gupta’s paper for their detailed expressions. 

As was done in the similar case of the preceeding Dox and Dy, representations 
where the usual y, matrices of Dirac’s equation were employed as x Matrices to 
represent the rotations in four dimensional hypercharge space, we shall use here 
some w, matrices obtained from the %, matrices of Gupta to describe the K or y, 
transitions between the different states of scheme 2: precisely, we shall choose 


(17) Or = dl) ae 


For our use, however, we shall not need all the 16 states of Gupta’s equation, 
but only those referring to the D3,+ D, 3 representations, that is, those corresponding 
only to the 7th till 14th lines of Gupta’s operators; the Do representations refer 
to the states in the 7th and 8th lines, while those of the Di, representation to those 
from the 9th to the 14th line. If we now turn to the x or Ty interactions and 
still assume them as global symmetric, each of the states considered will represent 
a further normal isospin doublet, so that in fact, there are 16 states in all. 

We shall then describe the y, interactions between the isobar states, by a term 


rik * * * 
(18) L= di ve VuDrXurP > 


: + : È EX a dk) : 
where W* will be a 16-row spinor with 8 states (Y* Y}NWFWEW® * 5* 5%) in the 
rows from 7th to 14th and zeros elsewhere, cach of the states beingin turn a doublet. 

The pion interactions will then be given by 


(19) iii or ae 


with 
Ie = Toi 


Similar formulas to (18) and (19) with y; instead of y,, and K, and a, instead 
of Zur and 7,; will describe the corresponding emission of A and x mesons. 

According to the previous considerations, two successive emissions of a K and 
a x, Will then be ruled by terms of type (11), where now 


(20) 1605, = > Orr Lip x oa Ha ue Hg ? 
LE 
v K 
(21) H,, = UM iturks i n [tot — wxw], 
(22) He = 2Ni xXx Nig è 4 [070% ar ONION] : 


The antisymmetric terms are similar in all respects to those already discussed 
in the case of the w x matrices. They give rise to the following interactions: 


(23) Hj SD 48), 


9 
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where we give in the following, only that part of the matrices referring to the 7th 
till 14th lines and columns: 


On ICE | 
ia Pen 
Ke) 0 | TOMO) 0 | 
0 
ve = 3 pee ! 1% 0 xI®, 
re 
(24) n 
ie al 
(ORO = | v2 v? | 
1/2 | 
2 | 
0, = a J: 0, = | 0 | 
| 
| Net 


Here also, the Y}* terms clearly correspond to y,K meson doublets with hyper- 
charge 2. while the Y;* terms to y,K doublets of hypercharge zero (and therefore 
combining into a pion owing to the y,Kr interaction), emitted or absorbed along 
the horizontal lines connecting the components of the N* and E* triplets and of 
the Y* doublet of scheme 2. 

Again these pion interactions will interfere with the global symmetrie ones (19) 
yielding: 


a) for the hyperon isobars, a splitting (quite similar to the AY situation) 
into a singlet and triplet; 


b) for the nucleon isobars the splitting into a 7 = 3 multiplet and a 7 = 1 
doublet. A similar situation holds of course, for the & terms. 


If we assume now that the angular momentum of the Dg, representation is 
J=%, the terms corresponding to the 73 multiplet would give us the well-known 
isobar of the 3, 3 nucleon pion resonance. Similarly, the excited hyperon triplet, 
would be tentatively identified with the Ax resonant state Y* discovered last 
year (12); its experimental J value is still uncertain; should the spin of this hyperon 
isobar turn out to be à, it would very naturally fit in the present scheme as the 
correspondent of the nucleon isobar in the excited representation; in the opposite 
case (spin 4), the consideration of the whole Dy ,+Do, representation as a single block 
should be rather artificial. No experimental information concerning the possible other 
states of the representation, is up to now available. 

Now the main difference between this isobar case and the preceeding one is 
that the of matrices do not anticommute, so we shall get also a contribution of 
the symmetric term (22) to the transitions. 


12) TON È ao 
(2) M. ALSTON, L. ALVAREZ, P. EBERHARD, M. Goon, W. Graziano, H. TIcHo and 5. WOJICICKI: 
Phys. Rev. Lett., 5, 520 (1960). 
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This term can be arranged as follows: 


(25) Ha Si } Zool wy PA } >. ATP ? 
ij 
where 
a re qe 
(26) C= 1, UT, 


Zig = AYE YE xI®, 


(27) Loe eg x [2 , 


that is as a sum of a scalar and a three x three symmetric tensor. The meaning 
of the different components of the tensor is obvious, as the C,,; represent y,K doublets 
with hypercharge ranging from zero to 2; the most interesting ones for our purpose 
are those containing the factor Yj. In this case, owing to the 44KT interaction, 
the two K and y, of total zero hypercharge will again form a pion, yielding thus 
a further source which will be peculiar to the states of this D} , representation, that 
is, to the excited nucleon (#*) and £* state isobars only. 

At this point, in order to proceed further, we can try a definite assumption 
concerning the Ky,x interaction. 

According to the analyis of FERRARI and coworkers (1?) on K-nucleon scattering 
at low energies, the whole experimental situation in this field appears to be Very 
satisfactorily explained by assuming a dominant bipion Tr, pole contribution to 
the scattering, based on a strong KKrz interaction. Moreover, in order to explain 
the different behaviour of K and K nucleon scattering, this interaction is required 
to change sign with reversal of hypercharge. As our case also may be considered 
as a KKrr interaction in which a K and a x combine to form the Xu» We should 
of course require the same hypercharge properties for both, and are thus led to choose 
a hypercharge-dependent expression. This can be easily done provided we split 
the two four isovectors 7, and A into two conjugate isospinors. We write then the 
XART interaction as 


(28) (Kt, duo; — 0, Kr;7j) x, + (KT 0,7 — 0, KrF gs » 
where 

a | K* È ee 

us |— x) Em; 


and similar expressions for y, and 7,. 

Let us now consider the transformation properties of the auxiliary pion sources 
we have introduced as a consequence of interaction (28). They will always be the 
product of a baryonic interaction term (either 11-12 or 20-25) with the y,Kr 
interaction (28). Now it may be easily checked that all the baryon terms are invar- 
iant under the transformation exp [i(7/2) Yi] while (23) changes sign under the 


(13) F. FERRARI, G. FRYE and M. PUSTERLA: Phys. Rev. Lett., 4, 615 (1960); UCRL 9421, 
UCRL 9434, to be published on Phys. Rev.; G. Costa, F. FERRARI and M. PUSTERLA: Nuovo 
Cimento, 20, 1224 (1961). 
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corresponding operation exp [itr/2)U51. We thus obtain in all cases hypercharge- 


dependent sources of pions. | | 
It is easy to show that in the case of the (22-25) interaction terms this source 

of pions produces the mass splitting between N and E. x 
In fact, this hypercharge-dependent source pertaining to the NY, and Zap, States, 
will combine with the global symmetric source (19) giving rise to a hy porte naro 
dependent 7 interaction for the $ and 3 isobars excited states ws | and E*. 
Further, we know from pion physies that there exists a strong pion interaction 
between the nucleon and its 3.5 isobar. According to it, a nucleon or E may be thought 
to be virtually a kind of mixture of the 3,3 isobar and the pion. Then we shall have 
to consider as a further source of pion interactions 
for the nucleons and 2's, the graph (Fig. 3) which 


ES will be phenomenologically described by an inter- 
cei mar action term of type 
Ò E7 K (29) wy .(9" + 9" V3) TP; 5 
ui 


This will give a contribution depending on Yj; 

Fig. 3. which will be further summed to the global sym- 

metric pion contribution of the N° and E interactions. 

Thus the coupling constants of the whole pion sources of .N and &, will be different 
and yield different self-masses for the WY and £ states. 

It is to be noted that such a phenomenological explanation was already postu- 
lated in Schwinger’s (14) scheme and explicitly given in formula (25) of reference (1°). 

Let us consider now the effect of hypercharge dependence on the hyperon pion 
source (15) previously considered for the ZA splitting. It is easy to recognize that 
in this case, as long as we consider N° and & to have the same mass, sign inversion 
for hypercharge inversion imposes that the whole source (15) of pions gives zero con- 
tribution: in fact, intermediate paths such as 2° +p+K°%>Z°+yxk+E®:; Ki+yt= rt 
giving a determinated contribution to the interaction are exactly compensated by the 
hypercharge conjugate paths such as 2° >E0+K* +E°+Kt+y2; KES m* giving 
the same contribution with opposite sign. 

However, as soon as interaction (22-25-2°) splits the N° and E masses, then 
obviously the two intermediate paths will not compensate exactly anymore, and 
on the whole interaction (15) will not be zero, thus allowing as observed the AX 
mass splitting. According to this view such splitting should then be in some sense 
a second order correction as it depends entirely on the N-E mass difference and 
it should perhaps reasonably be expected that its value should be smaller than the 
N-E one, as in fact is observed. 

Thus the hypercharge-dependent character of interaction (28) and the existence 
of baryon isobars, allows us both a simple theoretical explanation of the baryon mass 
differences and the possibility of preserving the general assumption of hypercharge- 
independence for the whole of the other K interactions which is satisfactory as à 
«raison d'être » for their phenomenological aspect. 

As has already been stressed, the present approach does not aim to furnish any 
definite general scheme for particles and excited state isobars; much too scarce 
experimental information is available up to now in order to have any chance of 


(4) J. SCHWINGER: Phys. Rev., 104, 1164 (1956). 
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making a reasonable guess for such a general problem; it is just meant to show some 
possible connections of different experimental aspects of the present situation which, 
if true, could considerably reduce the arbitrariness and number of the different 
assumptions necessary now to explain the phenomenology of the strong interactions. 

It would turn out in fact, that three fundamental vector interactions each of 
which possesses high symmetries in isobaric space, (charge and hypercharge-inde- 
pendence and global symmetry) plus a direct y,K-pion interaction violating the 
four-dimensional rotational invariance in isospace, may account for a complete break 


of global symmetry and hypercharge-independence with conservation of hypercharge, 


only; this is phenomenologically equivalent to the description of ordinary pion 
and K interactions through five constants g,f,g',g" and g” which, however, are 
theoretically deducible from the three fundamental ones. 


70 - Il Nuovo Cimento. 
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Inelastic Form Factors. 


M. GouRDIN (È) 


Faculté des Sciences - Orsay 


(ricevuto il 26 Luglio 1961) 


We are interested by the inelastic scattering of electrons by nueleons or nuclei 
e LACS" BEE 
ee and | we try to relate this process to the associated photonuclear reaction a 


YLASBSG, k 


. da i 
Spi = di — (2a) ò, a (de + pa — k! — Pr — Po) fe a ae) ue ; raph 
ko kg È 


PA PR Po 


, ed 
es) Supported in part by the United States Air Force thro # 


d Development Command. MEL the Huronenn: Deer n Research A 


r 


à à x cs, 
on. ‘mass and n the. normalization cootiients ‘defined by 
ak rio al x A 


a o va, ‘ ge as 3 4 sì ba: 
MAI SEE for fermions of mass Mi x mb for ee RI 4 te get 
aay ' se Ae ew gh) cht? PISTES 


The differential cross-section is given in foie of the matrix element Te by es Bs, 


‘ a hi Du n te 

1 miNNgNo dk' dps, dpe. rig ED 

—y : = ja i dE a Th ay es vy. ' ud 
(27)? V (k-pa)? — mi Mi pa TA py pe + Ps Po- 


Fig. 2. 
The 7 matrix is the product of two matrix elements for the sectomagnetio di at | pi 
» ‘current j,,: 


: 1 i > 


Gil = eTy(I)py (16) , a ee 


| where us(k) is a free Dirac spinor describing an electron of energy momentum Po 
? amd spin Be + Nereo 

| The second one describes the photoreaction Y+A +B+C for a virtual photon. Sa 
a and i is unknown. 


ER 


Fig. 3. 


_ We have now to calculate |7,;|? with the factorized form (2): 


sti. 010 Bolo]. SAMI 


'a8BSC 


zar = 23) > a de |jy|k> ‘| 
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The summation over electron spins is well known and we obtain 


MSG 


(4) ME (im [kyky + ky len, + +0 Suv] Tuy - 
The tensor 7',,, only related to the reaction y+A —>B-+C, must be constructed with 
the energy-momentum four-vectors q, Pa, PB: Po- Becaies of Se Mi I 
conservation we can use only q, Pa; PB- Contributions proportional to q vanish 
after saturation with the electron part (q=k—k’) which is a symmetrical tensor 
in y and ». The general form of 7, can then be written as 


FT 


(5) Dy = Ou» Zo ar PauPas 71 air Pau PB» 72 +3 (PauPBy + PayPru) Ts - 


The functions 7; depend only on three scalar variables: it is convenient to choose 
gq, W? and Z=cos 8 where 0 is the angle between p, and pg in the c.m. system 
for particles B and C. Eq. (4) can be written in the form: 


e 1 re 
(6) Zak = È >, TAA GE MSA) © 
i 


ae 
2m 


9 2 
Pr G2 — mie 


T3 = 2(k-pAa)(K'-pa) — LM? 
sd T, = 2(k-pa)(k' ps) — 39° MS : 


TT, = (k:pa)(K' ps) + (kp) (k’- ps) + £97(Pa‘Ps) - 


4. — In the c.m. of B and C, eq. (1) can be transformed into 


i N,iNgN. 1 a dk! K 
(8) do= "tre __ Tia, W, Z)  —d6d7, 
2 (200)? /(k:pa)? — m2 M2 d à ky W 


where ® is the angle of the ABC plane with respect to the electron plane. 
The ® dependence is explicitly given in the 7; functions; the integration 
over ® can be easily performed: 


and the result is the following: 


I ese Mey 

ie 
1 n il K 2 2 K° 

(9) I, = - (1— Z?)KsT alle Nes VS ee 

5 | ) Ks ot wa Boat x, 07 a at A 
IN TION 

TO ast SI — Z| T,. 

3 | ot pen?) 1 
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By putting 


Uolai, WE, Z) = J FI (— Z)KBT, » 


re. 1 K 2 g? KY RC | K Ly 
Uila®, W?, Z) = TF, men ew?) ea 2| Fe (204 a) 
A 


the differential cross section is given by 


e 1 N,NgN. 1K A gk 
A To Uo + MU] 


—_ — = e — dZ. 
An (220)? V/(k-pa} — mi Md W ko 


(10) dot 


5. — We are interested by experiments where only the final electron is observed 
and we must integrate over the B and C variables. By defining 


+1 
Vor(qg?, W?) = [vate W2, Z)dZ , 


= 


we transform (10) into 


I 


N,NgN Ver dak 
- — = [Ty Vo + M Vil = 


(11) do = ee TR 
(270)? V(k- pa)? — mì Mi gii 0 


It is convenient to use laboratory variables for the electrons: 


0 a N,NgNok' 1 Ke 
dk, cos 0 ~ (2a)? Mi k qi W 


(12) TT Val: 


In the bracket of eq. (12), only 7, is function of the incident energy k, independ- 
ently of gq and W?. We define two inelastic form factors V,(g2, W?) and V,(q?, W?) 
uniquely related to the photoreaction y+A =B+C for a virtual photon. By per- 
forming two experiments at different energies 4, and angles @ choosen to give 
the same qg? and W? values, we can reach the two inelastic form factors Vo(q?, W?) 
and V,(q?, W2). 


6. — It is possible to relate Vo and V, to the polarized cross-sections for the 
process y+A—>B+C. 

By using the same c.m. variables as previously, the differential cross-section 
is given by 


dop 1 NNgNc Ke 
dZ 4x Ww? ns 


(13) CAE uy 


Summation over the photon polarization can be performed by using 


DI nly = pv — 
pol q 
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pe . pay Fi eee ae x 4 1 
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iz 4 i ; 4 


ay 


a 
3 
J 
K 

Soa A ae È TAO W?, ZE 1 

dZ 4x W? 
if 7 sE) WwW È 
do, _ x Nx NpNo Di Uo(g2, W2, Z)— U,(q?, W?, 2) : | 
ZA I 2 
L 
| The inelastic cross-section (12) can be expressed in terms of o, and 6, 4 
aL FASE ak’ 1 KW q | 
(do) Soa Oplq?, W2) T+[0(9%, W2) — o,(q2?, W2) amo : 
i eo nh Myo {ret pi 14 FAT 

| FSU 

4 
be, DA 7. — For relativistic electrons, (kj~k; kç=k!) the functions T and 7, can be | 
i _ approximated by i 
Mega sint È, © my 24 cost’ — © otga® 1 
; Set gi ROS gaia iq 
aaa The inelastic cross-section (12) takes then a form analogous to the Rosenbluth 4 
formula: 4 4 
ee do a NaNyN, cos(92) |, FAR E ; 4 
n dk d così 8x? MA  4k? sint (6/2) tg WS) Bg Vola’: eI: af 
Muu _ Expression (16) shows that the best experiments to reach V, and V, are backward-_ | 
144 3 forward experiments. But the possibility to perform such experiments for all inter- . 
È Dn esting values of q? and W? depends strongly on the kinematics. It can be easily | 
(o: IA understood that backward-forward 1 


ISLA experiments require much different incident — 
È energies because of the relation g?~ 4kk' sin? (0/2); 


the corresponding one for elastic form fac tors. 


| The present investigation can be applied, in particular to electrodisintegration | | 
of deuterium and electroproduction of pions on nucleons. In the latter case, it: | 


di » will Re convenient to study the form factors Panda ein | 


î the neighbourhood of — 
| the 3 $ 3 m-N resonance. This allows to constant simple models where the relation 
en Vo(g, W2), V(qg?, W2) 


and the nucleon electromagnetie form factors is d 
_ dominated by the photoproduction amplitudes (extrapolated for g2 0) corre- 
È sponding to this resonance. 


this situation is analogous to ie 


FACE Gi 
era Wie RO aa ca; ead inate during a sage the Sans ae 
4 a di Fisica dell’Università di Bologna »; he wishes to express his ia ERICA 
| Professor PUPPI for the very kind hospitality extended to him and to acknowledge cpr 
Professors FUBINI, STANGHELLINI and MARTIN for Mentor discussions on this i, 


7 subi ect. i 


“ 


Note added in proof. 


‘and unpublished result of many authors. But it is very important from a practi Ci 
point of view to know the physical interpretation and the normalization for zero 


4 

È The existence of two form factors for the differential cross section is a well-kno 
y 
4 momentum transfer for these form factors. 
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Resonance in the K-z System. 


K. Ici and Y. Miyamoto 


Department of Physics, Tokyo University of Education - Tokyo 


(ricevuto il 28 Agosto 1961) 


The p wave resonance in the pion-pion scattering has been predicted by TAKEDA 
et al. (*) in order to explain the 2nd and 3rd maximum of the x-.N° scattering cross 
section, and by FuLco and FRAZER (?) for the explanation of the isovector form factor 
of the anomalous magnetic moment. The theoretical possibility of pion-pion resonance 
was investigated by one of the authors (#) and by CHEW and MANDELSTAM (4). The 
p wave K-z resonance can also be anticipated by the analysis of one of the authors. 
Recently ALSTON et al. (5) have discovered the unstable K* particle in the K7+p— 
+K°+n +p reaction, and its mass m* is 885 MeV and half width is 8 MeV. In 
this note we shall analyse the possibility of the identification ot the K* particle as 
K-r resonance by the previous method used for the explanation of pion-pion resonance. 

The p wave K-r scattering phase shift can be evaluated by the Chew-Mandel- 
stam method, if the scattering length «a» is given. 

The phase shift is given as follows. 


(1) (208/(V1+v + Vm? + »)) ctigò = n {1— FW}, 


where »—square of the three-momentum, «=[(1--m)/2]a, m—mass of the K-meson. 


A 


» [ Ly’ 2y'8 2ay iy 
(2) F(x) =” | = Se) RI (los DA E PRE ie ere it) ; 
Lia a v! (yi — »)( V1 + » +V m2 v) I 2 m*—1 


jv) = — 2V v(m? + 1) In Ve vicina, VE (» 2 ne) In m? . 


n \ 2 


ORG NERD M. Karo, K. ITABASHI and K. NAKAGAWA: Progr. Theor. Phys., 24, 529 (1960). 
() J. R. FuLco and W. R. FRazer: Phys. Rev., 117, 1609 (1960). 

(*) Y. Mryamoro: Progr. Theor. Phys., 24, 840 (1960). 

(*) G. F. CHEW and S. MANDELSTAM: Nuovo Cimento, 19, 752 (1961) 

€) ; 


M. AISTON, L. W. ALVAREZ, P. EBERHARD and M. L. GooD: Phys. Rev. Lett., 6, 300 (1961). 
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We use the unit (pion mass=1). A is a cut-off of the dispersion integral. We interpret 
this cut-off as follows. If we take into account properly the effect of nucleon and 
antinucleon and their virtual annihilation, the virtual integral begins to drop at 
y=2M, and we can get a convergent result without any cut-off factor. Hence we take 
A—2M (M nucleon mass). This is confirmed by YAMAZAKI (5) in the Tamm-Dancoft 
method of x-x scattering. From F(v,)=1 and V1+»,+ Vm? + v,=885 MeV, we can 
determine scattering length a=0.09(%/wc) (3). (1) can be rewritten in one level 
resonance formula 


VI Vv lane 
ae “Tp 2 


(3) ctg 6 = 


where 


3 
avr 


T2 =: ——— 7 — = 100 MeV. 
m* F'(v,.)V 1+ vr 


The level width seems to be considerably larger than the experimental one, 
though the statistics are not so good at present. If the experimental narrow width 
is correct, our model must be abandoned. The K* particles must be regarded as 
a compound system of some heavier particles (bound system of A and NY in the Sakata 
model) (7), or the bound state of one K and several 7-mesons). This narrow width may 
be due to a selection rule which operates between the K* and K +7 systems. One exam- 
ple of selection is a generalized G-parity U=GR (8). Gis a conventional G parity 
and À is an operator of exchange of N° and Z. We take the following Lagrangian. 


(4) L= igh(co)p ak ify, (12 + A)K + if’ by, (et Z+ A)é,K* + comp. conj. , 


where 


N IK 1 0 
= È K = = > È = ’ 
D È (È si) à (o — ) 


and g is a pion field. Our Lagrangian is invariant under the U operation 


po Cir, p> —poUirgst,), => 05, E>—Z0>, 
hote AAC K>_ iryit,K", 
Ki = itit,K*t ? Pa alia De 


(5) M. YAMAZAKI: Progr. Theor. Phys., 25, 727 (1960). 

(7) S. SAKATA: Progr. Theor. Phys., 16, 686 (1956). 

(8) H. Fukupa and Y. Mryamoro: Progr. Theor. Phys., 4, 389 (1950); M. KAWAGUCHI and 
. NISHIJIMA: Phys. Rev., 108, 905 (1957); T. D. LEE and C. N. YANG: Nuovo Cimento, 8, 749 (1956). 
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esi “ve it ine help of the identity. Var a 5 Free simply transform as K> — À 

P Ki>-Kj ‘and o> — 9. Hence we can define U parity. By this theorem decay DI 
TK K*-meson into K and x-mesons is forbidden, since the product of U- parities - 


of K*, K and r-mesons is odd. We introduce the £,-matrix in (4) to give odd lin 

rity” to K*. Byfslight violation of the N°-E symmetry, the K*-meson will decay slowly. 

Sg ito K and x-mesons. Without ¢,-matrix in (4) (*) the decay of the K*-meson of spin 0 
CR If the K*-meson is considered as a bound state of K and an even 


poner of pions (° 


G 


), K*+> K-+x is also forbidden owing to U-parity conservation. — 


Loi * 
i 


PER “The authors would like to express their sincere gratitude to Professor N. FUKUDA 


Di: hi for his encouragement in this work. 


"© G. F, Crew: Phys. Rev. Lett., 4, 142 (1960). 

ane We generalize the theorem of ref. (5) as follows: transitions involving rx, K and K* mesons 
) are forbidden if the number of x and K mesons +n(v)+n(t)-+n(&) =odd, where n(v), nt), and n(fs) 
> are numbers: of vector and tensor couplings and &,, the spin of the K* meson respectively. 
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P. SEN 


Le ie 
En: < SAT 
È National Physical Laboratory - New Delhi PPO OT 
g x | oe i 
> (ricevuto il 4 Settembre 1961) i) if ‘ttt 
re 
‘RL 
NE e 


By extending the manifestly covariant form of the Feynman notation to the FL 3 x 
| mass coordinate and its Fourier transform, the proper time coordinate (1), we shot = 1 
_ like to derive in an alternate way and explicitly the Muraskin-Nishijima. parametric — Hs | 
dispersion relations (?) for the particular case of Dirac-Maxwell equations. Thereby | SN piro 
| an interpretation of the subtraction terms in the general field theory proposed by: ri 
them is also obtained. ee PA 
Let A,(12) and L(12) be the expectation values of the free electron and phot 
Feynman propagation operators (*). It is well known (4) that if af 


bu) X(12) = 


caps Jeu ciare , 


2 then for «+--+ 0 


LA 9 s K in a Li ) * ihe Ge 
“AA AP) gen Dir ra) LE 
4 1 
(3) LEG DE exp [ixT]K,.(p)dx = 0 for 7<0, 
TT è 
1 7 
: : A = =| - nÔ(iy:p + x')dx'= SK, (p), 
pau wp +x TNT 
(ayn = de 
4 1 P 7 
M vp cai dy = BK, (p) , 
‘ wO(ty PH x) pia # #(P) 


= 


(®) J. SCHWINGER: Phys. Rev., 82, 664 (1951). 
. (2) M. MurasKen and K. NisHynia: Phys. Rev., 112, 331 (1961). 

(6) The notation of P. Sen: Nuovo Cimento, 13, 1122 (1959) is used here. 
TO) N. N. BocoriuBov and D. V. SHIRKOV: Introduction to the Theory of Quantized EF ide 
Appendix 1 (New York, 1959). 


1104 P. SEN 
where 7, ./, À denote the principle, imaginary and real parts, 

x = melt and d(iy:p+x)=(-W'P+t #) 0(p? + x?) . 
Thus K,(p) is an analytic function in the complex x plane, PJ(iy:p+x) and 
nô(ik-p+x) are conjugate Hilbert transforms (5) and it is sufficient that either of 
the relations (3) or (4) hold for the validity of the other. Here we have also extended 


the Feynman notation to 7 and x coordinates, 


1 
(27) 


(5) HG) = [fev [itp-æ + x1)]} E,(p) d*p dx . 


Let the general Feynman electron propagation operator be denoted by K,(1, 2). 
In momentum representation its amplitude < kj|Kx(p'.p")|k> of n initial and £ final 


n g 
a I " . ! " . 
photons of energy momentum k, and k, respectively, so that p" = pH > k; — di k;, 18 
fel 


1 


(6) <ki|Ku(p',p")|k = > Arete | = LAVAL 
n=0 Cu LI 


all graphs of 
order n 


“POLK (p!, ki, Rs kx ++ den), L(p', ki, Kegs Ki + kn)» A°(ki, k)}Ey(p")d%k, ... dkn » 
where A=e/fic, A? is the external potential, F@{K,, L, A°} is a product of 
(2n —1+ + C)K,’s, ns and (n+ €)A®’s, 


and the particular Feynman graph determines how each of the Æ,'s and L’s depend 
on p', k; and k;. 
Then by means of (3) it is noted that 


(7) Joo [exer Ep EO CK, D, At Kp" \da = 
— 
= | | exp [ix(t — ty — — tanazense) A (D!) 
—o — 


+: POS K AAT. mil 
poele ACh Mes a coe dx den. Atentitytt = 


co Lee] 


[pe Fy = ies —— tintin ele (DA 


0 —o 


NOS TT Pa 
HRK ES ASL, Tan4i4pat(D) AT.» Atentiinrg = 0, for 7<0, 


2) Le TO HW: Theor a 3 
@) KE. C, TIPCHMARSH: Theory of Fourier Integrals, Second Edition, Theorem 95 (Oxford, 1948) 
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where F{K,, L, A*} is obtained from F™{K,, L, A*} by replacing its first K, 
by K,,, …, and the final K, by K%,,,,,,,:- Therefore we obtain an alternate proof 
of Kallén-Lehmann’s integral representation (?) as well as the parametric dispersion 
relations 


47! r | 1 " 1 : A rl I i I 
(8) I Ck | Ky (p's p")|kyj> = — sj re Re i, |" p")|k,> dx’, 
! = " I A ii 
(9) BACK; | Kp’, p") |ky> = | - Ik; | Ky(p', p")|k> dx’, 
TT 9G 


which can then he correlated to the physical scattering amplitudes (7) and perhaps 
another mode of utilizing them is by transforming them to the energy coordinates 
by the relation H?=p?+ x?; HdH=xdx. 

We note the absence of subtraction terms in the dispersion relations (8) and (9) 
which suggests the interpretation that the Muraskin-Nishijima subtraction terms (?) 
are equivalent to Dyson’s renormalization factors (*) and that the Muraskin-Nishijima 
and Dyson field theories are equivalent. However if instead of the Feynman ampli- 
tudes (6) the causal Feynman amplitudes (7) defined to be the expectation values 
of the causal Feynman propagator (?) 


7 f 3{w(1 p(2)} 5 for (1) > (2), 
Hell) ah 
ety MA} , for æ(1) < #9(2), 
(10) à y à 
disc id(a’(1) + a%(1)) +x| X,,,(1, 2)=4d0(12), 
E,,,(12)=K, ,(1, 2) for A=0, K,,(p)=Ai(iy-p 4%) 


are evaluated then equations similar to those of the ref. (*) are obtained and it is 
possible that renormalization can be eliminated from the Dirac-Maxwell equations 
in accordance with Muraskin and Nishijima. 


(5) F. J. Dyson: Phys. Rev., 75 2180 07e 6 ACLOÆO)E 
() Y. NANBU: Phys. Rev., 98, 803 (1955); 100, 394 (1955). 
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Col lancio dei satelliti artificiali ter- zione alla lettura dei più poderosi trat- | 


{ restri la Meccanica Celeste va ripren- tati del Tisserand e dello Charlier, e  ! 
FÉES dendo, dopo una parentesi di circa alle geniali pagine delle Jrad Nou: + 
: 30 anni, quel ruolo di primaria impor-  welles del Poincaré. a 
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zione alla Meccanica Celeste che uscisse 
fuori dai limiti di una attenta compila - 
zione. Per riuscirvi bisognava porre l’ac- 
cento sul fatto nuovo: il satellite arti- 
ficiale, e questa esigenza è stata ben 
compresa dall’autore del libro che stiamo 

esaminando. Egli ha perciò il merito di 
| avere scritto un’opera veramente utile, 
«che inquadra nel campo più vasto della 
Meccanica Celeste il problema attuale 
del satellite artificiale. 

Il volume si divide in 6 capitoli, di 
questi il terzo (orbite nello spazio, effe- 
meridi, precessione e nutazione) e il 
quarto (variazione degli elementi ellit- 
tici, perturbazioni generali) possono con- 
siderarsi un compendio di teorie clas- 
siche. Invece gli altri capitoli, pur non 
contenendo contributi strettamente ori- 
ginali, si distinguono per il continuo 
. riferimento al satellite artificiale. In 

particolare, si noterà nel Capitolo primo 
(problema dei due corpi) la sistematica 
. impostazione del problema del moto a 

partire dalla posizione e velocità iniziale 

e la scelta delle unità di misura (raggio 
equatoriale terrestre come unità di lun- 
| ghezza, e una nuova unità di tempo, 
: che rende unitario il prodotto della co- 
. stante attrattiva per la massa terrestre), 
s scelta questa, che facilita assai i calcoli 
: di massima della traiettoria dei satelliti. 
_. Anche in certo senso nuovo può dirsi il 
Capitolo secondo, per la succinta impo- 
stazione del problema geodetico, che 
_ pone in relazione i termini dello sviluppo 
in serie di funzioni sferiche del poten- 
ziale terrestre con le anomalie del Geoide. 
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È Forse avremmo gradito un riferimento 
. concettuale ai fondamentali teoremi geo- 
È detici di Stokes, e ai fondamentali con- 
.. tributi, in questo campo, del Pizzetti e 
-. del Somigliana. Infine i due ulteriori 
capitoli trattano delle perturbazioni dei 
È satelliti e dell’integrazione numerica delle 
EL: equazioni del moto. 
3 Molto ben scelti gli esempi numerici 
e gli esercizi, assai utili per la messa a 
| punto di problemi particolari. 
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Complessivamente si tratta di una vu hua 
opera di grande utilità per coloro che». 
desiderano affrontare problemi di calcolo |. sr 
di orbite di satelliti artificiali, special 
mente a scopo geodetico. Manca com- 
pletamente (e volutamente) ogni accenno 
a questioni critiche (integrali primi uni- 0° 
formi, regolarizzazione del problema dei ; wi 
tre corpi, orbite periodiche, asintoti-: 
che ecc.) va 

M. CIMINO 


R. Resnick and D. HoLripAY: Phy- | 
sies for Students of Science and | 
Engineering. Part I - John Wiley 
Co., 1960, pp. xIv-+574; $ 6.00... 
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Si tratta di un corso di fisica per * oti 
studenti del primo biennio, in due vor 
lumi, in molti aspetti simile a quello «> — 
che normalmente svolgiamo in Italia | 
nel corso di Fisica Sperimentale. A prima | ae 
vista si rimane favorevolmente impres- |. = 
sionati dalla bellezza delle figure e dal- 
l'articolazione dei caratteri, ma un esame | 
appena più ravvicinato mostra quanto 
di reclamistico e fumettistico ci sia ~ 
dietro questa presentazione. Cosi a p. 9, Le 
nel primo capitolo sulle misure di fisica, À? 
l’intera pagina è dedicata ad illustrare i; 
l'orologio molecolare basato sulle vibra- 
zioni dell’ammoniaca, e descritto in ter-. 
mini di curve d’assorbimento, riso- 
nanza, ecc. ayer 

Per quanto crediamo sinceramente 
che questo modo di fare sia stato dettato 
dal desiderio di attrarre i ragazzi ame-. 
ricani alla fisica, non ci sembra. che 
questo sia il modo di procedere. Non si 
tratta di eccitare i giovani con quello : 
che non possono capire, ma di far loro — | 
capire solo qualche cosa spiegandola 
per bene. 

Saltando alla fine del primo volume, 
si rimane ancora impressionati dal fatto 
che tutta la trattazione dell’entropia sia © 
contenuta in sei pagine (figure ed esempi. 
inclusi), ma che si trovi anche il modo 
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di citare le temperature negative. Inci 
dentalmente notiamo pure che l'entropia 
viene presentata come « capacità del 
sistema di fare del lavoro », il che può 
essere presentato come un punto di 
arrivo e non di partenza. Forse la parte 
migliore del libro è costituita dalla mec- 
canica (specialmente per il capitolo sulle 
collisioni e quello sulle vibrazioni) dove 
la matematica è assai ridotta, e la fisica 
è svolta con ricchezza di esempi e figure. 
Infine ogni capitolo termina con una 
lunga serie di « questions » spesso molto 
ben poste e che secondo noi sono la 
cosa più interessante del libro. 


G. CARERI 


P. ROUARD — Electroacoustique. Ed. 
Libraire Armand Colin, Paris, 
1960. 


L'analogia messa in evidenza da 
P. Curie nel 1891 fra Vequazione del 
moto di una massa puntiforme soggetta 
a forza di richiamo e forza d'attrito e 
l'equazione del moto di cariche elettriche 
in un circuito comprendente capacità, 
induttanza e resistenza, ha permesso 
di stabilire il concetto di equivalenza 
formale fra grandezze elettriche da una 
parte e grandezze meccaniche ed acusti- 
che dall'altra. 

Si possono così utilizzare nella mec- 
canica e nell’acustica tutte le conoscenze 
sul comportamento dei circuiti elettrici 
in modo che lo studio dei sistemi mec- 
canici per la generazione, la ricezione e 
la registrazione del suono possa sempre 
ricondursi allo studio di 
« circuiti equivalenti ». 

Nello stabilire queste analogie ci si 
limita, in generale, al caso semplice in 
cui i sistemi in esame siano rappresen- 
tabili con equazioni differenziali lineari, 
ritenendo peraltro che la soluzione sia 
corretta, in prima approssimazione, anche 
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nel caso non lineare, purchè sì considerino 
movimenti di piccola ampiezza. 

Si è così sviluppata, a fianco del- 
l’acustica classica, un’acustica moderna 
_ essenzialmente fondata sui concetti 
dell’analogia — forse meno rigorosa, 
ma non per questo meno intuitiva ed 
efficace nella soluzione dei problemi 
pratici posti dalle tecniche elettroacu- 
stiche, oggi in avanzata evoluzione. 

« Electroacustique » di PIERRE ROU- 
arp — volumetto di piccolo formato 
di circa 220 pag. della serie di fisica 
della « Collection Armand Colin» pre- 
senta l’acustica sotto questo profilo 
moderno, pur mantenendosi ad un livello 
di semplice introduzione e trattati più 
rigorosi e completi. 

La suddivisione della materia trattata 
nei nove capitoli di cui l’opera si com- 
pone, appare del tutto logica. Dopo 
una prima parte (Cap. I) dedicata alla 
necessaria delnizione delle grandezze 
acustiche, alla equazione della propa- 
gazioni e ad elementari nozioni di 
acustica fisiologica, si considerano in 
primo luogo, i sistemi à costanti con- 
centrate (Cap. II) poi quelli a costanti 
distribuite (Cap. III) ponendo le basi 
dell’analogia con i circuiti elettrici cor- 
rispondenti. 

Da tale analogia seguono in modo 
chiaro i fondamentali concetti di impe- 
denza meccanica ed acustica. 

Le applicazioni della nozione di 
impedenza alla riflessione e rifrazione 
delle onde sonore e allo studio delle 
onde stazionarie vengono trattate nel 
Cap. IV mentre i capitoli successivi 
sono dedicati alla propagazione nelle 
trombe esponenziali e coniche (Cap. V), 
ai vari tipi di microfono (Cap. VI-VII) 
all’irraggiamento del campo sonoro (Ca- 
pitolo VIII) e ai più comuni tipi di 
altoparlanti elettrodinamici (Cap. IX). 
Tutte le volte che si tratta di studiare 
un elemento meccanico o elettroacustico, 
questo vien fatto mediante il suo cir- 
cuito equivalente. 

Pregio del volumetto di Rouarp è 
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la chiarezza di esposizione ed il modo 
semplice con il quale i problemi appli- 
cativi vengono presentati. 


A. BARONE 


W. H. LOUISELL — Coupled Mode and 
Parametric Electronics. John Wi- 
ley and Sons Inc. Publishers, 
New York, N. Y. 


Questo libro ha lo scopo, raggiunto 
con molto successo, di presentare la 
teoria di funzionamento di molti sistemi 
fisici, in particolare dispositivi elettronici, 
in forma unificata come teoria di « modi 
accoppiati ). 

L'Autore introduce la teoria dei modi 
accoppiati servendosi dei più semplici 
modelli meccanici : gli oscillatori armonici. 

A partire dalle due equazioni Hamil- 
toniane di un semplice oscillatore armo- 
nico, l'Autore introduce le equazioni 
normali (tra le variabili normali) equi- 
valenti alle equazioni Hamiltoniane di 
partenza ma caratterizzate dall’essere 
disaccoppiate: la soluzione di ognuna 
di queste due equazioni. che possono 
risolversi separatamente definisce un 
modo normale dell’oscillatore. Per esten- 
sione vengono quindi definiti i quattro 
modi normali di due oscillatori armonici 
accoppiati e vengono messi in luce gli 
scambi energetici tra i due oscillatori e 
la loro dipendenza dai coefficienti di 
accoppiamento. In appendice viene mo- 
strato che la ricerca dei moduli normali 
si riconduce alla diagonalizzazione di 
una matrice che caratterizza il sistema 
lineare di equazioni differenziali del 
primo ordine considerato. Alcuni para- 
grafi che riconducono  all’algoritmo 
studiato i problemi di propagazione di 
onde elettromagnetiche lungo una linea, 
concludono i primi due capitoli che 
hanno carattere introduttivo. Il resto 
del libro è dedicato all’applicazione dei 
metodi introdotti: 1) ai tubi per micro- 
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onde ad onda progressiva (accoppiamento 
di modi di fascetti elettronici con modi 
elettromagnetici di linee di ritardo); 
2) a circuiti risonanti accoppiati da ele- 
menti nel tempo 
(accoppiamenti paralleli); 3) ad accop- 
piamenti parametrici di onde veloci di 
acrica fascetti elettronici; 
4) ad amplificatori parametrici basati sul 
modo « ciclotrone » di fascetti elettronici 
in campo magnetico assiale (tubi ampli- 
ficatori di Adler) ed infine 5) agli ampli- 
ficatori parametrici a ferrite basati sulle 
proprietà giroscopiche del vettore magne- 
tizzazione M. Ciascuno dei citati argo- 
menti, richiederebbe, per una tratta- 
zione esauriente, un libro a sè, ma il 
libro si giustifica per il metodo unitario 
di trattazione che determina efficaci 
sintesi mentali in chi già conosce i singoli 
argomenti. Il libro però può anche 
servire per la sua esemplare chiarezza e 
per i continui ragionamenti fisici che 
alleggeriscono il peso degli sviluppi 
analitici, quale prima lettura per chi 
intraprende lo studio di questi dispo- 
sitivi ed una molto esauriente biblio- 
grafia aiuta in questo caso lc studioso 
ad approfondire i singoli argomenti. 
Concludendo si tratta di un’utile pub- 
blicazione di cul 
lettura. 
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A. GATTI 


P. T. LANDSBERG — Thermodynamics, 
with Quantum Statistical IMustra- 
tions. Vol. II della collezione 
« Monographs in Statistical Phys- 
ies and Thermodynamics »; Inter- 
science Publishers, New York 
and London; pagine 499, $ 14.50. 


La termodinamica moderna, come 
tutti sanno, ebbe origine nel 1909 con una 
giustamente celebrata memoria di Co- 
STANTINO C'ARATHÉODORY. Sebbene siano 
trascorsi da allora ben cinquantadue 
anni, sono state stranamente poche le 
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trattazioni della Termodinamica che si 
siano ispirate alle idee profonde e rinno- 
vatrici dello scienziato greco. E ciò 
malgrado le esortazioni di vari fisici 
autorevoli, come ad es. MAX BORN. 

Il presente libro di LANDSBERG è 
una di queste poche eccezioni e merita 
pertanto un caldo benvenuto. Esso 
costituisce un logico sviluppo e corona- 
mento del punto di vista di Carathéodory, 
alla concezione del quale rimane assai più 
vicino che non l'articolo di FALK e 
June del nuovo « Handbuch der Physik », 
il quale si propone una assiomatizza- 
zione più radicale. 

Nel primo centinaio di pagine del suo 
libro il LANDSBERG discute i tre principi 
basilari della Termodinamica. Seguono 
poi due lunghi capitoli, rispettivamente 
intitolati: Applicazioni fondamentali ed 
estensioni; Combinazioni di Termodina- 
mica e Meccanica statistica. In essi 
vengono in particolare illustrati i seguenti 
argomenti: gas ideale classico e quan- 
tistico, radiazione nera e non nera, 
metodo delle probabilità di transizione, 
la Termodinamica come antesignana 
della Meccanica quantistica, ecc. 

Seguono poi cinque Appendici dedi- 
cate all’esposizione di questioni concet- 
tuali (per es. l’App. C contiene una 
sommaria discussione della questione 


ergodica e della « master equation ») e di 
sviluppi matematici ausiliari (App. B 
per es. tratta il problema della riduzione 
dei pfaffiani a forma canonica), che per 
motivi vari l'Autore non ha ritenuto 
opportuno inserire direttamente nel testo. 
Numerosi problemi corredano i vari 
argomenti. 

Un appunto che, a mio avviso, 
potrebbe essere mosso al presente libro 
è la scarsa compattezza, la quale nuoce 
alla limpidità dell’esposizione e scema il 
vigore delle argomentazioni. 

Questa critica non infirma tuttavia, 
ovviamente, il valore sostanziale del 
libro. Convenientemente utilizzato, esso 
potrebbe fra l’altro servire ad ammo- 
dernare la nostra didattica universitaria. 
In particolare la parte generale potrebbe 
venire esposta, con gli adattamenti del 
caso, nel primo biennio delle nostre 
Facoltà di Scienze, abbandonando — 0 
riducendo a brevissimi cenni storico- 
introduttivi — le ormai superate impo- 
stazioni tradizionali. 

Per finire, dirò di un lieve senso di 
sorpresa che ho provato all’apertura di 
questo libro: nella bella « galleria di 
ritratti » dei grandi Maestri della Termo- 
dinamica non figurano LUDWING BoLtz- 
MANN, MAx PLANCK e ALBERT EINSTEIN. 


A. LOINGER 
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